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NOTAT I ONS 

A :  apogee,

A :  acce le ra t ing  impulse, 

A :  acce le ra t ing  t h r u s t  , 

a :  semi -ma j o r  a x i s  , 
B =  m 
B :  matrix def ined i n  (I,3 - SS), 
b :  semi-minor a x i s ,  
c :  c h a r a c t e r i s t i c  v e l o c i t y  [system (S,)] , 

-+ A+C : consummation vec to r  def ined i n  ( i i , S  -19) ,  
c : f ixed  vec to r  ( l i n e  v e c o t r ) ,  
D :  maneuverabili ty domain, 
D :  dece le ra t ing  impulse, 
(D): d i r e c t r i x  curve, 

D :  dece le ra t ing  t h r u s t ,  


E :  t h r u s t  d i r e c t i o n ,  

E :  energy (per  u n i t  o f  mass), 

3 
e :  per igee  vec tor  , 

e = 121: e c c e n t r i c i t y  , 
-+ +­
ep lan  p ro jec t ion  of e on t o  t h e  p lane  of  reference,  with components c1 and B 

0% and 03. 

ne,, : composed o f  A-bplane p a r a l l e l  t o  f j ,  
-+A e  I : composed of n'ep lane  perpendicular  t o  Aj, 

F :  t h r u s t  , 
F :  f r o n t  i n  t h e  s t r i c t  sense ,  
F': f r o n t  i n  t h e  broad sense,  
+­f :  second member of  t h e  "equations o f  movement" (column vec tor )  , 

G :  matrix def ined i n  ( I , 3  - 67) , 

G : cen te r  o f  mass, 

+ 
g :  acce le ra t ion  of  g r a v i t a t i o n ,  

H o r  H: Hamiltonian, 
-f
h :  k i n e t i c  moment (per  u n i t  o f  mass), 

I	 : s p e c i f i c  impulse,
SP 
i :  i n c l i n a t i o n ,  
J :  index of performance [systems (S,)], 

a"j : r o t a t i o n  v e c t o r  o f  t h e  p lane  of  t h e  o r b i t ,  
K :  matr ix  given i n  appendix 3 ,  
L :  s t r a i g h t  ascent  (geocent r ic )  o r  e c l i p t i c  longi tude ( h e l i o c e n t r i c ) ,  

V 


I 




# *  
Le = (Ox, Pel 

+ + *  
Lz = (Ox, pz) 

( L )  : locus of t h e  extremity E of  

M : average anomaly, 
M : mobile, 
m 	 : mass, 

N : number of  r evo lu t ions ,  

n : average movement, 

-%
eplan, 

n : number of  maximal t h r u s t  a r c s ,  
nl: number of maximal t h r u s t  a r c s  pe r  r evo lu t ion ,  

O(E) : order  of E( E E +. 
terminal  l i m i t  + 0 )  

0l.I * 0 )O ( E )  : order  above 
E ( E � - t o  

(0) : oscula t ing  o r b i t ,  
( O P )  : oscu la t ing  d i r e c t r i x  o r b i t ,  

P : power, 
P : per igee ,  
P : p i l o t  mobile, 

(P) : e f f i c i ency  curve,  

$ : kinematic a d j o i n t  ( l i n e  v e c t o r ) ,  
-?­
p : ad jo in t  v e c t o r  ( l i n e  vec tor )  , 
p : "parameter" of  t h e  o r b i t ,  
-+ 

PV -

* 
e f f i c i e n c y  vec to r  ( l i n e  vec tor )  , 


q : de l ive ry ,  


q = Pa/PeJ 

3 : vec to r  def ined i n  ( 1 , 3  - 29) , 
-+
R : vec to r  r a d i u s ,  

(S):  general  propuls ion system, 
(S1) : propuls ion system with constant  e j e c t i o n  v e l o c i t y  and l imi ted  t h r u s t ,  

(S 2) :  propuls ion system with modulable e j e c t i o n  v e l o c i t y  and l imi ted  power, 

S : index of performance, 
T : per iod ,  
(2') : t r a j e c t o r y ,  

AT : def ined  i n  (II,6 - 5 ) ,  
-U : p o t e n t i a l  

U 
(XI 

: u n i t  s t e p  = 1 / 2  (1  + s i g n  x ) ,  

U : "command domain" , 
I 


u : command vec to r ,  
- e 

u : e c c e n t r i c  momaly, ( t g  
u l Jmtg 

v 5).
+V : ve loc i ty ,  

vi 




(VI : Viv ian i ' s  Window, 
v :  po in t  of Viv ian i ' s  Window, 
v :  t r u e  anomaly,
w :  e j e c t i o n  v e l o c i t y ,  
w :  

2 :  "kinematic s t a t e "  (column vec tor )  , 
-+ 
x :  "state" vec to r  (column vec tor )  , 
+ -+ 

-+ Z =  h/h, -+ 
'plan : pro jec t ion  of Z on t o  t h e  p lane  of re ference ,  with components 5 and rl 

-+ + 
on to  0 .x and 0 y ,  

oxyz : f ixed  axes,  
OXYZ : r o t a t i n g  axes , 

+ - +  
a =  $ - $ Y  

i 3 =  Y e, 
-+
Y :  t h r u s t  acce le ra t ion  (column v e c t o r ) ,  


Y =  IT I 

A :  t o t a l  v a r i a t i o n ,  


6 :  d i f f e rence  between t h e  " s t a t e "  and t h e  "nominal state", 

6 =  d x  , A + j  I , 
E :  t r a n s f e r  va lue ,  
5 :  reduced v a r i a t i o n ,  

+ - +  
n =  Y * Z  
0 :  commutation func t ion ,  
e :  argument, 
A = AX/FmaxAt , 
A :  s t r a i g h t  ascent  (geocentr ic)  o r  e c l i p t i c  (he l iocen t r i c )  of t h e  per igee ,  
u =  (constant  of un ive r sa l  g rav i t a t ion )  x (mass of a t t r a c t i n g  body), 

+ +
5 =  x - z  
-+ + -+t 
P =  T + P V '  

(1) : sphere with c e n t e r  M and rad ius  of u n i t y ,  
I - :  s t a t e  v a r i a b l e  r ep lac ing  time t ,  
v :  s p e c i f i c  v a r i a t i o n ,  

$ :  angle  t o  t h e  c e n t e r  of t h e  t h r u s t  a r c s ,  

Y :  angle  of t h r u s t  with t h e  l o c a l  ho r i zon ta l ,  

w :  per igee  argument, 
0 :  S t r a i g h t  ascent  from t h e  ascending node, 

( lo :  i n i t i a l  , 
( I f :  f i n a l  ,
-
0 :nominal, 

( 1;: optimal , 

( 1 :  t r anspos i t i on  o f  one matr ix ,  


v : nabla  opera tor  & ( l i n e  ope ra to r ) .  
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OPTIMAL TRANSFERS BETWEEN CLOSE ELLIPTICAL ORBITS 


Jean-Pi erre Marec 


ABSTRACT. The optimal rendezvous and transfers (minimum mass 
consumption for a given duration) between close elliptical
orbits are analyzed in the case o f  propulsion systems character­
ized by a constant ejection velocity and a limited thrust; the 
performance obtained is compared to the performance of propul­
sion systems characterized by a modulable thrust and a limited 
power. 

The choice of the orbital elements ar state components, added 

to the linearization hypothesis, leads to important simplifi­

cations (the adjoint vector is constant, in particular). This 

gives some general results concerning, among others things, the 

number of maximum thrust arcs per revolution, the singular cases 

when the linearized solution is not unique but degenerates into 

a large number of solutions and the ''induction''phenomena

(non-imposed variations of some orbital elements, induced by
the imposed variations of the other orbital elements).

The solution brings in the notions of "efficiency vector" 
or "primer vector" (indicating the direction of the optimal

thrust), of "directrix orbit'' (locus in the absolute axes 

reference system of the efficiency vector extremity originating 

at the mobile) and of "efficiency curve" (locus of this extremity

in the rotating axes system).


The analytical solution is developed in some particular 

cases presenting an obvious practical interest: 
- optimal infinitely small variation o f  the semi-major axis, 
- optimal infinitely small rotation of the orbital plane, 
- optimal transfers between close coplanar circular orbits, 
-	 plane optimal transfers of the Hohmann type between non­

intersecting direct, co-axial, close near-circular orbits 
(higher order analysis), 

- optimal transfers and optima] long-duration rendezvous between 
coplanar or non coplanar, close near-circular orbits. 

INTRODUCTION 


The problem of optimal transfers and rendezvous between orbits is 

fundametal in space dynamics. 


These relatively new studies, at one and the same time, call on class­
ical "Celestial Mechanicsft[13 and for modern optimization methods [2-61
derived from the ''Calculus of Variations". 

The analytical results obtained, the very first of which date,back to 
1925 [7], - ._. . .- . - ~&i____-_ _ . _ _concern first of all optimal transfers of i n d e f i n i t e  duration in a 

* Numbers in the margin indicate pagination in the foreign text. 
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c e n t r a l  f i e l d  of g r a v i t a t i o n  made by us ing  a propuls ion  system with a constant 
e j e c t i o n  v e l o c i t y ,  gene ra l ly  capable of fu rn i sh ing  impulses. The i n i t i a l  
s t u d i e s  [7-91 assumed t h e  number of impulses f i x e d  i n  advance, while i n  
recent  s t u d i e s  [4,10-191, t h i s  number gene ra l ly  c o n s t i t u t e s  one of t h e  p a r t i c u ­
l a r l y  important r e s u l t s  [20] of opt imizat ion.  

The recent  progress  achieved i n  t h i s  f i e l d  i s  e s s e n t i a l l y  due t o  t h e  use  
of o r b i t a l  elements as components of s t a t e ,  of  t h e  c h a r a c t e r i s t i c s  of v e l o c i t y  
as an independent v a r i a b l e  and t o  t h e  use  of t h e  not ion of Contensou's "maneu­
v e r a b i l i t y  domain'' [2-41. 

The probLem of optimal t r a n s f e r s  of f i x e d  duration between d i s tan t  o r b i t s  
remains very d i f f i c u l t  t o  r e so lve ,  although a c e r t a i n  number of  general  r e s u l t s  
have been obtained [21-301. 

I n  t h e  case of propuls ion  systems with constant  e j e c t i o n  v e l o c i t y ,  t h e  
s i n g u l a r  a rcs  with "intermediate t h r u s t "  [31-331 have been t h e  ob jec t  of par­
tic u l a r  a tt ent ion.  

On t h e  o the r  hand, i n  t h e  case of propuls ion  systems with "weak accelera­
t i o n "  ( e l e c t r i c a l  propuls ion) ,  t h e r e  e x i s t  numerous numerical s t u d i e s  [34,35]. 

However, c l e a r  progress  i n  t h e  a n a l y t i c a l  study of t h e  problem has been 
made i n  the  r e l a t i v e l y  favorable  case of a p ropuls ion  system with l imited power 
and wi th  modulable e j ec t ion  v e l o c i t y ,  where Ross and Leitmann [36],  and l a t e r  
Edelbaum [37], have given t h e  solution,respectively,of t h e  most general  t r a n s ­
f e r  and of t h e  most general  rendezvous between close e l l i p t i c a l  o r b i t s .  On 
t h e  o the r  hand Gobetz has s tud ied  t h e  case of t r a n s f e r  between c lose  c i r c u l a r  
o r b i t s  [38] and more r ecen t ly  of rendezvous between c l o s e  n e a r - c i r c u l a r  
o r b i t s  [39] f o r  t h e  same type of propulsor .  

By i n t e g r a t i o n  Edelbaum has a l s o  been ab le  t o  extend t h e  r e s u l t s  of a 
l i n e a r i z e d  study t o  c e r t a i n  t r a n s f e r s  between d i s t a n t  o r b i t s  f o r  a l a rge  number 
of revolut ions [40] .  

In  t h e  case of a propulsion system with l imited power and constant e j ec ­
t i o n  ve loc i ty  (u l t ima te ly  i n  t h e  case o f  a propuls ion  system capable of de l ive r ­
ing impulses) , t h e  study remains t r i c k y  even f o r  c lose  o r b i t s .  

Except f o r  t h e  exce l l en t  study of McIntyre and Crocco, concerning t r a n s ­
f e r s  between c lose  coplanar c i r c u l a r  o r b i t s  [41-441, t h i s  problem has not 
been s tud ied  very much up t o  t h e  present  t ime. 

The present  pub l i ca t ion  summarizes and completes t h e  r e s u l t s  obtained by 
t h e  author on t h i s  sub jec t  [45-47]. The case o f  optimal impulse t r a n s f e r s  /6  
between c lose  non-coplanar nea r -c i r cu la r  o r b i t s  [47] has- been s tud ied  i n  a 
p a r a l l e l  manner by Gobetz, Washington and Edelbaum [48-491. 

The a n a l y t i c a l  study of i n f i n i t e s i m a l  t r a n s f e r s  i s  of i n t e r e s t  f o r  s eve ra l  
reasons.  
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F i r s t  of al1,such t r a n s f e r s  have an i n t r i n s i c  i n t e r e s t  which should not 
be neglected.  They are m e t  very o f t e n  i n  p r a c t i c e .  They are ev iden t ly  a s soc i ­
a t e d  with problems of c o r r e c t i n g  t r a j e c t o r i e s  [SO, 511. 

On t h e  o the r  hand, t h e r e  e x i s t s  a q u a l i t a t i v e  and even q u a n t i t a t i v e  
agreement which i s  acceptable  between t h e  bptimal s o l u t i o n  concerning a com­
p l e t e d  t r a n s f e r ,  ca l cu la t ed  numerically,  and t h e  s o l u t i o n  of t h e  l i n e a r i z e d  
problem as soc ia t ed  with t h i s  t r a n s f e r ,  obtained a n a l y t i c a l l y ,  a t  least i f  t h e  
departure  and a r r i v a l  o r b i t s  are not extremely far  a p a r t .  

Finally,  t h e  l i n e a r i z e d  s o l u t i o n  c o n s t i t u t e s  an exce l l en t  first approxima­
t i o n  f o r  t h e  numerical c a l c u l a t i o n  o f  t h e  optimal s o l u t i o n  by successive 
approximations. I t s  use considerably reduces t h e  number o f  i t e r a t i o n s  and can 
avoid converging upon u n i h t e r e s t i n g ,  l o c a l  optimums by fu rn i sh ing  on depa r tu re  
a command law very c l o s e  t o  t h e  optimal l a w  [SS]. 

* * *  

The p resen t  s tudy includes two Par t s :  

The F i r s t  Part  i s  a general  s tudy i n  which t h e  method o f  optimization i s  
explained and appl ied t o  t h e  problem o f  optimal i n f i n i t e s i m a l  t r a n s f e r s .  

The Second Part  t reats  a c e r t a i n  number o f  p a r t i c u l a r  cases  f o r  which t h e  
a n a l y t i c a l  study has been more progressive and which o f f e r  evident  p r a c t i c a l  
i n t e r e s t .  

3 



I - GENERAL STUDY 

After  b r i e f l y  referring t o  the  method of optimization used, the  general /7
problem of optimal transfers i s  defined and studied particularly in the  case 
o f  a central gravitational f i e l d  with s l i g h t  separations ( l inear iza t ion) .  A 
cer ta in  number of general r e su l t s  are obtained, notably concerning uncoupling 
between the  optimal variations of the d i f f e ren t  elements of the  orb i t .  

1 , 1 .  CONTENSOU'S THEORY OF THE "MANEUVERABIL ITY DOMAIN" AND PONTRYAGIN'S 
"MAXIMUM P R I N C I P L E "  

There i s  no quest ion of giving here  a complete and r igorous  demonstration 
of Pontryagin 's  llMaximun Pr inc ip le"  a s  it appears ,  f o r  example, i n  151 and [6],  
but  merely of reviewing i t s  dec la ra t ion  and g iv ing  a s impl i f i ed  demonstration 
of  it i n  t h e  l i n e a r  case ,  by r e f e r r i n g  t o  Contensou's op t imizz t ion  theory [2-41. 
This demonstration i s  enough f o r  a f i rs t  o rde r  s tudy o f  t r a n s f e r s  between c lose  
o r b i t s .  

I , 1  . l .  Defin i t ions  

Let an evolving system be defined a t  every i n s t a n t  t by t h e  datum of t h e  
3

"state" x, column vec tor  with n components xi ( i  = 1, 2,  . .., n) s a t i s f y i n g  

t h e  "equations of movemext": 

-+
where u i s  t h e  I1eommand" vec to r  with r components uk (k = 1, 2 ,  ..., r), 
a r b r i t r a r y  time func t ions ,  not necessa r i ly  continuous (which makes t h e  appl ica­
t i o n  of t h e  t r a d i t i o n a l  "ca1.cu1us of va r i a t ions"  t r i c k y ) ,  poss ib lv  sub jec t  t o  

3 

r e s t r a i n t s  o f - i n e q u a l i t y  forc ing  t h e  vec tor  extremity u t o  belong t o  a c e r t a i n
"corninand domaznrl U, 

-f
If t h e  i n i t i a l  s t a t e  xo i s  f ixed:  

-f
and if an admissible  law of command u ( t )  i s  given a p r i o r i ,  t h e  in t eg ra t ion  of 
t h e  system (1) beginning with the  i n i t i a l .  i n s t a n t  t general-ly permits a 

O - +
determination of t h e  " t r a j  ectoryl '  ( T )  , i.e .  t h e  s t a t e  x ( t )  with each l a t e r  / 8  
i n s t a n t  t and i n  p a r t i c u l a r  a t  t h e  f i n a l ,  f i xed  i n s t a n t  t f  ( the  f i n a l  s t a t e  
-f xf i s  supposed t o  be completely f r e e  f o r  t h e  moment). 

4 
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The l i n e a r  funct ion* of t h e  components of t h e  f i n a l  s t a t e  (index of 
performance) I 

- - +- .  s =  C - X F  
(4)

-t
(where c is a given l i n e  vec to r  wirn n components C . )  then takes  on a very  
d e f i n i t e  va lue .  1 

-+ 
If now t h e  choice o f  t h e  l a w  of  command u ( t )  i n  U is  a r b r i t r a r y ,  S i s  a 

funct ion of  t h i s  law and i t  i s  poss ib l e  t o  envisage t h e  problem o f  opt imizat ion 
below: 

1,1.2. Statement of t h e  Problem o f  Optimization 

To determine the- admissible  law(s) of  command +u ( t ) [ i . e .  r e f e r r i n g  t o  
r e s t r a i n t  ( 2 ) ]  which ZocaZZy maximize(s) t h e  index of  performance S .  

F o r  such a law t h e r e  corresponds an optimal t r a j e c t o r y  ( T )  leading t o  a 
po in t (F  1' F2 o r  F3) of  t h e  " f r o n t i e r  i n  t h e  broad sense" F ' ( t f )  o f  t h e  

''aecessibZe domain" A(tF) a t  t h e  moment t, 12-41 (Figure 1). 

F i g .  1 .  Accessible Domain, 
~~- ­-__ . 

*This condi t ion  i s  not  a s  r e s t r i c t i v e  as it appears .  I t  is  poss ib l e  t o  
adapt most problems of op t imiza t ion  t o  t h i s  case. 
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Then it i s  necessary t o  compare d i r e c t l y  with each o t h e r  t h e  d i f f e r e n t  l9 
l o c a l l y  optimal so lu t ions  such as F1' F2 and F3' but  only t o  r e t a i n  t h e  one 

(FI) which a s su res  t h e  absolu te  maximum of  t h e  index o f  performance w r i t t e n  S.  

Solu t ions  such as F3)  which do not  correspond t o  a po in t  of  t h e  I t f ron t i e r  i n  

t h e  s t r i c t  sense" F ( t f )  are thus  au tomat ica l ly  e l imina ted .  

In  general  t h e  app l i ca t ion  of  t h e  Itmaximum pr inc ip l e"  introduces supple­
mentary p a r a s i t i c  so lu t ions  which correspond t o  l o c a l  minima (or  t o  passes)  
such as F4 and Fs [11]. 

- _ I C  

The s u i t a b l e  choice o f  a t r a j e c t o r y  x(L) -P 6x(C) c l o s e  t o  t h e  t r a j e c t o r y  
-f
x ( t )  meeting t o  one of t hese  points 'permits  an inc rease  i n  S t o  be obtained 

3
only on a higher order than  16 x I .  
I , 1  . 3 .  Simplif ied Demonstration o f  t h e  "Maximum Pr inc ip le" .  

I, 1.3.1.  "Maneuverabi 1 i t y  domain". 
-?- -f

The "maneuverabiZity domain" D(x, t )  i n  t h e  s t a t e  x , a t  t h e  i n s t a n t  t , i s  
+ 3

made up by t h e  assembly of po in t s  x = V of t h e  hodograph space among which t h e  
funct ioning poin t  may be chosen. 

+
The "maneuverability domain" D(x, t )  i s  the re fo re  t h e  t ransform o f  t h e  

"command domain" U defined above, through t h e  t ransformation of  iT+ 7 
defined by equat ion (1) .  

The "command domain" of  Pontryagin 's  theory i s  a use fu l  no t ion  f o r  t h e  
p r a c t i c a l  app l i ca t ion  of  t h e  theory of  op t imiza t ion .  For t h e  demonstrations and 
geometrical  i n t e r p r e t a t i o n  of  t h e  r e s u l t s ' i t  i s  p re fe rab le  t o  r e f e r  t o  t h e  
not ion  of  Contensou's "maneuverability domain". 

-f
The choice of V i n s i d e  t h e  t tmaneuverabili ty domain" i s  completely f ree .+  

Therefore it i s  p a r t i c u l a r l y  independent of previous choices:  the vector V 
i s  not limited t o  any kind of continuity.  

On t h e  o the r  hand, we presuppose,as f u l f i l l e d ' t h e  condi t ions of r e g u l a r i t y  
requi red  i n  order  t o  w r i t e  t h e  d i f f e r e n t  equat ions which fol low.  

I , 1  . 3 . 2 .  Statement of t h e  "t4aximum Principle: ' .  
-f

A necessary condi t ion  f o r  t h e  t r a j e c t o r y  x ( t )  t o  be  optimal i s  t h a t  a t  
-+ -+ 

every moment t h e  vec to r  V i s  chosen i n  t h e  domain D(x, t )  i n  such a way t h a t  
t h e  Hamiltonian: 

4 

H =  j7.v ( 5 )  

6 



+-
is maximal. p is a line vector with n components pi, "adjoint" t6 the state 

-+ x, defined in the following way: 
+ +  ­
p, x and t being given, the maximal value H"=F.V* of H in reference 

+- + - + -
to V is only a function of p, x, t (Figure 2). 

U b 

Fig. 2. Maneuverability Domain. Maximum Condition. 


-t
The adjoint vector p must satisfy the "adjoint system": 

* L = - V ; HP 

and the final conditions: 


The maximum condition shows that only some points of the front of the 

maneuverability domain D are used, and more precisely points common to the 

frontier of the D domain and the small convex contour encircling D (Figures 
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.H 

F i g .  3 .  "Convexizationll of t h e  Maneuverabili ty Domain. 

1,1.3.3.  Simplif ied demonstration. 

-+
Let t h e r e  be a t r a j e c t o r y  x ( t ) ,  not necessarily opt imal ,  corresponding t o  

-+ -+
t h e  choice V(t)  of V i n s i d e  t h e  domain D f g ,  t )  (Figure 4 ) .  I t  i s  poss ib l e  t o  

-f
def ine  an ad jo in t  p ( t ) ,  as i n  t h e  preceding paragraph, by i n t e g r a t i n g  backward 

equat ion (6) s t a r t i n g  from t h e  condi t ions of ( 7 ) ;  (H" i s  rep laced  by H and 

-+

V* by 3 + 6+Vl). 

Let ;c'/t) + 6 2  ( b )  be a neighboring t r a j e c t o r y .  We propose t h e  

eva lua t ion  : 

-+
6 V2 can be g rea t  (commutation, Figure 6), but  

p'; d g  = dtr =[F .H)  dF+o OcfZJ}' (9) 

where O(E)  s i g n i f i e s :  o rder  g r e a t e r  than  E Therefore : 

(101 

8 

.....-. _._,..,.. ., ,, , ... ..,,., 



where F d T 2 0  and /ZdZ=S-O by d e f i n i t i o n  (Figure 4 ) .  

i 

F i g .  4 .  Maneuverability Domains Relat ing t o  Two Neighboring S t a t e s .  

The maximum condi t ion is  a necessary Condition f o r  t r a j e c t o r y  -fx ( t )  t o  be / 1 2  
opt imal .  

Let us j u s t  ca l l  t2  t h e  last moment beyond which t h e  maximum condi t ion 
+

(6V1 = 0) is  always r e a l i z e d  fko = 0 < d2 d kF = I )  and t l  a moment s l i g h t l y  

before  ( t 2  - t l  = T small)  (Figure 5).  

Beginning with t h e  i n s t a n t  t l  l e t  us choose a neighboring t r a j e c t o r y  such 

t h a t  S”V, = 0 and l e t  us i n t e g r a t e  (10) from t l  t o  t f .  The inc rease  i n  t h e  

index of performance S i s :  

dt . 

9 
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F i g .  5. Demonstration of t h e  Necessary Condition. 

Since t h e  evaluat ion of t h i s  last i n t e g r a l  i s  t r i c k y  i n  a general  case,  
t h e  necessary condi t ion w i l l  only be demonstrated i n  t h e  simple cases of t h e  
“linear systems” of  t h e  type: 

where a ( t )  i s  a t e n s o r .  
-f

In t h i s  case t h e  i n t e g r a l  i s  zero,  f o r  H i s  l i n e a r  i2 x when we pass 
from po in t  M t o  po in t  N of Figure 4 .  As a mat te r  of fact  u is t h e  same i n  

-f -+
both of t h e s e  p o i n t s ,  t h e r e f o r e  F i s  l i n e a r  i n  x. 

Thus 

63 = T(FdT1 > O  y mean f o r  t , , t 2  (13) 

Therefore S can be increased by choosing a neighboring t r a j e c t o r y .  There- /13 
f o r e  t h e  i n i t i a l  t r a j e c t o r y  i s  not optimal.  

In  general  t h e  maximum condi t ion i s  not a su f f i c i en t  condition. 

Let us just suppose t h a t  it i s  f u l f i l l e d  a t  every i n s t a n t ,  i . e .  t h a t  
+

6V1 E 0. 

10 




The i n t e g r a t i o n  of (10) from to t o  tf gives:  

F i g .  6 .  Commutation. 
-f

We s h a l l  consider a neighboring t r a j e c t o r y  obtained by choosing 6 Vg s o  

This is  p o s s i b l e , f o r  example, by t ak ing  t h e  p o i n t  Qt h a t  /rz/=o(/~</j. 
of Figure 4 on t h e  su r face  of  t h e  domain D(S+rSx,t)and near po in t  N,  on t h e  
po r t ions  of t h e  t r a j e c t o r y  corresponding t o  t h e  
ing  Q and N on t h e  po r t ions  corresponding t o  t h e  
i n t e g r a l s  of  (14) can be of t h e  same order .  We 
t i o n  6s of which t h e  s i g n  i s  not determined 2nd 
6s > 0, but  only on an order greater than 16x1. 

case of Figure 2a, and by t a k ­
case of Figure 2b. The two 

s e e  t h a t  S can undergo a v a r i a ­
can p a r t i c u l a r l y  be increased 

In general  t h e  a p p l i c a t i o n  of 
t h e  maximum p r i n c i p l e  can lead t o  p a r a s i t i c  s o l u t i o n s  such as F4 and F5 (Figure 
1) -

However, t h e  maximum condi t ion i s  a s u f f i c i e n t  condi t ion ( the re fo re  a /14 
necessary and su f f i c i en t  condi t ion)  when t h e  second i n t e g r a l  o f  (14) i s  zero.  

11 
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+-
Thus choosing 6V3 i n  any Siidmissible manner and s o  t h a t  t h e  neighboring t r a j e c ­

-t 
t o r y 2  + dZ (t) is  not too far away from t h e  nominal t r a j e c t o r y  x ( t ) ,  

equation (14) shows t h a t  6.5 is  always < 0 s i n c e  p'dK is  always 0. 

Therefore t h e  maximum condi t ion i s  necessary and s u f f i c i e n t  f o r  t h e  
f f l inear  systemslf of type (12). 

I , 1 . 3 . 4 .  Conclusion. 

A problem of opt imizat ion s t a t e d  i n  § I , 1 . 2 .  i s  thus resolved i n  t h i s  way: 

t h e  app l i ca t ion  of t h e  maximum condition (absolute  maximum H a t  every i n s t a n t  
+-

with reference t o  q.E D therefore i n  reference t o  u E U )  fu rn i shes  t h e  optimal
+-* -+

command V o r  U* which i s  c a r r i e d  i n t o  t h e  system (1) of t h e  equations of  
movement and i n t o  t h e  a d j o i n t  system (6) .  These 2n d i f f e r e n t i a l  equations are 
in t eg ra t ed ,  considerat ion being given t o  t h e  2n condi t ions with l i m i t s  (3)  and 
(7) * 

I t  i s  important t o  note  t h a t  i f  t h e  component xi f  of  t h e  f i n a l  s ta te  i s  

indi f ferent  ( the re fo re  i s  not f i xed  and does not t a k e  a p a r t  i n  S ) ,  t h e  com­
+­

ponent Ci corresponding t o  C ,  and t h e r e f o r e  t h e  component pif corresponding t o  
+-

t h e  f i n a l  ad jo in t  p f ,  i s  zero.  

On t h e  o the r  hand it is  poss ib l e  t o  demonstrate t h a t  i f  t h e  component xif 

of t h e  f i n a l  s ta te  i s  f i x e d ,  t h e  component p i f  corresponding t o  t h e  f i n a l  

ad jo in t  i s  not imposed a priori .  The condition i of (7) i s  replaced by t h e  
condi t ion:  xi f ixed ,  which does not modify t h e  number of condi t ions a t  t h e  
l i m i t s .  

1,1.4. In t e rp re t a t ion  of the Adjoint Vector 

Equations (11) and (14) show t h a t  at+every moment the  a d j o i n t  i s  t h e  
coef f ic ient  of influence of  a v a r i a t i o n  Sx of t h e  s t a t e  on the  index o f  per­
formance S .  If c e r t a i n  components w r i t t e n  xi f  o f  t h e  f i n a l  s t a t e  a r e  f i x e d ,  

it is  t r u e  only i f  t h e  v a r i a t i o n  6; i s  covat ibZe with these f i n a l  res t ra in ts .  
+-Let us note  t h a t  t h e  a d j o i n t  vec to r  p is  only def ined by an approximate 

m u l t i p l i c a t i v e  f a c t o r  by the  homogeneous system (6) and t h e  maximum S condi t ion.  

As a matter  of f a c t  it i s  equivalent t o  maximizing S or  kS(k > 0 a r b r i t r a r y ) ,  
+- +­

i . e .  t o  choosing c o r  kc.  Therefore equation (7) c o n s t i t u t e s  t h e  normalization 
+-

condition of t h e  a d j o i n t  p.  

1 2  




- -  

1,1.5. First Integral of the HamiltonTan. 

In  §1,1.3.2.  we s a w  t h a t  t h e  optimal Hamiltonian H;: is  a func t ion  of 
+ +  p ,  x and t .  We propose t o  c a l c u l a t e  i t s  d e r i v a t i v e  with r e spec t  t o  t i m e  i n  an 
optimal t r a j e c t o r y :  

dH*(zz, L, - dF.?+fv.H */ .-dZ dH" 
d t  dt  dt f-3t (15) 

from which, tak ing  (6) i n t o  cons idera t ion :  

-tWhen t h e  maneuverabili ty domain D(x, t )  does not  depend on t ime,  .3w*, o
3t 

w e  get t h e  Hamiltonian f i r s t  i n t e g r a l :  

* * *  

The method of  opt imizat ion descr ibed above i s  going t o  be appl ied a t  
p resent  t o  t h e  problem of optimal t r a n s f e r s  and more exac t ly  t o  t h e  problem of  
c lose  optimal t r a n s f e r s  ( l i n e a r  case ) .  

1 ,2 .  PROBLEM OF OPTIMAL TRANSFERS 

Before approaching t h e  p a r t i c u l a r  case  of t r a n s f e r s  between c lose  o r b i t s ,  
it i s  use fu l  t o  provide a few r e s u l t s  about t h e  general  problem of optimal 
t r a n s f e r s .  

A f t e r  def in ing  t h e  not ion of  t r a n s f e r  and analyzing t h e  d i f f e r e n t  propul­
s ion  systems, Maximum Pr inc ip l e  i s  appl ied  t o  optimal t r a n s f e r s  i n  any f i e l d  
o f  g r a v i t a t i o n ,  which c l e a r l y  i l l u s t r a t e s  t h e  d i f f e rences  between the  s o l u t i o n s  
corresponding t o  var ied  propuls ion systems. 

However,all o f  t h e s e  s o l u t i o n s  c a l l  on t h e  same not ion of "vector e f f i ­

ciency" if: (Lawden's "first vector"  [ 2 1 ]  ) , i nd ica t ing  t h e  optimal d i r e c t i o n  

of  t h r u s t ,  which i s  widely used and i n t e r p r e t e d  geometr ical ly:  t h i s  vec to r  has 
i t s  o r i g i n  i n  t h e  mobile M and a s  i t s  extremity a "p i lo t  mobile P, c l o s e  t o  M, 

sub jec t  t o  t h e  same t h r u s t  acce le ra t ion  and t o  t h e  same g r a v i t a t i o n a l  f i e l d  
as M, and descr ib ing  a " d i r e c t r i x  curve" (D) c lose  t o  t h e  t r a j e c t o r y  ( T )  of  M. 
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When t h e  g r a v i t a t i o n a l  f i e l d  does not depend on t ime, t h e  case of t r a n s ­
f e r s  without rendezvous i s  envisaged. 

The hypothesis of t h e  c e n t r a l  f i e l d  i s  then made t o  allow f u r t h e r  advance 
i n  t h e  a n a l y t i c a l  study, In  t h i s  case t h e  b e n e f i t  of employing elements of 
t h e  Keplerian o r b i t  (0) oscu la t ing  t o  t h e  t r a j e c t o r y  a t  every i n s t a n t  as com­
ponents of s t a t e  is  evident :  The notion of " d i r e c t r i x  o r b i t "  (0

P 
) gives  an 

i n t e r e s t i n g  i n t e r p r e t a t i o n  of t h e  law of optimal t h r u s t ,  

1,2.1. Defini t ions.  

In a very general  way we c a l l  l l transferll  (with rendezvous of a mobile /16-M of v a r i a b l e  mass sub jec t  t o  a g r a v i t a t i o n  f i e l d  ~ 6 2 L )  = qr3d ~/(ct)
-+

given as derived from t h e  p o t e n t i a l  -U($, t )  and t o  a t h r u s t  a c c e l e r a t i o n  y 
+ +

(command) any change of p o s i t i o n  r and of v e l o c i t y  V of t h i s  mobile between 
two f ixed  moments to and tf (Figure l ) ,  t h e  change produced by t h e  simple 

-+ 
n a t u r a l  movement (y = 0) capable of being q u a l i f i e d  as a zero cos t  t r a n s f e r .  

If t h e  change does not depend on t h e  time t ,  it i s  poss ib l e  t o  de f ine  
general ized "orbi ts1 '  corresponding t o  t h e  n a t u r a l  movements of mobiles M 

++ -f3
launched from i n i t i a l  p o s i t i o n s  ro with i n i t i a l  v e l o c i t i e s  Vo, such an l l o rb i t l l  

+-+depending only on t h e  i n i t i a l  conditions r 
0' 
p, It  i s  then poss ib l e  t o  de f ine  
0 

t r a n s f e r s  without rendezvous, when only t h e  " f i n a l  o r b i t "  a t  t h e  i n s t a n t  tf i s  

imposed, without t h e  f i n a l  p o s i t i o n  Mf of t h e  mobile on t h i s  "orbi t"  being 
imposed. 

me 

F i g .  1 .  Transfer .  

1 4  

The s t a t e  $ of t h e  mobile 
M a t  the  i n s t a n t  t can be 
defined by t h e  da t a  of the  

+ - +
kinematic elements, r ,  V and o f  
mass m .  Therefore t r a n s f e r  i s  
t h e  passage of t h e  s t a t e  
- t f +  
ro, Vo, m a t  i n s t a n t  t o  t o  t h e  

-?.+ O+ * 
s t a t e  rf '  V E ,  mf a t  t h e  i n s t a n t  

tf ( the  f i n a l  "kinematic" s t a t e  
-tJ -t-f rf' V f poss ib ly  being p a r t i a l l y  

indet  ermined) . 
I t  i s  obviously d e s i r a b l e  

t o  achieve t h e  t r a n s f e r  pre­
v ious ly  defined i n  t h e  most 
economical manner poss ib l e ,  
economy being capable of 
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d e f i n i t i o n  as  a func t ion  o f  a l a r g e r  o r  small number of c r i te r ia .  

The c r i t e r i o n  most o f t e n  r e t a i n e d  i s  t h a t  of  t h e  eco2omy of t h e  propuls ive 
e j ec t ed  by the  rocket  t o  produce t h e  t h r u s t  acce le ra t ion  y .  As a mat te r  of  
fact l e t  u s  r e t u r n  t o  t h e  propuls ion equat ion:  

F = 9 W  


where F i s  t h e  t h r u s t  fo rce ,  q = -m, t h e  feed o f t h e  propuls ive ,  and W t h e  
v e l o c i t y  of  e j e c t i o n .  

Thus i t  i s  a mat te r  i n  each mission envisaged of minimizing t h e  consump­
t i o n  of propuls ive  = /WF -me/ f o r  a f ixed  time per iod dt = tF- t ,  . 

1,2.2. Propulsion Systems 

Without going i n t o  d e t a i l  on present  and f u t u r e  propuls ion systems, w e  117 
here  have a mat te r  of def in ing  a simple mathematical model, unique i f  poss ib l e ,  
descr ib ing  a l l  of them and capable of being adapted t o  each p a r t i c u l a r  case by 
a simple modif icat ion of  parameters.  

I n  t h e  proposed model (S ) ,  t h e  choice of t h e  d i r e c t i o n  6 of t h r u s t  i s  
supposed t o  be e n t i r e l y  f r e e  and t h e  two parameters of command remaining F 
(magnitude of t h r u s t )  and (feed) must be chosen i n s i d e  t h e  !'command domain" 
U represented i n  Figure 2a. 

In  t h i s  model (S) t h e  j e t  power: 

i s  l imi ted :  

whence t h e  a r c  of f r o n t i e r  parabola  (or a). 
The ej .ection ve loc i ty :  

ur/s -f c 
a s  w e l l  as t h e  feed q have upper l i m i t s :  

4 ?ma* 

whence t h e  r e c t i l i n e a r . f r o n t s  OA and BD. 

(4) 
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I t  i s  l ikewise p o s s i b l e  t o  
f impose a lower l i m i t  Wmin > 0 t o  

t h e  e j e c t i o n  v e l o c i t y  

which adds a r e c t i l i n e a r  f r o n t i e r  
a OC. Point  C can be found on t h e  

a r c  or ou t s ide  of t h i s  a r c ;  t h e  
t h e o r e t i c a l  study i s  t h e  same. 

Let u s  note  t h a t  t h e  magnitude 
F of t h r u s t  i s  automatical ly  l imited 

0 a t  t h e  top :  

This model (S) i s  well  adapted 
t o  e l e c t r i c a l  p ropuls ion  systems 
evolved where t h e  j e t  power i s  
l imited by the  power of t h e  elec­
t r i c  generator ,  where t h e  e j e c t i o n  
v e l o c i t y ,  modulable t o  a c e r t a i n  
degree, cannot exceed a c e r t a i n  
maximal value (nor o f t e n  go below 
a c e r t a i n  minimal value) f o r  a / 18 
d e f i n i t e  e jector  under penal ty  of  
seeing t h e  e f f i c i e n c y  of t h e  
e j e c t o r  considerably diminished, 
and f i n a l l y  where t h e  propuls ive 
feed i s  l imited by t h e  pump system 
(or even by t h e  ion production 
system i n  t h e  case of  an i o n i c  
propulsor) . 

The model (S2) which i s  de­

r ived  from model (S) by making 

w,,, = - , qmax= - , Wmin= 0 (9) 

correspond t o  an i d e a l i z e d  e l e c t r i c  
propulsor  (Figure 2b) ,of ten consid­
ered i n  t h e o r e t i c a l  s t u d i e s ,  where 
t h e  only l i m i t a t i o n  bears  on t h e  
j e t  power. 

F i g ,  2. Propulsion Systems. 
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Fina l ly  t h e  model ( S  
1
) which is der ived from t h e  model (S) by making: 

corresponds a t  one and t h e  same time t o  e lec t r ic  propulsors  with a non-modulable 
e j e c t i o n  v e l o c i t y  and t o  t r a d i t i o n a l  chemical propulsors  ( l iqu ids , .  powders) o r  
t o  a nuc lear  rocket  (Figure Zc). Thus these  d i f f e r e n t  types of  propulsors  a r e  
d is t inguished  by orders  of magnitude of  s p e c i f i c  impulse Zsp= w/9 and of 

maximal t h r u s t  Fmax' 

While f o r  t r a d i t i o n a l  chemical propulsors  s p e c i f i c  impulse i s  of t h e  
order  of  300 s (powders) o r  400 s ( l i qu ids )  and f o r  t h e  nuc lear  rocket  o f  t h e  
order  of  800 s ,  f o r  e lec t r ic  propulsors  s p e c i f i c  impulse can reach very high 
values  (10,000 s and even more). 

On t h e  o ther  hand, maximal t h r u s t  acce le ra t ion  X,,,',,,= Fmar/m, which is  

of g o r  s eve ra l  g f o r  t r a d i t i o n a l  propulsors , (systems c a l l e d :  "high  thrust") 
i s  very weak t o  l!Y3 g)  f o r  e l e c t r i c  propulsors  (systems c a l l e d :  "Zow 
thrmst"). 
1 , 2 . 3 .  Case of any F i e l d  of Grav i ta t ion .  

-+
The s t a t e (;, V ,  m) and t h e  command (6,F, q) having been def ined i n  t h e  

above paragraphs,  l e t  us  apply t h e  Maximum Pr inc ip l e  t o  t h e  problem of t r a n s f e r  
-++ ++ a t  a f ixedenvisaged above, cons i s t ing  of passage from t h e  s t a t e  r

0' vo' ?J -
i n s t a n t  t 

+ - P *  
t o  t h e  s t a t e  rf ,  Vf, mf a t  a d e f i n i t e  i n s t a n t  tf ( r f ,  Vf may be 

0 


p a r t i a l l y  undetermined) with t h e  minimum consumption / A m / = / q  -mof . 
The Itequations of movement" a r e  very  simple: 

Imooer lv  named eauat ions of movement) / 

(consumption equation) & - - 4  (131 

Then t h e  Hamiltonian i s  w r i t t e n :  

- + + *  + +  
where p,, pv, pm a r e  a d j o i n t  t o  elements r ,  V, m o f  s t a t e .  

The performance index t o  be maximized i s  t h e  f i n a l  mass: /19 
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s =  M f .  (15) 

Therefore it is  necessary t o  maximize t h e  Hamiltonian a t  every i n s t a n t  i n  
-f 

reference t o  t h e  command D,  F ; q .  

The optima2 direct ion $* of t h e  t h r u s t  i s  obviously t h a t  of t h e  e f f i c i e n c y  
-tf 

vec to r  p, : 

Then t h e  Hamiltonian becomes : 

-3 

If=-pm 4 z-!$F + (terms independent of q and F ) .  

The ad jo in t  system i n  which t h e  optimal d i r e c t i o n  o f  t h r u s t  has been 
c a r r i e d  i s  w r i t t e n :  

From t h i s  i s  deducted: 

In  succession we envisage t h e  cases of t h e  propulsion systems (S) ,  ( S 2 )  

and (S1), thus completing t h e  r e s u l t s  obtained i n  [22] .  

I ,2.3.1. Propulsion system ( S ) .  

A t  any i n s t a n t  t ,  H = Ct e  i s  t h e  equation of a s t ra ight  l ine  o f t h e  

1 8  

I 




plane  q,  F, of f i x e d  s lope  mpm/ Ip3vl and with ordiflate o r i g i n a l l y  propor t iona l  

t o  H ( t he  c o e f f i c i e n t  o f  p r o p o r t i o n a l i t y  m/  I p j  I being p o s i t i v e ) .  Therefore
V 

maximizing N comes down t o  maximizing t h i s  o rd ina te  a t  i t s  o r i g i n  by choosing 
t h e  poin t  of  func t ion ing  q ,  F s u i t a b l y .  The r e s u l t  depends on t h e  s lope  of 
t h e  s t r a i g h t  l i n e  (Figure 3 ) :  

1. 	If .mPm > Wmax , po in t  0 should be used (zero t h r u s t ,  b a l l i s t i c  
I P W  

a r c ) .  

From (21) w e  deduce t h a t :  

-+ 3
Thus s lope  mpm/ ]p v a r i e s  only by ] p  

2. 	 If - w- max , it i s  indeterminate .  

Fig. 3. Optimal Point of Functioning. 
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This indetermination i s  not annoying i f  t h e  e q u a l i t y  only occurs a t  i n - / 2 0  
s t a n t  t (commutation). On t h e  o the r  hand i f  t h e  e q u a l i t y  t akes  p l ace  during 
a f i n i t e  i n t e r v a l  of time tlt2 the  ampl i f i ca t ion  of t h e  Maximum P r i n c i p l e  

does not f u r n i s h  t h e  command s i n c e  every po in t  of segment OA i s  a p r i o r i  s u i t a ­
b l e .  Command i s  obtained d i r e c t l y  by wr i t i ng  t h a t  t h e  s lope  i s  constant  f o r  
tlt2 and equal t o  Wmax ( s ingu la r  so lu t ion  [31-331) o r :  

From (21) t h e  f i r s t  i n t e g r a l  i s  t h e r e f o r e  deduced: 

'mp, = Cte [27] 124) 

from which, by (231,  

and f i n a l l y  t h e  f i rs t  i n t e g r a l :  

-+ -+
Therefore t h e  vec to r s  pv and pr a r e  orthogonal.  

The corresponding arcs are called: "intermediate thrust arcs". 

W 
mpm 4 w,,, point  A must be used (constant t h r u s t  FA) .  /213 .  If -22% \ c - = r - .  

2 / P d  
AS 	 -d (mpm) > 0,mpm i nc reases .  [ s i c ]

dt 
Wc <<--s- WmJx point  M of t h e  parabola a r c  a (or4 .  If ,ax(,, WB ,?-) mpm ,< ­

/PYI 2 
pm'Ka)must be used (modulated t h r u s t  F= - ) . Then t h e  f i r s t  i n t e g r a l  
'77Pm 

i s  deduced from t h i s :  

-t 

then 
+
y = 

F is proportional t o  the vector of efficiency p +. v. 

5. F ina l ly  i f  % < Max (?, F)po in t  B (or C)  must be used (con­

s t a n t  t h r u s t  Fm,) . 
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n u s  an optimal t r a j e c t o r y  SXCept  f o r  Singular  cases ,  i s  composed of a 
succession (when t h e  s lope mp,//pvI v a r i e s )  of b a l l i s t i c  a rcs  (F = O), of con­

s t a n t  t h r u s t  a rcs  a t  maximal e j e c t i o n  v e l o c i t y  (F = FA) ,  of  modulated t h r u s t  

a rcs  15 <-f < mit?('B ,%.I and of maximal t h r u s t  a rcs  l f =  min (FBI +)I. 

I ,2.3.2. P a r t i c u l a r  case of  propuls ion  systems (S2). 

In  t h i s  case it is convenient t o  d e f i n e  a p o s i t i o n  of M on t h e a  03 arc  
(Figure 2b) by t h e  datum of t h e  t h r u s t  F or r a t h e r  of the  t h r u s t  acce le ra t ion  

This choice i s  of p a r t i c u l a r  i n t e r e s t ;  as a mat te r  of f a c t  t h e  i n t e g r a t i o n  
of t h e  equation: 

x 2  

(281 

between t h e  times t o  and t fu rn i shes :  

where 

i s  a performance index which inc reases  monotonouslv when t h e  mass m diminishes.  

Therefore t h i s  index can advantageously r ep lace  t h e  mass m i n  order  t o  
express t h e  expense of t h e  operat ion.  

The new equation of consumption i s :  

J = - *Y Z  13112 

The equations of movement ( l l ) ,  (12) and (31) only contain t h e  command T. 
The canonical transformation: (m;p,) L-1) (J;pJ) is  such t h a t  [25,30] : 

(32) 
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whence : 

Now, s i n c e  J does not occur . in  t h e  second members of t h e  equations of movement, 

GJ = 0 and 

PJ s c t e  = pJf CJ a - f  
(34) 

s i n c e  t h i s  i s  a matter  of maximizing S = -Jf’ 

Therefore we again f i n d  t h e  f i r s t  i n t e g r a l  (27) where by choice (34 ) ,  t h e  
constant i s  equal t o  Pmax and t h e  optimal acce le ra t ion  i s  given simply by: 

The thrus t  acceleration is equal t o  the vector o f . e f f i c i ency .  

I ,2.3.3. Particular case of propulsion sys tems (SI). 

Since t h e  e j e c t i o n  v e l o c i t y  W i s  constant ,  t h e  i n t e g r a t i o n :  

between t h e  moments to and t fu rn i shes :  

- w L o g 3  = cM 
137) 

where 

i s  t h e  l lcharacterist ic veZoeityll which increases  monotonously when t h e  mass m 
diminishes and which can the re fo re  advantageously r ep lace  the  mass m t o  
express t h e  cost  of t h e  operat ion.  

The canonical transformation (m;p,) 4 ( C J p , )  i s  such t h a t :  
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from which 

The t h r u s t  law i s  t h e r e f o r e  given by 

/= = 6"u (6)) 

where 

u(0)  = l f s i g n e  0 
2 

i s  t h e  degree o f  u n i t y  and: 

i s  t h e  c o m t a t i o n  function. 

0 according t oThe thrust  iaw i s  one o f  ttaZZ or nothingtt ( F = pmnx 
which 0 p 0 ) . 

t e
On t h e  b a l l i s t i c  a r c s ,  mpm = Cte [equation ( 2 2 ) ] ,  and t h e r e f o r e  pc = C . 

On t h e  propulsed a r c s  xi"m) , t he re fo re  mpm inc reases  and pcd >
decreases .  

Optimal Eject ion Veloci ty .  

The optimal r e a l i z a t i o n  of  a mission given with t h e  a i d  of  a propuls ion 
system (S2) leads t o  a u t i l i z a t i o n  of  t h r u s t s  such t h a t  t h e  r ep resen ta t ive  

c\ 

poin t  M2 of t h e  command diagram descr ibes ,  f o r  exa??le, arc -QR (Figure 4 ) .  

Rea l iza t ion  of t h e  same mission with a propuls ion system (S1) of t h e  same 
instaZZed power Pmax and of  constant  e j e c t i o n  v e l o c i t y  W lead t o  a u t i l i z a t i o n  

of t h e  po in t s  0 o r  M1. 

Th is  constant  e j e c t i o n  v e l o c i t y  W (general ly)  remains a t  t h e  choice of  t h e  
u s e r  (choice of t h e  e j e c t o r  t o  adapt t o  t h e  energy conversion system). 

The problem i s  choosing t h e  v e l o c i t y  W i n  t h e  optimal manner (W*), t h a t  i s  
t o  say  such t h a t  t h e  consumption of  propuls ive  i s  minimal f o r  t h e  given mission 
[35] .  The corresponding optimal propuls ion system (S1) w i l l  b e  noted ( S * ) .1 
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F i g .  4 .  Optimal Ejection Velocity 

I t  i s  demonstrated i n  Appendix 1 t h a t  t h e  optimal e j e c t i o n  v e l o c i t y  W* i s  
furnished by t h e  equation: 

Condition (43) i s  i n t e r p r e t e d  simply (Figure 5) : 

Only t h e  p a r t  of t h e  e f f i c i e n c y  !p+v]/m above t h e  commutation l e v e l  -pc/m 

intervenes,  which i s  l o g i c a l .  For  t h e  optimal e j e c t i o n  v e l o c i t y  W*, t h e  a rea  
(1) represent ing t o  some extent  t h e  global  excess of t h e  e f f i c i e n c y  above t h e  
commutation l e v e l  i s  equal t o  a rea  (2) below t h e  commutation l e v e l .  

Examples of t h e  determination of the  optimal e j e c t i o n  v e l o c i t y  W* w i l l  be 
given i n  SII, 1.3.1.3.  and I I , 2 .3 .2 .3 .  

I ,2.3.4. Kinematic i n t e r p r e t a t i o n  of the vector of e f f i c i e n c y .  / 24 

We have seen t h e  fundamental r o l e  Played by t h e  vec to r  o f  e f f i c i e n c y  GV 
i n  t h e  determination of t h e  optimal t h r u s t  l a w ,  no matter  what system of pro­
puls ion i s  envisaged. 

We propose f ind ing  a kinematic i n t e r p r e t a t i o n  o$ thi+stvector. For it l e t  
us f i n d  t h e  locus of t h e  extremity P of t h e  vec to r  M P  = p, i n  t h e  f ixed  axes 
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?+ere t h e  zovenent o f  tL.e mobile $3  located (Figure 6 ) .  Let us p o s i t  OF = ;. 
I t  becomes: 

now, according t o  equat ions (18) and (19) of t h e  a d j o i n t  system: 

the re fo re  : 

o r ,  f i n a l l y ,  

F i g .  5. Opt imal  L e n g t h  of t h e  Maximal Thrust Arcs. 

-f
Therefore a t  an order  of Ip vlapproximately h igher  than t h e  first,  t h e  

poin t  P s h i f t s  as i f  it were subjected a t  every instance t o  the same weight
f i e l d  and t o  the some thrust  acceleration as the mobiZe M ( t h e  weight obvious­
l y  being ca l cu la t ed  f o r  P and not  f o r  M) . 

25 



Since the adjoint is defined only 

by about 1 multiplicative factor, fixed 


by the normalization condition, it is 


always possible to fix this normaliza­

+tion is such a way that Ip << 

and that the mention,edcharacteristic 

is precisely verified. 


For convenience we formerly chose 

the normalization conditions: 


It is enough to take a modulus value /’’ 
Fig. 6. Efficiency Vector. << 1. 

Therefore the optimal acceleration law can theoreticaZZy be defined in the 
following manner (Figure 7): 

Fig. 7. Directrix Curve. 


a pilot mobile P furnished with a propulsor is launched at the initial instant 
-z

into the relative position pV
0 

in relationship to Mo, close to Mo, and with 
---,the relatively low velocity 

+
p,,* 
A 

=-pA . The mobiles M and P are then sub-
jetted to the same acceleration y directed according to [ and proportional 
to M P  for a propulsion system (S,)]. While the mobile M describes the 
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, t r a j e c t o r y  (l'),t h e  p i l o t  mobile P descr ibes  t h e  "direc tr ix  curve" ( D )  and 
fu rn i shes  t h e  optimal th rus t .  d i r e c t i o n .  

Instead of t h i s  e l egan t ly  t h e o r e t i c a l l y  s o l u t i o n  t h e r e  i s  an evident 
preference f o r  t h e  more t r a d i t i o n a l  s o l u t i o n  where t h e  optimal acce le ra t ion  
l a w  i s  remembered i n  t h e  gu ide -p i lo t  system of t h e  mobile M, s i n c e  a t  any r a t e  

-+ -+
the d a t a  nf the i .nit i .al  cnnditi.nnc: p ~ n d  ( s i x  parameters) presumes t h a tp 

r O  V O  

t h e s e  q u a n t i t i e s  have been previous ly  ca l cu la t ed  as  a funct ion of t h e  mission 
t o  achieve, i . e .  t h a t  t h e  opt imizat ion problem has been resolved.  Therefore 
t h e  p i l o t  mobile has only a pure ly  t h e o r e t i c a l  usefulness!  

I ,2.3.5. Case of g r a v i t a t i o n a l  f i e l d  independent of time. 

In  t h e  case of a g r a v i t a t i o n a l  f i e l d  independent of  t ime, s i n c e  t h e  second 
members of t h e  equations of movement (11) - (13) do not e x p l i c i t l y  contain t h e  
v a r i a b l e  t ,  it  i s  poss ib l e  t o  w r i t e  the  Hamiltonian f irst  i n t e g r a l  (see S 1 , l . S )  : 

which f o r  a s i n g u l a r  s o l u t i o n  becomes (E/=-)mPm 
WmPX 

On t h e  o the r  hand we have seen t h a t  i t  i s  then poss ib l e  t o  d e f i n e  some 
general ized "orbi ts"  and t o  cdnsider  some t r a n s f e r s  without rendezvous. To 
say t h e  f i n a l  p o s i t i o n  Mf on t h e  f ina l  "orbi t"  i s  not imposed comes down t o  

saying, i n  p a r t i c u l a r ,  t h a t  it is  equivalent  t o  obtaining t h e  i n s t a n t  t f-t h e  elements r -+f ,  V-+f or t h e  elements 6 + JL and Vj + 5 S k  r e l a t i v e  

t o  a point  c l o s e  t o  t h e  f i n a l  t t o r b i t t t .  
-+

Since pr and $ a r e  t h e  c o e f f i c i e n t s  of inf luence of t h e  v a r i a t i o n s  / 2 6  
f vf 

-f
6;f and 6 V f ,  conrpaeibze with the finaZ res t ra in ts  ( f i n a l  imposed t r a j e c t o r y )  , 
on t h e  index of performance S, t h i s  equivalence i s  t r a n s l a t e d  by: 

which i s  again t o  say: 



3 3  -f 
Now s i n c e  t h e  f i e l d  g ( r )  i s , d e r i v e d  from t h e  p o t e n t i a l  -U(r) ,  i t s  energy 

i s  p a r t i c u l a r l y  a t t ached  t o  one "orb i tvv :  

Equation (51) shows t h a t  t h e  energy of  t h e  general ized oscu la t ing  "orbi ts"  
a t  t h e  i n s t a n t  tf r e s p e c t i v e l y  t o  the t r a j e c t o r y  of po in t  P [ d i r e c t r i x  curve 

(D)] and t o  t h a t  of M [ t r a j e c t o r y  ( T ) ]  a r e  equal.  As a matter of  f a c t :  

i s  r e a l l y  zero a t  i n s t a n t  t f '  because of (51). 

1,2.4. Case o f  t h e  Central F i e l d  

The hypothesis of the centvlal f i e l d  greatly s impl i f ies  the problem of 
optimal transfers  by the fac t  tha t  the natural movement is integrable.  I n  
order t o  bene f i t  as much as possible from t h i s  integration, the elements of 
the Keplerian o r b i t  o scu la t ing  t o  the  trajectory are taken as components o f  
s ta te .  Obviously t h i s  i s  a matter of choosing the elements most appropriate 
t o  the problem; i n  particular t h i s  choice shouZd not be modified in the ease 
of weak eccentr ic i t ies .  The variable of pos i t ion  must be particularly weZl 
chosen, for it must be substi tuted f o r  time, as a variable of description, in 
order t o  f a c i l i t a t e  the integpations. The optimal thrust  Zm is easi ly  in ter ­
preted: the thrust  is directed towards a p i l o t  mobile which describes a 
Keplerian orbi t , the elements of which are perturbated. 

1 , 2 . 4 . 1 .  Osculating o r b i t a l  elements. 
--c 

Since t h e  f i e l d  of g r a v i t a t i o n  
-+ 
g is  c e n t r a l ,  with a c e n t e r 0  ( F=- p  s), 

+ +
t h e  elements r ,  V (Figure 1) a t  each i n s t a n t  t d e f i n e  t h e  Keplerian o r b i t  (0) 
t tosculat ing" ( i n  t h e  sense of c e l e s t i a l  mechanics) t o  t h e  t r a n s f e r  t r a j e c t o r y  
(2') of t h e  mobile M, i . 'e .  t h e  o r b i t  which M would continue t o  desc r ibe  i f  t h e  
t h r u s t  were suppressed- beginning a t  t h i s  i n s t a r t .  

A t r a n s f e r  (with rendezvous) is  t h e r e f o r e  t h e  passage o f  the  mobile M, 
between t h e  f ixed  i n s t a n t  to and t f ,  from a very determined p o s i t i o n  Mo on t h e  

i n i t i a l  o r b i t  (O0) t o  a well-defined p o s i t i o n  Mf on t h e  f i n a l  o r b i t  (Of) with 
-%

t h e  co r rec t  v e l o c i t y  Vf (Figure 8 ) .  In  a t r a n s f e r  without rendezvous, t h e  
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pos i t i on  Mf on (0f ) i s  not  imposed. The problem o f  in t e rcep t ion  [pos i t ion  

rendezvous with a t a r g e t  mobile M
C 

desc r ib ing  t h e  o r b i t  (Of) without t h e  

co r rec t  v e l o c i t y  being imposed] w i l l  no t  be  s tud ied .  
-f

The s t a t e  x a t  t h e  i n s t a n t  t /27 
of t h e  mobile M can the re fo re  be 
def ined not  only by t h e  d a t a  of 

+ +
t h e  elements r J  V and mass m ,  but  
a l s o  by t h e  d a t a  of t h e  oscula t ing  
o r b i t  (0) ( f i v e  parameters) of 
t h e  pos i t i on  o f  M on t h i s  o r b i t  
(one parameter) and of  t h e  mass 

m ( o r  a performance index a s  a 
monotonous func t ion  of t h e  mass m) 
(one parameter).  

F i g .  8. T r a n s f e r .  C e n t r a l  F i e l d  

F i g .  9. N o t a t i o n s .  

The oscula t ing  o r b i t  (0) can be def ined (Figure 9) by t h e  datum: 
+ +

1. of  t h e  u n i t a r y  vec to r  Z = h/h, perpendicular  t o  t h e  p lane  of (O), o r  b e t t e r  

of  t h e  p ro jec t ion  2plane  of  ?! on t h e  p lane  of re ference  Oxy, having a s  
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components : 

- I  5 = 5ini sin $2 
Zplan e 9 =-sin; COS R 

(two parameters) (541 

2.  of i t s  semi-major axis a (one parameter) 

3 .  of  t h e  rrperigeevector": 

- f - - r  * (Laplace 's  f irst  (55) 
e = -

/u 
VAh-- r i n t e g r a l ,  see Appendix 2)  

d i r e c t e d  toward t h e  per igee  and of length e ( e c c e n t r i c i t y ) ,  o r  r a t h e r  of 
+ -+

t h e  p ro jec t ion  eplaneof e on t h e  re ference  p lane  Oxy, having a s  components: 

(two parameters) 

Note: The preceding choice is p re fe rab le  t o  t h a t  which would cons i s t  of 

def in ing  t h e  oscu la t ing  o r b i t  (0) by t h e  datum of  % ( k i n e t i c  moment: t h r e e  
-+ - + +

parameters) and e (per igee  vec to r :  t h r e e  parameters) ,  connected by h e = 0 
(one equat ion) ,  because t h e  semi-major a x i s  a,  connected t o  t h e  per iod T by 
t h e  equations 

n 'a3=p, n = -
7-

= average movement, ( 5 7 )277 

plays  a b a s i c  r o l e  i n  t h e  rendezvous, while t h e  magnitude h of  t h e  k i n e t i c  
2 2moment, connected t o  t h e  "parameter" p = a (1-e ) of  t h e  o r b i t  by h = up i s  

of  less i n t e r e s t .  

On t h e  o the r  hand t h e  pos i t i on  of t h e  mobile M on t h e  oscu la t ing  o r b i t  (0) 
can be def ined by t h e  datum of i t s  s t r a i g h t  (geocent r ic )  ascent  o r  of  i t s  
e c l i p t i c  (he l iocen t r i c )  longi tude:  

- - -3  

L =  (Ok,om). 

I t  i s  p re fe rab le  t o  t ake  L a s  a parameter i n s t ead  of  e (argument), v ( t r u e  

anomaly), u ( eccen t r i c  anomaly), ,y = u - e (average anomaly) o r  even, 

i n s t ead  of t h e  longi tudes ( i n  t h e  sense of c e l e s t i a l  mechanics): 

R + 9 o r  R + d + M  
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because L v a r i e s  monotonously as t i m e  (at least  i f  i does not  become equal t o  
90° ,  which w i l l  never be t h e  case f o r  c l o s e  t r a n s f e r s )  while i t  cannot be 
exact f o r  t h e  o ther  q u a n t i t i e s .  

I n  p a r t i c u l a r ,  a t  t h e  time of  t h e  impulsional t h r u s t  app l i ca t ion ,  t h e  
p o s i t i o n  o f  t h e  mobile M ( the re fo re  of  i t s  longi tude L) does not  vary,  while  
t h e  o the r  q u a n t i t i e s  may have any v a r i a t i o n  i n  s ign .  

The use  of t h e  o r b i t a l  elements i s  gene ra l ly  p r a c t i c a l  f o r  t r e a t i n g  t r a n s ­
f e r  prob 1ems. 

3 - f
As a mat te r  of  fact ,  while t h e  elements r, V vary  i n  l a r g e  propor t ions  

along t h e  e n t i r e  length  of  t h e  t r a n s f e r  t r a j e c t o r y  ( T ) ,  even on b a l l i s t i c  a r c s ,  
t h e  f i v e  f irst  o r b i t a l  elements a r e  constant  on t h e  b a l l i s t i c  a r c  and gene ra l ly  
vary more continuously on t h e  propulsed arcs, e spec ia l ly  i f  it i s  a ques t ion  of 
a t r a n s f e r  between c lose  o r b i t s .  

On the  o the r  hand f i n a l  condi t ions  a r e  genera l ly  expressed more simply, 
f o r  i n  t h e  major i ty  o f  cases  they  d i r e c t l y  concern t h e  o r b i t a l  elements r a t h e r  

+ +
than t h e  elements r ,  V [fixed semi-major a x i s  (or energy),  o r i e n t a t i o n  of t h e  
p lane  of t h e  f ixed orbi t . ,  e tc .  ...I. In  p a r t i c u l a r  t h e  condi t ion of  non­
rendezvous, t h a t  i s  t o  say t h e  f i n a l  pos i t i on  Mf on t h e  i n d i f f e r e n t  f i n a l  

o r b i t  (Of), i s  shown very simply ( i n d i f f e r e n t  f i n a l  s t r a i g h t  ascent  Lf).  

F ina l ly  t h e  choice of o r b i t a l  elements assoc ia ted  with t h e  l i n e a r i z a t i o n  
hypothesis  leads t o  a constant  a d j o i n t  f o r  t r a n s f e r s  between c lose  o r b i t s .  

1,2.4.2. Variat ion of o r b i t a l  elements.  

The v a r i a t i o n  of t h e  o r b i t a l  elements i s  given by t h e  perturbation 
formu Zae : 

(60) /29 

and the  equation 

h cos ii =  -I____. 
r 2( 1 - s h 2  i sin'6) 



- + +  3
I n  t h e  equat ions r ,  V ,  i;h, 0 are supposed t o  be  expressed a s  a func t ion  

-+ -f 
and L .  

Of 'plan' a,  eplan 

1,2 .4 .3 .  Variat ions of t h e  elements o f  t h e  d i r e c t r i x  o r b i t .  
-f

When t h e  t h r u s t  acce le ra t ion  y i s  zero,  t h e  p i l o t  mobile P, subjected 

uniquely t o  t h e  c e n t r a l  Newtonian f i e l d  g(2) = - p 7//r3 , describes a 
-+

Keplerian d irec tr ix  orbit ( D ) .  When t h e  t h r u s t  acce le ra t ion  y i s  not zero,  

t h e  p i l o t  mobile i s  subjec ted  equal ly  t o  t h e  acce le ra t ion  and it  i s  poss ib l e  
t o  de f ine  a t  every i n s t a n t  t h e  Keplerian d i r e c t r i x  o r b i t  (0P) oscu la t ing  t o  

t o  t h e  t r a j e c t o r y  (D) of P, j u s t  as it has been p o s s i b l e  t o  d e f i n e  t h e  
Keplerian o r b i t  (0) oscu la t ing  t o  t h e  t r a j e c t o r y  (T)o f  M. We propose t o  

c a l c u l a t e  t h e  f i v e  first elements of t h i s  o scu la t ing  o r b i t  and t h e i r  v a r i a t i o n s  
-f 

as  a func t ion  of y .  

If D des igna tes  t h e  d i f f e rence  between one element of  (0P) and t h e  cor re­
sponding element of (0): 

If t h e  optimal t h r u s t  acce le ra t ion  p = & ' * z / / p T /  is  appl ied ,  t h e  

v a r i a t i o n s  of t hese  d i f f e rences  a r e  given by: 
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-- 

I t  i s  v e r i f i e d  t h a t  i f  = 0, i%, and DE are constant .  But f u r t h e r -
++ 

mcre, w e  see t h a t  Dh i s  constant ,  even when t h e  t h r u s t  acce le ra t ion  i s  appl ied,  
which fu rn i shes  a f irst  i n t e g r a l  f o r  t h e  optimization problem: 

Ox=pTAT+SAF = 	constant vec to r  when 
optimal ?* i s  appl ied (69)  

i n  a centra2 f i e l d .  

This f i rs t  i n t e g r a l  i s  pointed ou t ,  among o the r  p l aces ,  i n  [ 2 7 ] .  Here i t  i s  
connected t o  t h e  not ion o f  o scu la t ing  d i r e c t r i x  o r b i t .  

* 
The i n t e r p r e t a t i o n  of Dh i s  easy: 

+ +  
suppose t h a t  a t  any i n s t a n t  t ,  w e  give t h e  elements r, V a j o i n t  rotat ion %. 
I f  t h i s  r o t a t i o n  i s  compatible with t h e  f i n a l  r e s t r a i n t s ,  t h e  v a r i a t i o n  i n  t h e  
performance index S i s  then: 

ft ++
-Dh then appears as t h e  c o e f f i c i e n t  of inf luence pR , on t h e  performance 

index S ,  of a j o i n t  r o t a t i o n  compatible with t h e  f i n a l  r e s t r a i n t s .  In  
+ + + +

p a r t i c u l a r ,  i f  t h e  f i n a l  kinematic  s t a t e  r f ,  Vf i s  defined approximately a t  a 
+ + - +

j o i n t  r o t a t i o n  68  around ax i s  k ,  pR %$ must be zero f o r  every r o t a t i o n  
* +% = $60 around t h i s  a x i s ,  and t h e r e f o r e  pR k = 0 .  L i k e w i s e ,  i f  t h e  f i n a l  

-23
kinematic s t a t e  i s  defined approximately f o r  one j o i n t  r o t a t i a n ,  p R = o .  

tfFinal ly ,equat ion (68)shows t h a t  on a s i n g u l a r  a r c  where lp 1 f C t e  
V 

-DE= -V.p,. +,K r- .pv = c t e  = -H* 
Y 

which is  nothing but t h e  I h n i l t o n i a n  f irst  i n t e g r a l  (49) .  

On a s i n g u l a r  a r c  t h e  energy of t h e  oscu la t ing  d i r e c t r i x  o r b i t  (0,) and 
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t h e  energy of t h e  oscu la t ing  o r b i t  (0) d i f f e r  by one constant .  

These few g e n e r a l i t i e s  concerning optimal t r a n s f e r s  emphasize t h e  complex­
i t y  of t h e  problem. Even i n  t h e  case of central g r a v i t a t i o n a l  f i e l d ,  t h e  i n t e ­
g ra t ion  of t h e  equations of movement i n  t h e  a t t ached  equations (one times t h e  
expression of t h e  optimal t h r u s t  c a r r i e d  i n  t h e s e  equations) with the  condi t ions 
at  t h e  borders of t h e  two ex t r emi t i e s  is  a n a l y t i c a l l y  impossible i n  general .  
I t  i s  necessary t o  have recourse t o  some numerical i n t e g r a t i o n s  [34, 351. 

However t h e  a n a l y t i c a l  study has been a b l e  t o  be pursued i n  p a r t i c u l a r  
cases:  s i n g u l a r  case [31-331-, t r a n s f e r s  of i n d i f f e r e n t  du ra t ion  [ 4 ,  7-19] and 
f i n a l l y  t r a n s f e r s  between c lose  o r b i t s .  

We a r e  going t o  begin t h i s  l a s t  case now. 

I ,3. TRANSFERS BETWEEN CLOSE ORBITS 

The hypothesis of short dif ferences from the osculating orb i t  t o  the trans-lgl
f e r  course, referring t o  a reference nomina2 orb i t ,  permits the probZem t o  be 
2inearized. 

The major simplif ication furnished by t h i s  hypothesis i s  t o  render the 
variation of the  adjoint negligible.  

The reso2ution of the  optimization problem i s  then made i n  three steps: 

1.  	The adjoint being given a pr ior i ,  (wi th  a certain number of zero compon­
ents ,  corresponding t o  the  orb i ta l  elements of which the f i n d  values are 
i n d i f f e r e n t )  the  optima2 thrus t  i s  deduced from it. 

2.  	This optima2 thrus t  i s  carried i n t o  the linearized equations o f  movement 
which are integrated. From these are deduced the variatzons o f  the 
orb i ta l  elements and consumption as a function of the  adjoint.  

3. 	The a&joint i s  determined a posteriori  beginning with variations i n  the  
elements imposed by the  t rans fer  (inversion) and the consumption i s  
deduced from it, as i s  the law of optimal th rus t .  

1,3.1.  Linear izat ion o f  the Problem. 

Our goal i s  t o  desc r ibe  t h e  l i nea r i zed  equations of movement ( v a r i a t i o n  
of t h e  o r b i t  elements, consumption), 

1. With a desc r ip t ion  v a r i a b l e  angular t o  p o s i t i o n  u i n s t ead  of time t 
(which becomes a s t a t e  component) i n  o rde r  t o  permit an e a s i e r  u l t e r i o r  
i n t e g r a t i o n ,  

2 .  	So t h a t  t h e  second members of t h e s e  equations do not contain t h e  s t a t e ,  
which assures  a constant a d j o i n t ,  
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3 .  	So as t o  be a b l e  t o  t rea t  t h e  problems of d i s t a n t  rendezvous on close 
orbits and not  only problems of c l o s e  r.endezvous , as is  t h e  case i n  t h e  
major i ty  of s t u d i e s  [ 5 3 ,  541. 

For  t h i s ,  t h e  s i x t h  element t is  replaced by a parameter T of  which t h e  
v a r i a t i o n  A T  is e a s i l y  i n t e r p r e t e d .  

l ,3.1.1. Nominal o r b i t .  

Therefore  i n  what fol lows w e  s h a l l  suppose t h a t ,  d u r i n g  the  t rans fer ,  t h e  

aosculatipm nrhlt ["> i s  n n t  ~ B T?-.ray c r ~nomira? o+%t (z) (":ax:-u- senara­

t i o n  (60) = (0) - (5) of  t h e  order  of  E << 1 ) .  

S ince  t h e  nominal o r b i t  has t o  p lay  a pr iveleged r o l e ,  i n  order  t o  s impl i ­
f y  t h e  ca l cu la t ions ,  we s h a l l  choose t h e  following u n i t s :  

u n i t  of length:  a = semi-major a x i s  of (z),-
(1) 

-
u n i t  o f  t ime: - = [period on t h e  o r b i t  ( 5 ) ] / 2 7 ~ .  (2)

27 

Then t h e  u n i t  of v e l o c i t y  i s  t h e  c i r c u l a r  v e l o c i t y  Vc i r c  (z) a t  t h e  d i s ­

tance  a = 1 from t h e  cen te r  of a t t r a c t i o n  and the  u n i t  o f  acce le ra t ion ,  t h e  

acce le ra t ion  of g r a v i t a t i o n  g ( g )  a t  t h e  d i s t ance  = 1 from t h e  cen te r  of 
a t t r a c t  ion.  

We s h a l l  a l s o  choose (Figure 1): 
-
i - 0 

and i f  ~ $ 0 ,  

n+G=B =K 
( s t r a i g h t  ascent  of  t h e  
per igee)  = 0. 

l , 3 .1 .2 .  Change o f  descr ip t ion  

(3)  

(4) 

va r i ab 1e, 

I n  order  t o  c a r r y  out t h e  
i n t e g r a t i o n s ,  it is  s u i t a b l e  t o  
change t h e  desc r ip t ion  va r i ab le :  
ins tead  of t h e  time t ,  w e  s h a l l  

t ake  t h e  parameter u d e f i n e d  by: 
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F i g .  1 .  Nominal Orbi t .  
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l l l l l l l l I I  I 

-u is the eccentric anomaZy on the nominal o rb i t  corresponding t o  the s traight  
i 

ascent o f  the  rea2 mobile. u l i k e  L v a r i e s  monotonously with t h e  t ime t .  

This  desc r ip t ion  v a r i a b l e  i s  more convenient t han  t h e  v a r i a b l e s  below: 

1. Eccent r ic  anomaly u on t h e  oscu la t ing  o r b i t  (0) : 

t h i s  anomaly f i x e s  very  w e l l  t h e  r e a l  p o s i t i o n  of  t h e  mobile,  but  runs t h e  
r i s k  of not varying monotonously with t h e  t i m e  t ,  because it i s  s e n s i t i v e  
t o  t h e  movement of t h e  per igee .  

2 .  	Eccent r ic  anomaly of  a f i c t i t i o u s .  n o b i l e  which desc r ibes  t h e  nominal o r b i t  
of a KepZerian movement as a func t ion  of t i m e  t :  

t h i s  anomaly can r ep lace  t h e  v a r i a b l e  t ,  but  i n t e g r a t i o n  i s  f a c i l i t a t e d  
only i f  it a l s o  c a r r i e d  i n t o  t h e  second member of  t h e  equat ions of move­
ment. This  i s  poss ib l e  only i f  e r ro r  i n  p o s i t i o n  remains small  ( t h i s  
anomaly must remain c l o s e  t o  E). Therefore  it i s  impossible t o  t r e a t  some 
distant  rendezvous problems. 

Let us note  t h a t  t h e  nominal mobile of s r r a i g h t  ascent  L descr ibes  t h e  / 3 3  

nominal o r b i t  (0) of a Keplerian movement as a func t ion  of t h e  nominal time t 
such as: 

The desc r ip t ion  v a r i a b l e  <now f i x e s  t h e  s t r a i g h t  ascent  L of t h e  real  
mobile M on t h e  oscu la t ing  o r b i t  (0). 

In  the case o f  a rendezvous, it i s  a l s o  ind ispensable  t o  know t h e  t ime t 
which becomes a s ta t e  v a r i a b l e .  I t  equivalent  t o  knowing t o r :  

with t h e  following conventions ( f ix ing  t h e  o r i g i n s  of t h e  t ime t and 7) 
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Therefore if the f i na l  orb i t  (Of) i s  taken as the nominal orbit*,  6t(L) 
i s  nothing but t h e  temporal l a g  (on t h e  f i n a l  o r b i t )  of t h e  nominal mobile 
of t h e  same s t r a i g h t  ascent  L as t h e  r e a l  mobile M, i n  r e l a t i o n  t o  t h e  t a r g e t  
mobile Mc (Figure 2 ) .  

These t h r e e  mobiles G, M and M coincide a t  t h e  f i n a l  i n s t a n t  t f .
C 

With the  new v a r i a b l e  introduced, t h e  equations 6f movement a r e  w r i t t e n :  

F i g .  2 .  Geometric I n t e r p r e t a t i o n  of 6 2 .  

"This hypothesis ,  which permits  an easy i n t e r p r e t a t i o n  of 6 t o  and A T ,  i s  
however not a t  aZZ obligatory. Often i t  i s  even p re fe rab le  t o  choose a 
nominal o r b i t  intermediate  between t h e  i n i t i a l  and f i n a l  o r b i t s ,  i n  order  t o  
inc rease  t h e  exac t i t ude  of t h e  c a l c u l a t i o n s .  This t r a n s p o s i t i o n  i s  immediate. 
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These a r e  t h e  equat ions which must be l i n e a r i z e d .  

1 ,3 .1 .3  Infinitesimal transfer. 

Let us  be a l i t t l e  more p r e c i s e  about t h e  not ion  o f  i n f i h i t e s i m a l  t r a n s ­
fe r .  

I n  order  t o  be ab le  t o  l i n e a r i z e  equat ions o f  movement, i t  is  not  enough 
t o  suppose t h a t  t h e  i n i t i a l  o r b i t  (O0) and f i n a l  o r b i t  (Of) a r e  c l o s e .  As we 

have done, §1,3.1.1,  it i s , a l s o  necessary t o  suppose t h a t ,  during the transfer ,  
t h e  d is tance  between t h e  oscu la t ing  o r b i t  (0) and t h e s e  two o r b i t s  remains 
small  [or r a t h e r  t h a t  ( O 0 ) ,  (Of)  and (0) a r e  c lose  t o  t h e  nominal o r b i t  (z)]. 

Since catching up 6t i s  done by varying,  during t h e  t r a n s f e r ,  t h e  per iod
0 


of t h e  oscula t ing  o r b i t ,  t he re fo re  by varying 6a o f  i t s  semi-major a x i s  of 
which t h e  maximal amplitude i s  of  t h e  order  o f  16to(/At,it  i s  necessary t o  
suppose t h a t :  

,E = max ( 1 ~ ~ 1 . I a n \ ,  I ~ a l ,l ~ a l ,  ( M I ,  At (161 
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The final term 16tol/At entering into the definition of E is essential, 
as the following example shows: to catch up to a target mobile which is on 

the same orbit as the pursuer, but with a temporal lead. 6to, the maximal seper­


ation 16al during the rendezvous is of the order of (6tol/At,while the total 


variation A of the first five elements (and particularly Aa) is zero. 


The characteristic velocity of the transfer: 


is of the order of E .  

For the propulsion systems (S1), it is also necessary to suppose that the 
mass m of the mobile varies little (relative variation lAml/m of the order of 
E ) ;  the nominal mass $ is then taken as unity. This condition implies that 
the ejection velocity W is large enough f o r  the nominal orbital velocity: 

For propulsion systems ( S 2 ) ,  this hypothesis is not necessary because only 
the thrust acceleration y intervenes in the equations. However we shall do it 

sometimes simply to connect the variation of mass Am to the variation in the 

performance index AJ: 


1,3 . 1 . 4  Linear iz a t  ion. 

If, in the second members of the equations of movement (10) - (15) ,  the 

osculating orbit (0) is replaced by the nominal orbit (5) and the mass m by the 
nominal mass m = 1, the relative error committed in the solution of the problem 

is of the order o f  E. 

If E is small enough, this error is permissible in so far as the varia­

tions of the elements of orbit (since these variations are at most of the 


order of  E ,  the absolute error is of the order of E 
2) are concerned. On'the 

other hand it is unacceptable in rendezvous problems in determining the time 
t (or  what comes to the same thing, the lag 6 t ( L ) .  As matter of fact, equation
(13) would furnish a constant lag. In equation (13) the osculating elements 
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l l l l l l I l l  I 

2should be c a r r i e d  wi th  a r e l a t i v e  p rec i s ion  E . 
Designating t h e  sepa ra t ion  with s t r a i g h t  ascent  L between t h e  r e a l  s t a t e  /36

and t h e  nominal s t a t e  by: 

dx = x - E  (20) 

t h e  linearized equations of movement a r e  w r i t t e n  (omitt ing except where neces­
sa ry  f o r  comprehension a wr i t i ng  of the  nominal s i g n  (-) i n  t h e  second members): 

--7

a'= 5a'= 2r Y- Y 

36t'=--rda - I-e22 

P I )  


L I 

with 	r = 1 - e cos u ,  h = c e 2  . 
Noting t h a t :  

and 
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where 

i s  a pe r iod ic  vec to r  i n  u of per iod 27~, equation (24) can be  replaced by: 

where 

-4

z = - 6 t + -3 M6a r-&.de
2 

i s  a new parameter which can rep lace  t h e  t i m e  t o r  even t h e  l a g  6 t  i n  a 
rendezvous problem. 

As a matter of f a c t ,  with t h e  conventions adopted above: 

because Saf = 0 and f = 0,  s i n c e  w e  have chosen t o  make t h e  nominal o r b i t  

coincide with t h e  f i n a l  o r b i t  and 

---t---c3A T  = z,-s,= 6t,+--MoAa t a 0 . A e .2 

~~. .~ ~ -~. - .---- __ . ~- - .- ­. 

A T  = ( i n i t i a l  temporal l a g  on t h e  f i n a l  o r b i t  o f  t h e  nominal mobile 

of  t h e  same longi tude Lo as t h e  r e a l  mobile M o ,  r e f e r r e d  t o  t h e  (34) 
3 -tf

t a r g e t  mobile Mco) + -2 M
0

Aa + 
0 

- A e  . 
.- - , . . - ~. ~- ~.~ 
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-tf
member of t h e  equation i n  T I  no longer contains  t h e  s t a t e  s epa ra t ion  6x,, 
which s i m p l i f i e s  t h e  optimization problem (constant  a d j o i n t ) .  

Let us c a l l  ? t h e  kinematic condi t ion:  

and % t h e  d i s t a n c e  between t h e  kinematic s t a t e  and t h e  nominal kinematic 
s t a t e .  Equations (21) - ( 2 3 )  and (30) can be w r i t t e n  i n  t h e  following vec­
t o r i a l  form: 

==-- I

d X  = r K X  

+-
where E i s  t h e  t e n s o r  of inf luence o f  t h e  t h r u s t  acce le ra t ion  y on t h e  kine­
matic s t a t e ,  a t e n s o r  which depends only on t h e  p o s i t i o n  u (and obviously on 
e) * 

-+
I f  y has t h e  following components: 

a p (37)
ZZ 

-+
i n  the  mobile axes MXYZ and i f  2p lane  and ep lane  a r e  defined by t h e i r  /38 
components i n  t h e  f ixed  axes Oxyz, t h e  r ec t angu la r  matrix (6  x 3) representa­

-
t i v s  ?f t h e  t enso r  is:  

K =  
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The elements of t h i s  matr ix  are given i n  Appendix 3 .  

I t  can be not iced  t h a t  t h e  elements of t h e  f irst  f i v e  l i n e s  of t h e  mat r ix  
r k  are polynomials i n  s i n  u and cos u and t h a t  u only occurs i n  t h e  elements 
of  t h e  s i x t h  l i n e  ( t e rm. in  u s i n  u and r K  and t e r m  i n  u i n  r K  ) .

T X  TY 

Defin i t ion .  We s h a l l  ca l l  near-circular transfers ,  t h e  t r a n s f e r s  between 
o r b i t s  with e c c e n t r i c i t y  e of  t h e  same o rde r  as t h e  magnitude E of t h e  
t r a n s f e r  or smal le r  (e  2 order  E ) .  I t  i s  then  poss ib l e  t o  choose a c i r c u l a r  

nominal o r b i t  (e= 0) , s i n c e  t h a t  only introduces i n t o  t h e  so lu t ion  a r e l a t i v e  
e r r o r  o f  t h e  order  e -< order  E .  

We s h a l l  c a l l  transfers betueen eZlipses of weak eccentricity t r a n s f e r s  
between o r b i t s  of which t h e  e c c e n t r i c i t y  e i s  small  i n  comparison t o  un i ty ,  but  
l a rge  i n  comparison t o  t h e  magnitude E of t h e  t r a n s f e r  ( E  << e << 1) .  Then 

t h e  nominal o r b i t  w i l l  be  an e l l i p s e  of weak e c c e n t r i c i t y  ( E  << e << 1 ) .  

I , 3 . 1  .5 .  Transfers  and Rendezvous 

The previous choice of v a r i a b l e s  permits  t h e  t reatment ,  not only of rendez­
vous problems where Au and A T  a r e  f ixed ,  but  a l s o  of t r a n s f e r  problems (without 
rendezvous), f o r  which the transfer  angle AL i s  f ixed ( f ixed  Au) and t h e  
dura t ion  A t  i s  i n d i f f e r e n t  (whence: A T  i s  ind i f f e ren t ]  -

On t h e  o ther  hand it is  impossible  t o  t reat  d i r e c t l y  t h e  problems of t r ans ­
f e r  (without rendezvous) f o r  which t h e  duration A t  i s  f ixed and t h e  angle of 
t r a n s f e r  AL i n d e f i n i t e  (whence: Au i s  i n d e f i n i t e ) .  A s  a mat te r  of f a c t  it i s  
not  equivalent  t o  f i x  A t  or t o  f i x  A T  because 7 (L ) = t f being given, 6 t o  = 

- .:­
= -t(Lo) depends on t h e  length  of  t h e  Keplerian a r c  Mo Mf on (Of) t he re fo re  of 

L f .  A t  any r a t e  t h e  preceding reasoning presumed t h a t  t h e  f i n a l  o r b i t  was 

known (within about one p lane  r o t a t i o n ,  because only 6a and in te rvene  i n  T). 
This cannot be t h e  case i n  c e r t a i n  t r a n s f e r s .  

The s tudy of t h e  t r a n s f e r s  (without rendezvous) of  f ixed duration A t ,  
which w e  a r e  leaving t o  t h e  s i d e ,  could a t  any ra te  be  c a r r i e d  on by consider­
ing  t h e  so lu t ion  a s  t h e  optimal case  of rendezvous when, with f ixed  A t ,  w e  
sweep away t h e  values  of t h e  parameter Au and of t h e  elements o f  t h e  o r b i t  
which are not  imposed. 

There is reason t o  th ink  t h a t  t h e  r e l a t i v e  so lu t ion  f o r  such a problem, 
where t h e  f i n a l  optimal p o s i t i o n  ulf corresponds t o  t h e  va lue  t If ( f ixed ) ,  

d i f f e r s  l i t t l e  (genera l ly)  from t h e  s o l u t i o n  of t h e  problem of t h e  same t r a n s ­
fe r  t o  f i n a l  f ixed  p o s i t i o n  u l f .  I n  p a r t i c u l a r ,  t h e  va lue  tZfof t h e  f i n a l  

optimal t i m e  obtained i n  t h i s  last  case should be l i t t l e  d i f f e r e n t  from t l f .  

S t i l l ,  i n  t h e  case of a l a rge  number of  revolu t ions ,  it is  poss ib l e  t h a t  t h e  
two so lu t ions  may present  s i g n i f i c a n t  d i f f e rences .  
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1,3.2.  Determination o f  the Optimal Thrust as a Function o f  the Adjoint. 

The M a x i m  Principle i s  applied d irec t ly  t o  the linearized problem i n  
order t o  t rea t  the particular case of transfers between close orb i t s  independ­
ent ly  o f  the more genera2 resu2ts a2ready obtained i n  Chapter I,2. However 
the direct  connection i s  made i n  Appendix 4,  by using the notion of canonical 
change of variables [25, 3 0 1 .  

The law of optimal thrust  i s  easi ly  interpreted thanks t o  the notions of 
"directr ix  orbit" (0,) and especial2y of the "ef f ic iency curve" ( P ) .  

For propu2sion systems ( S  1) some genera2 resu l t s  are obtained concerning / 3 9  

the maximwn number of.maxima2 thrust  arcs per revolution and the singular cases 
(of the linearized prob Z e d .  

1,3.2.1. 	 Direct application o f  the Max mum Principle 
to the 1 inearized problem. 

If: 


* 
designates the "kinematic aGoint" (associated with the kinematic distance SX), 

tt -tf
where p, and p, are two vectors i n  the plane Oxy (therefore with two compon­
ents), the Hamiltonian is written: 


where : 

and 


3M (421 
f a , = P a + 7  Pr 

P.; =x+ z p s  (431 
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+
H is  maximum i n  reference t o  y f o r :  

and : 
tt6,):Y =  LT''n?ax u (@) (U = measure of un i ty ,  o = lpvl + Pc = (45) 

commuta t  ion func t ion)  
+ t f

( i . e .  f i n a l l y  y = p
V 
) 

With a r e l a t i v e  e r r o r  E ,  t h e  vec to r  p 
+-+ 

defined i n  (41) i s  nothing but  t h e  
V 

"vector of e f f ic iency"  found i n  Chapter I , 2 . ,  i . e .  t h e  ad jo in t  vec tor  a t tached  
-+ 

t o  v e l o c i t y  V .  This po in t  i s  a l s o  evident  i f  w e  ca r ry  out t h e  canonical change /40 
of va r i ab le s  

(See Appendix 4 ) .  
-t

Since t h e  Hamiltonian H does not  conta in  any sepa ra t ion  6 ,  t he  ad jo in t  p 
i s  cons tan t .  

1,3.2.2. D i r e c t r i x  o r b i t .  

A s  w e  have a l ready  pointed out  i n  t h e  case of  any f i e l d  of  g rav i t a ­
+ + + +

t i o n ,  t h e  extremity P of  t h e  vec to r  MP = p
V 

desc r ibes ,  i n  t h e  f ixed  axes Oxyz 

and i n  t h e  first order  i n  , a d i r e c t r i x  curve (D) obtained by subjec t ing  

t h e  p i l o t  mobile P t o  t h e  same f i e l d  of g r a v i t a t i o n  and t o  
acce le ra t ion  as t h e  mobile M. 

I f ,  i n  p l ace  of t h e  r e a l  mobile M, t h e  nominal mobile 
t o  t h e  same s t r a i g h t  ascent  L) i s  used, a r e l a t i v e  e r r o r  of 

+-+
i s  committed f o r  p

V 
as we have j u s t  seen.  

Now,  t h e  nominal mobile descr ibes  t h e  nominal o r b i t  
+ 

0) a funct ion of time Therefore t h e  nominal p i l o t  mobile 

t h e  same t h r u s t  

(corresponding 
t h e  order  E only 

(5)of a Keplerian 

movement (y = as t .  

-

P a l s o  descr ibes  a Keplerian o r b i t  [nominal d i r e c t r i x  o r b i t  (0) ]  of  a Kepler­


+ P 
i a n  movement ( y  = 0) as a function o f  time t (Figure 3 ) .  
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T h e  datum of  t h e  kinematic  ad jo in t  3 
(constant)  is equiva len t  t o  t h e  datum o f  

t h e  nominal d i r e c t r i x  o r b i t  (Sp)( f i v e  
3 3

elements : 'planep' "P eplanep and of t h e  

i n i t i a l  p o s i t i o n  0 o f  t h e  nominal p i l o t  

mobile on t h i s  o r b i t  (one element),  as t h e  
following equat ions,  demonstrated i n  
Appendix 5, i l l u s t r a t e :  

F i g .  3 .  Direc t r ix  Orb i t .  f orde.a.pT2 
(47) 

-c.Da =ap+=-2 ( h  e Dh +Z-De)=- 2p, + o r d e r s  (49) 
h 

(with h = =e2). 

I t  i s  important t o  note  t h a t  p does not  i n t e rvene  i n  these  formulae. a 
Therefore i n  t h e  case  where v a r i a t i o n  o f  t h e  semi-major a x i s  i s  t h e  only var i a ­
t i o n  imposed, i . e .  where pa is  t h e  only component of t h e  a d j o i n t  not  necessa r i ly  

zero,  t h e  nominal d i r e c t r i x  o r b i t  co inc ides  with t h e  nominal o r b i t  ( tangent ia l  
t h r u s t ) .  

On t h e  o ther  hand Da conta ins  only t h e  component PT O E  /41 

t h e  ad jo in t .  As a matter of f a c t ,  i f  t h e r e  i s  no rendezvous (p, = 0 ) ,  we have 


demonstrated i n  § 1,2 .3 .5 . ,  i n  t h e  case of any g r a v i t a t i o n a l  f i e l d  (but inde­ 

pendently of  t ime) ,  t h a t  t h e  energ ies  o f  t h e  "orb i t s"  o scu la t ing  a t  t h e  f i n a l  

i n s t a n t  t o  t h e  t r a j e c t o r i e s  of t h e  mobiles M and P were equal .  Here t h e  

energ ies ,  and t h e r e f o r e  t h e  semi-major axes and t h e  per iods  of t h e  nominal 

d i r e c t r i x  o r b i t  and of t h e  nominal o r b i t , a r e  equal .  The vec to r  of e f f i c i ency  


-H 5 $? i s  the re fo re  a p e r i o d i c  vec tor  i n  u of  per iod 27r i f  t h e r e  i s  no
PV 

rendezvous (or  more gene ra l ly  if  p,= 0 ) .  
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On t h e  o ther  hand if p T 0 (which can only occur i n  t h e  case of rendez­

vous),  t h e  per iods  of P and o f  M are d i f f e r e n t  and t h e  p o i n t s  M and P a r e  

separated more and more during t h e  success ive  revolu t ions ,  and t h e  vec to r  E 
+ 

5 @ rests more and more on t h e  v e l o c i t y  V of M. 

I , 3 . 2 . 3 .  Efficiency curve. 

The locus (0P) of P i n  t h e  f ixed  axes Oxyz is  simple (conica l  of  focus 0) 

which permits  us t o  fol low e a s i l y  t h e  evolu t ion  of  t h e  d i r e c t i o n  ( i n  absolu te  
space) of  t h e  optimal acce le ra t ion  and even t h e  evolut ion of  i t s  magnitude i n  
t h e  case of propuls ion systems (S,). 

However it is  a l s o  convenient t o  consider  t h e  locus (P)of  P i n  t h e  
system of axes of mobiles MXYZ of o r i g i n  M i n  order  t o  fol low t h e  evolut ion of  
t h e  d i r e c t i o n  of t h e  optimal acce le ra t ion  i n  axes connected t h i s  time t o  t h e  
mobile (which can be i n t e r e s t i n g  from a p r a c t i c a l  po in t  of view) and t o  d e t e r ­
mine t h e  maximal t h r u s t  a r c s  and t h e  b a l l i s t i c  a r c s  i n  t h e  case of propuls ion 
systems (S1) (Figure 4 ) .  

L e t  us  here  r e c a l l  t h a t  f o r  a propuls ion system (S2) t h e  optimal acce lera- /42 
+ +-+t i o n  i n  M is  t h e  vec to r  y = @ = pv ( i f  p j  = -1) .  

+-+
For a propuls ion system (SI ) ,  a cce l e ra t ion  has M'h = pv a s  a d i r e c t i o n  and 

+-+ 
a s  a modulus ymax i f  Ipvl > 1, i . e .  i f  P i s  ou t s ide  of t h e  sphere ( C )  with 

+-+
cen te r  M and r ad ius  1, and 0 i f  lpvl < 1, i . e .  i f  P i s  i n s i d e  t h e  sphere 

(what has j u s t  been s a i d  presumes p 
C 

= -1). 

The commutation po in t s  u 1, u,... ( separa t ing  the  maximal t h r u s t  a r c s  

from t h e  b a l l i s t i c  a r c s )  a r e  t h e r e f o r e  t h e  i n t e r s e c t i o n  po in t s  of t h e  "effici­
ency curve" ( P )  and o f  t h e  sphere (I). 

Mhen p = 0 (and i n  p a r t i c u l a r  when the re  i s  no rendezvous).  t h e  compon-
T 

ff 4 ff + +en t s  p e -- pe and p a = pa a r e  f ixed  i n  p
V 

and as  r and V a r e  pe r iod ic  i n  

1 l f f  u, with a per iod of 27r, pv is  pe r iod ic  with t h e  same per iod .  The e f f i c i ency  

curve (P) i s  the re fo re  a cZosed curve and t h e  same acce le ra t ion  law should be 
appl ied  during successive r evo lu t ions .  Figure 4a i l l u s t r a t e s  t h i s  ca se  f o r  a 
propuls ion system (S1). 

On t h e  o the r  hand when p =/ 0 (which can occur only i n  t h e  case of  rendez­
f t T  

vous) , t h e  components and pa vary  a s  a func t ion  of  u ,  because of  t h e  
++ 1 

terms M and 2, and p
V 

conta ins  a s e c u l a r  term ( the  presence of  M and pa ).  
1 

The e f f i c i e n c y  curve ( P )  i s  no longer a closed curve.  The acce le ra t ion  law 
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u4 

(Systhm S, )  

F i g .  4 .  Efficiency Curve. 

a - S i m p l e  t r a n s f e r ,  b - Rendezvous. 

should be modified during successive r evo lu t ions .  Figure 4b i l l u s t r a t e s  t h i s  
case for a propulsion system (S1). 

u4 

(Systhm S, )  

F i g .  4 .  Efficiency Curve. 


a - S i m p l e  t r a n s f e r ,  b - Rendezvous. 


For Au >> ZT, it is  not }p
T 

I but  Aulp
T 

I which i s  comparable t o  t h e  o the r  

components of t h e  a d j o i n t  and thus:  
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1,3.2.4. 	 Efficiency curve in the case of  a circular nominal o r b i t  (without 
rendezvous). 

In the case where the nominal orbit (0)is circular (e = 0 )  (which is the 
-++ 

case for transfers between near-circles), the vector of efficiency pv is 


written (if there are no rendezvous, or better, if p, = 0 )  : 

e
the components of pv in the mobile axes are: 

The efficiency curve (P) is / 43 
an eZZipse (Figure 6 ) ,  a section 
of the elliptical cylinder (a) of 

generatrices parallel t o  and 
of equation: 

1 
ptl T I 

-
-c and o f  the plane ( T T )  of equation:/34 

(n) 12p, cos (Le -Lz )  X t p t  Sin 

(56) 

F i g .  5. Notations. 
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F i g .  6. Efficiency Curve for e = 0. 

The plane (T) passes  through po in t  o(X = 0, Y = 2pa' Z = 0 ) ,  t h e  cen te r  of 

t h e  e l l i p t i c  base (P) o f  cy l inde r  (a) i n  t h e  plane Z = 0, described by po in t  P 
of eccentric anomaly L - Le. 

This r e s u l t  extends t o  t h e  three-dimensional case Lawden's r e s u l t  [21] 
concerning plane t r a n s f e r s .  

1,3.2.5. 	 Propulsion systems ( S  1 ) - Number o f  thrust arcs - lmpulsional 
solutions. 

Let us t ake  t h e  case where p
T 

= 0, i . e .  where t h e  e f f i c i e n c y  curve (P) is  
a closed curve. 

50 



I 


Z 

fZ 

X 
a 


Fig. 7. Number of Maximal Th rus t  Arcs F i g .  8. Number o f  Impulses (Case 
(Case o f  a Complete Number o f  Turns) .  o f  a Complete Number o f  Turns) .  
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If t h e  t r a n s f e r  du ra t ion  corresponds t o  a complete number N o f  t u r n s  
(AL = NIT), according t o  t h e  i n i t i a l  p o s i t i o n  M of  M on t h e  o r b i t  [or t h e  

0 
i n i t i a l  p o s i t i o n  of  P of P on t h e  e f f i c i e n c y  curve (P) (Figure 7) ] ,  t h e  number 

0 

n of maximal t h r u s t  arcs is  equal t o :  

Nn I 

Nn, + I 

where n 1 is  t h e  number of a r c s  of (P) ou t s ide  t h e  sphere ( E ) .  

This  r e s u l t  extends t o  t h e  impulsional case (P) tangent  t o  E )  i n  n 
1 

poin ts ]  (Figure 8a and 8b) .  But w e  s h a l l  see t h a t  i n  t h i s  ca se  t h e  app l i ca t ion  
of an impulse in each of t h e  n po in t s  envisaged above i s  not  always obl iga­
t o r y  i f  Fmax = a. ( In  t h e  case of  Figure 7b i n  p a r t i c u l a r ,  i t  i s  poss ib l e  t o  

reduce t h e  impulses i n  Po and Pf t o  a s i n g l e  impulse i n  P
0 

o r  P f ) .  

If now: 2Nm < A L  < 2 (N + 1) IT and i f  t h e  s o l u t i o n  i s  not  impulsional,  
w e  g e t :  Nn 1 -< n < (N + 1) nl  + 1 . If t h e  s o l u t i o n  i s  impulsional ,  it is  

-
necessary t o  make a d i s t i n c t i o n  between t r a n s f e r s  i n  l e s s  than one t u r n  
(0 < AL < IT) where (P) can present  a r c s  ou t s ide  of  ( E )  ( fo r  example Figure 9) 
and t r a n s f e r s  i n  more than  one t u r n  where (P) cannot present  an a r c  e x t e r i o r  
t o  ( C )  and where: Nn1 -< n (N + l ) n l .  

The determinat ion of nl i s  the re fo re  b a s i c .  2n 1 is  t h e  number of roo t s  

i n  u o f  t h e  equat ion:  

/T'-'=PKK pr- I = o (57) 

( ) t = t r anspos i t i on .  

The elements of t h e  square symmetric mat r ix  (6 x 6 ) :  

B =  r K K T =  
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a r e  given i n  Appendix 6.  The elements of the  minor r e l a t i v e  t o  element BTT 

(which a r e  t h e  only ones which i n t e r e s t  us here,  f o r  p, = 0) a r e  polynomials 

i n  s i n  u and cos u. More exac t ly  the  diagonal elements and the element Baa 

a r e  polynomials P(cos u) i n  cos u of degree 1 or 3 .  The o the r  elements a r e  
of t h e  form s i n  u Q(cos u ) ,  where Q(cos u) i s  a polynomial i n  cos u of 
degree 0 or 2. 

t" 
In  t h e  general  case 

(pEYP,, pa, P, and P B not zero),  
equation (57) is the re fo re  w r i t t e n :  

1 - e c o s u  =PBPr= ~ , ( c o s u ) +  

(59) 

+ sin u Q, 60.u). 

O r  e l s e :  

P i  1.0. ff) = sivl u 9 2  f.0. u) (60) 

X d 
and by r a i s i n g  it t o  t h e  square:  

Fig .  9. Number o f  Impulses (Incomplete 
Number o f  T u r n s ) .  

4 (cos u)= sin2 u Q~ I.0. u) = Q, 60.u) 

o r  f i n a l l y :  

e'(& u) =o. 

This equation admits a maximum of s i x  r o o t s  i n  cos U. For  each of these  
r o o t s  s i n  u i s  well  determined by equation (60). This r e t u r n  t o  equation 
(60) e l iminates  t h e  p a r a s i t i c  r o o t s  introduced by squaring. 

Therefore t h e r e  a r e  a t  t h e  maximum s i x  commutation p o i n t s ,  i . e .  t h r e e  a rcs  
of (P) ou t s ide  o f  ( Z ) .  Therefore:  n 1 -< n lmax- 3 where nlmax i s  the  maximum 

value of nl fox a l l  of t h e  t r a n s f e r s  ( i . e .  when e ,  pE,  p,, pa, pa and pg have 
any values  a t  a l l ) .  We cannot w r i t e  nlmax = 3,  f o r  nothing proves a pr ior i  
t h a t  t h e  roo t s  of (61) a r e  r e a l  and t h a t  t h e  i n e q u a l i t i e s  -1 5 cos u 1.+ 1, 
-1 5 s i n  u 1.+ 1 axe v e r i f i e d .  

However w e  s h a l l  show i n  § 11,s 3 .  t h a t  there do e x i s t ,  a t  l e a s t  f o r  



c e r t a i n  p a r t i c u l a r  t r a n s f e r s  Between e l l i p t i c a l  o r b i t s  of weak e c c e n t r i c i t y  
(E << e << I), s o l u t i o n s  t o  n 1 = 3 impulses pe r  r evo lu t ion .  Therefore f o r  a l l  

t r a n s f e r s  between e l l i p t i c a l  o r b i t s  (E << e < l ) ,  w e  can affirm t h a t  nlmax = 3, 
t h e r e f o r e  t h a t  nl 5 3. 

On t h e  other  hand, f o r  t r a n s f e r s  between n e a r - c i r c l e s  (e 5 order  E << 1) 
where t h e  nominal o r b i t  is cTrcular (e  = 0 ) ,  we have seen i n  t h e  previous 

paragraph t h a t  t h e  e f f i c i e n c y  curve is  an e l l i p s e  which can have only two arcs 

ou t s ide  of sphere ( C ) .  Therefore t h e r e  cannot be more than two t h r u s t  a r c s  pe r  

r evo lu t ion  and as s o l u t i o n s  f o r  two t h r u s t  a r c s  (or  two impulses) a r e  f r e - /47 

quently found, we conclude from t h i s  t h a t  nl  2 i n  t h i s  case., 


Up t o  t h e  p re sen t  moment we have been reasoning i n  t h e  most general  case 
of t r a n s f e r .  The same reasoning app l i e s  t o  more p a r t i c u l a r  c l a s s e s  of t r a n s ­
f e r s .  

P a r t  icu  1a r  T r a n s f e r s  

The degrees of t h e  polynomials P and Q i n  (59) depend on t h e  choice of 
the parameters p g ,  p,, pa, p

01 
and p B which have a non-zero vaZue. The v a r i a ­

t i o n s  of  t h e  corresponding o r b i t a l  elements a r e  imposed. The other  v a r i a t i o n s  
a r e  i n d i f f e r e n t  o r ,  exceptionaZZy , imposed. As a matter  of f a c t  a component 
of t h e  a d j o i n t  can be zero while the  v a r i a t i o n  of the  corresponding element i s  
imposed. For t h i s  it i s  enough f o r  t h i s  imposed v a r i a t i o n  t o  coincide exac t ly  
with t h e  induced v a r i a t i o n  which would be obtained i n  t h e  problem where t h i s  
v a r i a t i o n  would be considered i n d i f f e r e n t .  

Taking i n t o  considerat ion t h e  exceptional cha rac t e r  of t h i s  p o s s i b i l i t y ,  
we s h a l l  a s s o c i a t e  with a choice of the  parameters Pea P,, pa,  P, and P B  
which have a non-zero value,  t h e  c l a s s  of t r a n s f e r s  f o r  which t h e  v a r i a t i o n s  
of t h e  corresponding o r b i t a l  elements a r e  imposed. Thus i n  general  t h e r e  a r e  

Z5 - 1 = 31 d i s t i n c t  c l a s s e s  of t r a n s f e r s .  

In  Appendix 7 ,  t h e  degrees of the  polynomials P and Q, as well  as an upper 
boundary f o r '  t h e  maximum admissible number n, of  maximal t h r u s t  a rcs  pe r  revolu­-
t i o n  a r e  given as a funct ion of t h e  c l a s s  of t r a n s f e r s  considered. 

This upper l i m i t  i s  equal t o  t h r e e  f o r  most c l a s s e s  of t r a n s f e r s ,  except 
f o r  t h e  optimal v a r i a t i o n  of t h e  semi-major ax is  Aa where it i s  equal t o  one 
and f o r  t h e  optimal r o t a t i o n  of t h e  plane of t h e  o r b i t  (A<, A n )  where it i s  
equal t o  two (although t h e  degree of P i s  equal t o  3 and t h a t  of Q t o  2 ,  f o r  
P and Q contain r = 1 -e  cos u # 0 as a f a c t o r ) .  

When Q = 0, equation (59) i s  an equation only i n  cos u .  The commutation 
po in t s  and t h e  maximal t h r u s t  a r c s  a r e  symmetrical i n  r e l a t i o n  t o  t h e  major 
a x i s .  

In  t h e  case of t r a n s f e r s  between nea r -c i r cu la r  o r b i t s  (e ( o r d e r  E << l),  
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where t h e  nominal o r b i t  i s  c i r c u l a r  (e  = 0 ) ,  w e  s h a l l  see i n  Chapter I,4. t h a t  
t h e  number of c l a s s e s  of t r a n s f e r s  t o  be  envisaged goes from 31 t o  19 ( see  
Appendix 7 ) .  

-2
According t o  t h e  class of t r a n s f e r s  considered, p,, Can be a funct ion of  

s i n 2  L and cos2 L ( t h a t  i s  t o  say  f i n a l l y  of  s i n  L a lone o r  cos L alone) 

which leads t o  a symmetry of t h e  maximal t h r u s t  a r c s  i n  r e l a t i n  t o  d;: and t o  
-tt
Oy, the re fo re  i n  re ference  t o  zero  or indeed a s  a func t ion  of s i n  L a lone 

++
(symmetry i n  r e l a t i o n  t o  Oy) o r  a func t ion  of  cos L alone (symmetry i n  rela­

t i o n  t o  G) ,  o r  f i n a l l y  of s i n  L and cos L (no symmetry i n  r e l a t i o n  t o  t h e  
tf 

axes and Oy). 

If we exclude t h e  s ingu la r  cases  (of t h e  l i nea r i zed  problem) s tudied  i n  
t h e  following paragraph, t h e  admissible  maximum number of  maximal t h r u s t  a r c s  
pe r  revolu t ion  i s  equal t o  2 except f o r  t h e  optimal v a r i a t i o n  of t h e  semi-major 
a x i s  where i t  i s  equal t o  1 (see  § I I , 1 . 2 . ) .  

I J . 2 . 6 .  Propulsion systems ( S 1 )  - Singular  cases (of t h e  l inear ized  problem) 

In  c e r t a i n  t r a n s f e r s  (without rendezvous), it can happen t h a t  t h e  e f f i ­
ciency curve ( P )  i s  en t i r e l y  si tuated on the sphere (C)  (Figure 10) .  

The Maximum Pr inc ip l e  does no t  
permit ,  a t  leas t  in the linearized 
study, a determinat ion i n  t h e  singu­
l a r  case of t h e  modulus F of t h e  
t h r u s t  between t h e  values  0 and 

Fmax ' nor t h e  pos i t i on  of t h e  t h r u s t  

a r c s .  Therefore it i s  necessary t o  
have recourse t o  a d i r e c t  s tudy and 
t h e  so lu t ion  i s  not genera l ly  
unique but degenerates i n t o  a l a rge  
number of so lu t ions .  This "degener­

7 acy" i s  genera l ly  removed by a h igher  

X 

F i g .  10. Singular  Case. 

In  o rde r  f o r  such a s ingu la r  case 
and s u f f i c i e n t  f o r  t h e  polynomial P '6 
zero,  which leads t o  t h e  condi t ions :  

order  s tudy (see Chapter II,4. and 
§ I I , 5 . 3 . ) .  Therefore it i s  q u i t e ,  
necessary t o  d i s t i n g u i s h  t h e s e  
s ingu la r  cases  of  t h e  linearized 
problem from t h e  s i n g u l a r  case 
pointed out i n  § I,2.3. leading t o  
" intermediate  t h r u s t  arcs".  

t o  be presented,  it i s  both necessary 148 
(cos LI) given i n  (61) t o  be  i d e n t i c a l l y  
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These equations can only be v e r i f i e d  simultaneously i f  e = 0 and: 

(63) I b i s  

(64) I11 

Therefore there is no singular solution (of t he  linearized problem) for  1 4 9  
e # 0. 

In the circular case e = 0,  t h e r e  a r e  two types of s i n g u l a r  so lu t ions :  

The type I bis corresponds t o  an e f f i c i ency  curve (P) reduced t o  a point  
w s i t u a t e d  a t  one of t h e  i n t e r s e c t i o n  po in t s  (y = E = -I 1) of t h e  sphere (Z )a 
and of t h e  a x i s  ?@ (Figure 11) .  

This case w i l l  be s tud ied  i n  d e t a i l  i n  § I I , 1 . 3 . 2 . 2 . ,  I I , 3 . 3 . 2 . 5 .  and 


Therefore t h e  optimal t h r u s t  is  t a n g e n t i a l .  

I I , 5 .2 .1 .3 .  


In type 111, t h e  e f f i c i e n c y  curve (P) coincides with one of t h e  l a rge  

c i r c l e s  (C+)(Lz - Le =0) or  (C-)(Lz - Le = IT) of ( C )  s i t u a t e d  i n  t h e  planes 

(T') o r  (IT-)tangent t o  t h e  o r b i t  and forming angles equal t o  ? 30' with t h e  
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l o c a l  ho r i zon ta l  p lane  X = 0 (Figure 1 2 ) .  

The optimal t h r u s t  i s  

s i t u a t e d  i n  one of t h e s e  p lanes .  

A t  po in t s  L = L and Le + TT t h e  
e 
t h r u s t  i s  tang.entia1 (X = Z = 0,  

Y = T l ) .  

This case w i l l  b e  s tud ied  
i n  d e t a i l  i n  5 I I ,5 .2 .1 .3 .  

l , 3 . 3 .  Determination of t h e  
Variat ions i n  t h e  Orbi ta l  
Elements as  a Function of  t h e  
Adj o  i n t ( I n t e g  ra t i on) . 

Bringing t h e  law o f  optimal 

> 
Y 

/.SO 

t h r u s t  which has j u s t  been 
e---- ~ --* determined as  func t ion  of t h e(","* ad jo in t  ( 5  I,3.2.) i n t o  t h e  

equations of movement (36) we 
ge t  i n  a matr ix  form: 

F i g .  1 1 .  Type I b i s .  

f' P O  
whence, by in t eg ra t ing  uo t o  u f :  

L . . . .  I 

with: 

-> 
X 

Fig. 12. Type 1 1 1 .  
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square symmetrical (67) 
matr ix  (6 x 6) 

The equation giving t h e  consumption i s  w r i t t e n  then:  

o r  else: 

o r  

I , 3 . 3 . 1 .  Systems (S2). 

Calculat ion of t h e  mat r ix  G is  simple f o r  t h e  systems (S2). A s  a mat te r  /51 

of f a c t  i n  t h i s  case y = and it s u f f i c e s  t o  i n t e g r a t e  matr ix  B of which 

t h e  elements a r e  polynomials i n  s i n  u ,  cos u and u ,  which p resen t s  no d i f f i c u l t y  
except t h e  length of t h e  ca l cu la t ions .  

The elements of G a r e  given i n  Appendix 8.  

I , 3 . 3 . 2 .  Sys tems  (S1) 

On t h e  o the r  hand, i n  t h e  case  of  t he  systems (S 13 ,  y = ymax U (0) m d  

cont inues t o  e x i s t  i n  t h e  denominator of t h e  in tegrand .  Therefore i t  i s  

first necessary t o  determine t h e  commutation po in t s  ( roots  of 0 = 0 ) ,  and 
then  t o  c a l c u l a t e  an i n t e g r a l  i n  complex form. 
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The i n t e g r a t i o n  can only be  ca r r i ed  out  i n  a c e r t a i n  number of  p a r t i c u l a r  
cases . 
l , 3 . 4 .  	Search f o r  t h e  Adjoint Beginning W i t h  Variat ions i n  t h e  Orbi ta l  

E l e m e n t s  ( Invers ion) .  

The r e so lu t ion  of t h e  opt imizat ion problem implies  f i n a l l y  t h e  a p o s t e r i o r i  
determinat ion of t h e  non-zero components, thus  unknown ones,  o f  t h e  kinematic 
ad jo in t  (and of t h e  non-imposed v a r i a t i o n s ,  thus  unknown ones, of t h e  o r b i t a l  
elements) as a func t ion  of t h e  imposed v a r i a t i o n s  o f ’ t h e  b i t a l  elements. 
This  allows t h e  law o f  optimal t h r u s t  ( d i r e c t r i x  curve,  rf f i c i e n c y  curve) t o  
be se t  and, on t h e  o t h e r  hand, consumption t o  be  ca l cu la t ed .  

I , 3 . 4 . 1 .  Systems IS,). 

I n  t h e  case of systems (S2), t h i s  determinat ion i s  easy because t h e  matrix 
G does not contain the  kinematic adjoint P .  

System ( 6 6 )  i s  l i n e a r  i n  respec t  t o  t h e  unknowns (non-zero components of 
t h e  kinematic ad jo in t  and non-imposed v a r i a t i o n s  of t h e  o r b i t a l  elements) . 

Therefcre the probZem of optimization i s  compZetely soZvabZe i n  the genera7 
case fo r  propuZsion systems ( S  2) as Ross and Leitmann [ 3 6 ]  have pointed out i n  

t h e  case  of t r a n s f e r  and a s  Edelbaum [ 3 7 ]  has pointed out  i n  t h e  case of 
rendezvous. 

For example, i f  a l l  t h e  va r i a t ions  of t h e  o r b i t a l  elements a r e  imposed, 
t h e  kinematic ad jo in t  P i s  obtained by invers ion  of t h e  matr ix  equat ion ( 6 6 )  : 

Introducing t h i s  va lue  i n t o  t h e  consumption equat ion,  we ge t  

r 

L I 

The performance index AJ i s  t h e r e f o r e  a quadratic fom of the  variations 
of the  orb i ta l  e Zements. 

Presenta t ion  of t h e  r e s u l t s  can be  envisaged i n  t h e  following manner, 
p o s i t i n g  : 
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equat ion (71) becomes: 

I. (73)
-.-___I 

This equation i s  a hyperquadrat ic  one i n  t h e  six-dimensional space of t h e  
"reduced variations" 5 .  

The general  d i scuss ion  of  t h e  problem i s  redhced t o  t h e  s tudy  of  t h e  de- / s 2  
formations of t h i s  hyperquadrat ic  when Au v a r i e s ,  f o r  a va lue  of t h e  eccen t r i ­
c i t y  e and a f ixed  i n i t i a l  p o s i t i o n  uo ( a l toge the r  t h r e e  parameters f o r  d i scus­
s i o n ) .  

In  t h e  case  of a whole number N of revolu t ions ,  t h e  d iscuss ion  only br ings  
i n  t h e  parameter e i n  t h e  case of  t r a n s f e r s  [see equation (1,4-3) ,  but t h e  
t h r e e  parameters e, uo and Au i n  t h e  case of rendezvous. 

For a l a r g e  number of revolu t ions  [N -> order  -31 t h e  d iscuss ion  only br ings
E 

i n  t h e  parameter e i n  both t h e  case  of t r a n s f e r s  and i n  t h a t  o f  rendezvous 
[ i f  A-rl/Au is taken a s  a s i x t h  component; see equation (1 ,4- lo) ] .  

In  t h e  case  where t h e  nominal o r b i t  i s  c i r c u l a L ( e  = 0 ) ,  t h e  discussion 
now only br ings  i n  AL ( see  § I I ,3 .3 .1 . )  ( take  a x i s  Ox fol lowing t h e  a x i s  of 

M . 7

symmetry of t h e  t r a n s f e r  a r c  MOMf). 

If i n  add i t ion  t h e r e  i s  a complete number N o f  revolu t ions ,  no discussion 
i s  necessary i n  t h e  case of t r a n s f e r s  and t h e r e  i s  a d iscuss ion  as a func t ion  
of AL (or  N) i n  t h e  case  of rendezvous. 

1F ina l ly ,  i n  t h e  case of a l a rge  number of revolu t ions  [N 2 order  -1, no 
E 

d i scuss ion  i s  necessary ( i f  A - r l / A L  i s  taken as  a s i x t h  component). 

Let us note  t h a t ,  by using t h e  reduced v a r i a t i o n s  5, t h e  d iscuss ion  does 
not  b r ing  i n  any parameter r e l a t i n g  t o  t h e  propuls ion system. 

When c e r t a i n  v a r i a t i o n s  of  t h e  o r b i t a l  elements a r e  not  imposed, it i s  
enough t o  be concerned with deformations when Au v a r i e s  ( f o r  determined uo  and 

e) of t h e  projection of t h e  hyperquadrat ic  def ined  above on t h e  hyperspace (or 
space,  plane,  s t r a i g h t  l i n e )  of t h e  determined v a r i a t i o n s ,  p a r a l l e l  t o  t h e  
hyperspace (o r  space,  p lane ,  s t r a i g h t  l i n e )  of t h e  i n d i f f e r e n t  v a r i a t i o n s .  

I , 3 . 4 . 2 .  Systems (S1). 

In  t h e  case of  t h e  systems (S1), t h e  determinat ion envisaged a t  t h e  
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beginning of  9 I , 3 . 4 .  is  d e l i c a t e  because t h e  matr ix  G does not  only depend 
on e,  u 

0 
and u f but aZso on the kinematic adjoint P; i n  general  it cannot be 

c a r r i e d  out  except by a c a l c u l a t i o n  of  successive approximations. 

However, i f  t h i s  determinat ion i s  poss ib l e ,  w e  ge t  an a n a l y t i c a l  expres­
s ion  of t h e  kinematic a d j o i n t  P i n  t h e  form: 

(741 

which a p o s t e r i o r i  determines t h e  optimal t h r u s t  law (here  AX only r ep resen t s  
t h e  imposed p a r t  of t h e  v a r i a t i o n s  of t h e  elements).  Introducing t h i s  va lue  
i n t o  t h e  consumption equat ion,  w e  ge t :  

A -'-fma, 

A C  
A t  

-- W A m l  = A ,  (e , u o , u f= u , + A u , X  (751A t  

[For  a complete number of revolu t ions  Au = 2Nn i n  t h e  e l l i p t i c a l  case (e  # 0) 
o r  f o r  any angle of t r a n s f e r  i n  t h e  c i r c u l a r  case ( e  = 0 ) ,  A t  coincides  with 
Au; A i s  nothing but  t h e  r e l a t i o n s h i p  A t  

P'OP 
/ A t  o f  t h e  t o t a l  dura t ion  of t h e  

C 
maximal t h r u s t  a r c s  on t h e  dura t ion  of t h e  t r a n s f e r ] .  

Thus w e  ob ta in  an e x p l i c i t  formula giving consumption as  a func t ion  of t h e  
t r a n s f e r  parameters:  e, uo, u f ,  AX (imposed) and t h e  maximal t h r u s t  Fmax which 

only occurs i n  t h e  r e l a t i o n s h i p s  A .  

For  t h i s  reason i t  i s  use fu l  t o  introduce Ilspecific variations": 

i . e .  v a r i a t i o n s  pe r  u n i t  of c h a r a c t e r i s t i c  v e l o c i t y .  

I t  i s  l i k e w i s e  u se fu l  t o  consider  t h e  reduced v a r i a t i o n s  5 [introduced 
previous ly  i n  t h e  case of systems (S,)] i n  order  t o  be a b l e  t o  compare perform­
ance of t h e  two propuls ion types .  

Let us  note  t h a t  v and 5 a r e  connected by: 

and t h a t  5 = v f o r  A = 1, i . e .  when t h e  maximal t h r u s t  F i s  appl ied  i n  a 
C max 

continuous fash ion .  
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NOTE : 

The parameter u is of more i n t e r e s t  than t h e  parameter 5 f o r  impulsional 
so lu t ions ,  because then  u -+ of  a f i n i t e  l i m i t  # 0, while  5 + 0. 

The complete d iscuss ion  of t h e  problem b r ings  not  only t h e  parameters e,  
uO 

and AU [which intervened i n  t h e  d iscuss ion  f o r  t h e  system (S,)], but  a l s o  

a l i  of t h e  imposed parameters A .  

The same s o r t  of s impl i f i ca t ions  as  i n  t h e  case  of  system (S2) i s  i n t r o ­

duced by t h e  hypotheses: whole number o r  l a r g e  number of  revolu t ions ,  eccen t r i ­
c i t y  of t h e  nominal o r b i t  equal t o  0,  e t c . . .  

If a n a l y t i c a l  invers ion  i s  impossible,  it i s  necessary t o  have recourse  
t o  ca l cu la t ion  by successive approximations, poss ib ly  f a c i l i t a t e d  by t r a c i n g  
ahead of time a c e r t a i n  number of nomographic c h a r t s  i n  t h e  a d j o i n t  space 
P.  If t h e  number of non-zero components of P is  equa.1 t o  2 ,  w e  t r a c e  t h e  l i n e s :  

and 

Thus knowing e, uo, Au, A X  imposed, Fmax’ w e  deduce from them t h e  values  

of A ,  whence P (and optimal t h r u s t )  and A c  (consumption) by i n t e r p o l a t i o n .  An 

example of such a so lu t ion  i s  given i n  § I I ,2 .3 .2 .2 .  

I ,3 .5 .  Cr i t e r ion  f o r  Comparing Performance of Propulsion S y s t e m  (S 1 ) and ( S 2 ) .  

I n  order  t o  show t h e  pena l ty  brought about by not  modulating t h e  e j e c t i o n  
ve loc i ty ,  a propuls ion system (S2) can be compared f o r  t h e  mission given t o  sys­

t e m  (S1) of the same instaZZed power Pmax and with constant  e j e c t i o n  v e l o c i t y  W. 
In  order  not  t o  mul t ip ly  t h e  number of  systems ( S  1) serv ing  f o r  comparision, 

w e  s h a l l  only r e t a i n  two types of them: 

1. System (Slc) : t h e  e j e c t i o n  v e l o c i t y  W i s  such t h a t  t h e  maximal t h r u s t  

Fm ax i s  appl ied i n  a continuous fash ion .  

2 .  System (S1*): e j ec t ion  v e l o c i t y  W i s  equal t o  t h e  optimal e j e c t i o n  velo­

c i t y  W* f o r  t h e  mission considered, given by t h e  equat ion (I,2-43) which 
i s  wr i t t en  i n  t h e  l i nea r i zed  s tudy:  
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These a r e  t h e  reduced v a r i a t i o n s  < = - -. 
AX which w i l l  serve /54 

v'2 fL,/Am/ A t  
as  a base of comparison between t h e  systems (S1) and (S2), s i n c e  t h e i r  d e f i n i ­

t i o n  involves  a s  a propuls ion parameter only t h e  power P max ,which by hypothesis  

is  t h e  same f o r  a l l  t h e s e  systems. 

Let us note  t h a t  f o r  t h e  systems (S1) of t h e  same power P max ' 

I</= = f (e, u, ,u, = U, + A u ,A X,W )  

and s i n c e  t h e  t r a n s f e r  (e,  u uf = uo + Au, AX) is  given, t h e  parameters
0' 

a r e  only func t ions  of t h e  e j e c t i o n  v e l o c i t y  and a r e  simultaneously t h e  maximums 
f o r  W = W * ,  which furn ishes  a means f o r  ca l cu la t ing  W* without us ing  equation 
(80) ( see  § I I , 1 . 3 . 1 . 3 .  and I I , 2 . 3 . 2 . 3 . ) .  

I n  concluding t h i s  chapter  l e t  us  emphasize t h e  complexity of t h e  problem 
of t r a n s f e r  between c l o s e  o r b i t s  i n  t h e  case  of a propulsion system (S 1) with 

a constant  e j ec t ion  v e l o c i t y  compared t o  t h e  case of a propuls ion system (S2) 
with a modulable e j e c t i o n  v e l o c i t y .  

While i n  t h e  last  case t h e  problem i s  so lvable  f o r  a t r a n s f e r  with any 
rendezvous whatsoever, t h e  so lu t ion  i n  t h e  f i rs t  case comes up aga ins t  t h r e e  
e s s e n t i a l  d i f f i c u l t i e s  : 

-	 determination of t h e  commutation po in t s  ( roo t s  of t h e  equation 0 = 0 of  
degree -< 6 ) ,  

- complicated i n t e g r a t i o n ,  

- d i f f i c u l t  invers ion .  

Thus t h e r e  can be no hope of  reso lv ing  it except i n  a c e r t a i n  number of 
p a r t i c u l a r  cases  (Second P a r t ) .  Nevertheless a few general  r e s u l t s  concerning 
uncoupling can be s t a t e d .  They are t h e  objec t  o f  t h e  following chapter .  

1,4. GENERAL RESULTS. UNCOUPLING 

We sepa ra t e  t h e  s tudy  r e f e r r i n g  t o  propuls ion systems (S,) where uncoupling 

i s  f requent  from t h a t  r e f e r r i n g  t o  propuls ion systems (S1) where only "non­

induction" can occur.  
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I , 4 . 1 .  Case of Propulsion Systems (S2) (Modulable Eject ion V e l o c i t y ) .  

I , 4 . 1 . 1 .  	 Uncoupling b e t w e e n  t h e  ro t a t ion  of t h e  p lane of t h e  o r b i t  and 
modif icat ions i n  t h e  plane o f  t h e  o r b i t .  

The shape (I,3-67) of t h e  mat r ix  G ,  which can be  decomposed i n t o  two 
square and symmetrical mat r ices  2 x 2 and 4 x 4,shows t h a t  when no modif icat ion 
i s  imposed i n  t h e  p lane  of t h e  o r b i t  (pa = pa - pB -- p, = 0 ) ,  no such modifica­

t i o n  appears t o  be induced by t h e  r o t a t i o n  A,, A, o f  t h e  p lane  of t h e  o r b i t .  

Inverse ly ,  i f  t h e  r o t a t i o n  of t h e  p lane  of t h e  o r b i t  i s  not imposed 
(p, = p, = 0 ) ,  no induced r o t a t i o n  of t h i s  p lane  appears through modi f ica t ions  

Aa, Aa, A B ,  A T  i n  t h e  p lane  of t h e  o r b i t .  

Since t h e  mat r ix  G does not depend on t h e  a d j o i n t  P ,  t h e r e  i s  a l s o  
uncoupZing between t h e  problem of t h e  r o t a t i o n  of t h e  p lane  of t h e  o r b i t  and 
t h e  problem of t h e  modi f ica t ions  of t h e  o r b i t  i n  i t s  plane:  t h e  va lues  of t h e  

components P5,  Pn ,  Pa, pa’ P B Y  P 
T 

of P ca l cu la t ed  from t h e  v a r i a t i o n s  

Ag, A,, Aa, Aa, A B ,  A T  are nothing but  t h e  va lues  P5’ P 
rl 

on t h e  one hand and 

Pa, P a ,  PB, PT on t h e  o the r  which would be  obtained from t h e  v a r i a t i o n s  A t ,  
A, on t h e  one hand and Aa, Aa, A B ,  AT on t h e  o t h e r ,  by successiveZy reso lv ing  
t h e  problem of t h e  r o t a t i o n  of t h e  plane and t h e  problem of  t h e  modif icat ions 
of t h e  o r b i t  i n  i t s  p lane .  

Equation ( I , 3  -41) shows t h a t  t h e  optimal acce le ra t ion  r e l a t i v e  t o  t h e  
t o t a l  problem i s  t h e  v e c t o r i a l  sum of t h e  optimal acce le ra t ions  r e l a t i v e  t o  t h e  
component problems. Likewise, equation (I,3 -69)shows t h a t  amounts of  consump­
t i o n  are added a l g e b r a i c a l l y .  

I ,4.1.2.  Case of a complete number of t u rns .  

The elements of t h e  mat r ix  G given i n  Appendix 8 show t h a t  i n  t h e  case  
where Au = u f -u O = NIT, t h e  minor r e l a t i v e  t o  t h e  element G TT of  G i s  

diagonal .  

C =  


, I 1 I 1.11. 
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I n  t h e  case o f  a t r a n s f e r  without rendezvous (p, = 0 ) ,  i f  t h e  v a r i a t i o n  

of one of t h e  f i rs t  f i v e  o r b i t a l  elements 5, n ,  a, a ,  B i s  imposed, t h e r e  i s  
no v a r i a t i o n  induced i n  t h e  fou r  o the r  elements. There is  even uncoupling 
between t h e  v a r i a t i o n s  of t h e  f i rs t  f i v e  elements i n  t h e  sense  t h a t  w e  have 
given t h i s  word i n  t h e  previous paragraph. 

As p, = 0, equation ( I , 3  - 69) shows t h a t  only t h e  minor r e l a t i v e  t o  t h e  

elements G,, of G intervenes i n  ca l cu la t ing  t h e  consumption A J .  S ince t h i s  

minor i s  diagonal ,  A J  i s  a l inear and homogeneous function of the squares of 
the variations Ag, A n ,  Aa, Aa,  A B .  

The hyperquadrat ic  envisaged i n  5 I ,3 .4 .1 .has  as  an equat ion (.in t h e  space of 
f i v e  reduced v a r i a t i o n s  <) 

I n  t h e  case p
T 

# 0 (which can only be produced i n  t h e  case  of rendezvous) /56 

equation ( I , 3  - 69) shows t h a t  A J  does not have such a simple shape because G 
i s  not  diagonal .  

However i t  i s  demonstrated i n  Appendix 9 t h a t  i f  

A T ,  = AT -Art ,$ .  (4) 

i s  chosen a s  t h e  s i x t h  v a r i a t i o n ,  and no longer A T ,  r e f e r r i n g  t o  rendezvous, 
t h e  new matr ix  G1 i s  diagonal .  

Jn  (41, A T t s s  r ep resen t s  t h e  v a r i a t i o n  of T i n  t h e  optimal simple 
transfer corresponding t o  t h e  rendezvous under cons idera t ion ,  induced by t h e  
v a r i a t i o n s  of a ,  c1 and 6. 

A T  1 i s  t h e  necessary supplement t o  assure  rendezvous. 

If t h e  new v a r i a t i o n  i n  t h e  kinematic s t a t e  i s :  
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then : 

A J =  I2 (A.3C,)TC;' 5X, 

where G 1 is ,  t h i s  t ime, a diagonal matr ix .  Whence: 

where A J t S s  i s  given i n  (2)  and where: 

Therefore,  f o r  a l a r g e  number of t u rns :  

2A-r:
AJ, ry 3Au3 

The hyperquadratic envisaged i n  5 1,3.4.1.  has as an equation ( i n  t h e  
space of t h e  s i x  reduced v a r i a t i o n s  c ) :  

(9) 

Again we f i n d  t h e  f a c t  t h a t  it not A-cl  but  r a t h e r  AT 1/Au which is  t o  be 

compared with t h e  v a r i a t i o n s  of the  f i r s t  f i v e  elements. A s  A.rl  < IT, when 

N >> - t h e  rendezvous only c o s t s  a n e g l i g i b l e  supplement.
E'  

I ,4.1.3. Case of any t r a n s f e r  angle.  

I t  would evident ly  be d e s i r a b l e  t o  extend t h e  preceding r e s u l t s  concerning 
uncoupling t o  cases where t h e  mobile does not c a r r y  out a whole number of t u r n s  
(nor a l a r g e  number of t u r n s ) .  

Let u s  remark immediately t h a t  complete uncoupling between t h e  r o t a t i o n  
of t h e  plane of t h e  o r b i t  and t h e  modif icat ions i n  t h e  plane of t h e  o r b i t  
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permits  a choice o f  axes where AZplaneand pz are ad jus ted  independently of those  

4t
where Gplaneand pe a r e  ad jus ted .  

tf tf
I f ,  i n  order  t o  ad jus t  AZ l aneand pZ’  w e  no longer t a k e  t h e  axes ?%, ?$a s  

prev ious ly  but  t h e  axes zl,g1(from t h e  p lane  z, v)which c u t  across  t h e  - jS7  

symmetrical matr ix  2 x 2 i n  a diagonal  manner: 

t h e  v a r i a t i o n s  A�, 1 and Aril a r e  uncoupled. 
* - t f

Likewise, i n  choosing t h e  axes Ox2, Oy2 (of t h e  plane Ox, Oy) which cu t  

across  t h e  symmetrical matr ix  2 x 2 i n  a diagonal manner, i n  o rde r  t o  a d j u s t  
ff * 
Aeplaneand pe: 

w e  uncouple t h e  v a r i a t i o n s  Act2 and A B 2 .  This l a s t  choice does not  have a 

g r e a t  dea l  of i n t e r e s t  f o r  e # 0 ,  because Aa and Act2 on t h e  one hand and Aa 

and A B 2  on t h e  o the r  remain coupled and moreover, Aa2 and A B  2 can no longer 

be simply reconnected, a s  A, and A B / e  were previous ly ,  t o  t h e  e c c e n t r i c i t y  
v a r i a t i o n  Ae and t o  t h e  r o t a t i o n  of t h e  o r b i t  i n  i t s  plane.  

-++
I n  t h e  case where t h e  nominal o r b i t  i s  c i r c u l a r  (e  = 0 ) ,  t h e  axes Ox 1 and

* 
Ox2 coinc ide  with t h e  a x i s  of symmetry of t h e  t r a n s f e r  a r c  qfwhich i s  then  

ff
evident ly  of  i n t e r e s t  t o  be taken as re ference  a x i s  Ox. 

1,4.2. Case of Propulsion Systems (S1) (Constant Ejection Veloci ty)  

1 , 4 . 2 . 1 .  	 Mutual non-induction be tween  t h e  ro t a t ion  o f  t h e  p lane of t h e  
o r b i t  and modification o f  t h e  plane of t h e  o r b i t .  

The shape of t h e  matr ix  G (which can be  broken down i n t o  two square 
symmetrical matrices 2 x 2 and 4 x 4) resembles t h a t  which refers t o  systems 
(Sz). When no modif icat ion i s  imposed i n  t h e  p lane  of t h e  o r b i t  
(pa = p, = pg -- p, = 0 ) ,  t h e r e  does not  appear any such induced modif icat ion 
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by t h e  r o t a t i o n  A t ,  An of t h e  p lane  of t h e  o r b i t .  Inverse ly ,  i f  t h e  r o t a t i o n  
-of t h e  p lane  of t h e  o r b i t  i s  not. imposed (p5 - pn = 0) no r o t a t i o n  o f  t h i s  

p lane  appears induced by the modi f ica t ions  Aa, Aa, A B ,  AT i n  t h e  p lane  of t h e  
o r b i t .  

However, cont ra ry  t o  t h e  r e s u l t  obtained f o r  t h e  system (S2), t h e r e  i s  

no uncoupling between t h e  r o t a t i o n  of t h e  p lane  of t h e  o r b i t  and t h e  modifica­
t i o n s  i n  t h e  p lane  of t h e  o r b i t .  A s  a matter of fact  the  matrix G depends on 
the adjoint P which i s  not  t h e  same, depending on whether t h e  problem of  t h e  
r o t a t i o n ,  t h e  problem of t h e  modif icat ions i n  t h e  p lane  o r  t h e  problem of t o t a l  
t r a n s f e r  i s  considered. These so lu t ions  a r e  not  add i t ive .  

1,4.2.2. Case o f  a Whole Number o f  Turns.  

The property of mn-induction depends on t h e  zero elements of t h e  mat r ix  
G .  I n  addi t ion  t o  t h e  zero elements occurr ing i n  ( I , 3  - 67) and explaining t h e  
r e s u l t s  obtained i n  t h e  previous paragraph, o the r  elements can n u l l i f y  them­
se lves  under p a r t i c u l a r  condi t ions .  

For example, l e t  us 

(Au = 2Nv) f o r  t r a n s f e r s  

( i n  Appendix 7 t h i s  case  
G r e f e r r i n g  t o  element G 
s i n  u Q (cos u) a r e  zero:T 

consider  t h e  case  o f  a whole number N of t u r n s  

such t h a t  e # 0 .  If ]%lis a func t ion  o f  cos u a lone 

corresponds t o  Q .: 0 ) ,  t h e  elements of  t h e  minor of 
corresponding t o  t h e  elements of B of t h e  shape 
A s  a matter of f a c t  such an element i s  w r i t t e n :  

Under t h e s e  condi t ions  t h e  minor of GTT i s  wr i t t en :  

minor of G T T  = 

I t  i s  important t o  n o t i c e  t h a t  t h e  element G (= Ga,) is  not  zero and aa  
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t h a t  ( for  e # 0) t h e r e  i s  no mutual induct ion between t h e  v a r i a t i o n s  Aa and Aa. 

For each of t h e  th i r ty -one  c l a s s e s  of  t r a n s f e r  (without rendezvous) 
corresponding t o  a t o t a l  of imposed v a r i a t i o n s  of t h e  f i r s t  f ive  o r b i t a l  ele­
ments ( the  poss ib l e  induced v a r i a t i o n s  of t h e  o the r  elements being considered 
i n d i f f e r e n t ) ,  Appendix 7 i n d i c a t e s  which t r a n s f e r  c l a s ses  d e f i n i t e l y  present  
no induced v a r i a t i o n s  and what t h e  poss ib l e  induced v a r i a t i o n s  concerning o the r  
classes of t r a n s f e r  are. 

For t h e  following eleven classes of t r a n s f e r s ,  t h e r e  is  no o ther  v a r i a t i o n  
than  those  which are imposed. I t  i s  not  c e r t a i n  t h a t  t h e s e  a r e  t h e  only ones, 
bu t  it appears probable:  

A< ( r o t a t i o n  around t h e  "parameter"-8) , 
An ( r o t a t i o n  around t h e  major a x i s  Ox) , 
A B  ( r o t a t i o n  o f  t h e  o r b i t  i n  i t s  p l ane ) ,  

A < ,  A n  ( r o t a t i o n  of t h e  p lane  of t h e  o r b i t ) ,  

AE A B  ( r o t a t i o n  around an a x i s  contained i n  t h e  p lane  Oyz), 

A n ,  A B  ( r o t a t i o n  around an a x i s  contained i n  t h e  p lane  Oxz), 

Aa, Aa (plane coaxia l  t r a n s f e r s )  , 


Ag, Aa, Act (co-paramet e r  t r a n s f e r s )  , 

Ar,, Aa, Act (coaxial  t r a n s f e r s ) ,  

Aa, A a ,  A6 (plane t r a n s f e r s )  , 


and obvious l y  : 

In  t h e  case of t r a n s f e r s  between nea r -c i r cu la r  o r b i t s  (e  z o r d e r  E << I ) ,  
where t h e  nominal o r b i t  is  c i r c u l a r  (e = 0 ) ,  non-induction i s  more common. 

There a r e  only 19 cases of t r a n s f e r  t o  consider  i n s t ead  of 31, because t h e  
choice of t h e  a x i s  of re ference  is  f r e e .  

F o r  example, t h e  t r a n s f e r  c l a s s  where only Ag i s  imposed corresponds, t o  
pxcept f o r  one r o t a t i o n ,  t o  t h e  t r a n s f e r  c l a s s  where An i s  only imposed. 

On t h e  o ther  hand, a t r a n s f e r  class where A g  and Ar, a r e  imposed simultan- /59 
eously is obviously not reduced t o  one of t h e  above c l a s s e s .  Taking 
++ ++

Ox according t o  A Z p l a n e , i t  corresponds t o  AE; imposed and A n  = 0,  t he re fo re  


l i k e w i s e  imposed, a condi t ion  which does not  f i g u r e  i n  t h e  above. 


In  Appendix 7 ,  c l a s s e s  of double u t i l i z a t i o n  have been mentioned. 

1. If lcl i s  uniquely a func t ion  of s i n 2  L o r  cos 2 L,  i . e .  f i n a l l y  a func t ion  

of s i n  L o r  cos L a lone,  t h e  elements of t h e  minor of G r e f e r r i n g  t o  ele­
ments GTT corresponding t o  elements of  B of t h e  shape s i n  L Q (cos L) o r  

cos L R ( s i n  L) (where Q and R are polynomials) a r e  zero.  Then t h e  minor is  
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diagonal  : 

minor of G = 
T T  

The v a r i a t i o n s  imposed do not  induce any o t h e r  v a r i a t i o n .  

2.  If i s  a func t ion  of s i n  L alone, t h e  elements of t h e  minor of G 

r e f e r r i n g  	t o  element G T T  corresponding t o  elements o f  B of t h e  shape COS L R 

( s i n  L) are zero .  

Then t h e  minor i s  wr i t t en :  

minor of G = 
TT 


3 .  	If i s  a func t ion  of cos L a lone,  t h e  elements o f  t h e  minor of G 

r e f e r r i n g  t o  element G 
T T  

corresponding t o  elements of B of t h e  shape s i n  L Q 

(cos a r e  zero.  Then t h e  minor is  wr i t t en :  

minor of  G = 
TT 
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4. F i n a l l y  i f  IKI is a func t ion  o f  s i n  L and cos L, G has t h e  form ( I , 3  - 67) .  /6C 

The p rope r t i e s  of non-induction f i g u r i n g  i n  Appendix 7 are e a s i l y  deduced 
from these .  

Out of t h e  19 t r a n s f e r  classes t o  be considered, t h e r e  a r e  a t  least 14 f o r -
which t h e  v a r i a t i o n s  imposed do not  induce any o the r  v a r i a t i o n .  

This i s  p a r t i c u l a r l y  t r u e  f o r  a l l  t h e  classes where t h e  v a r i a t i o n  of a 
s i n g l e  element o r  even v a r i a t i o n s  of two elements a r e  imposed. 

This l a s t  r e s u l t  i s  evident  f o r . t h e  c l a s s e s  envisaged, except perhaps f o r  
t h e  c l a s s  where Aa and A B  a r e  imposed s imultaneously o r  t h e  c l a s s  where A < ,  A Q  

and Aa a r e  imposed a t  t h e  same time. As a mat te r  o f  fact IK] is then a 

func t ion  of s i n  L and cos L and, f o r  example f o r  t h e  f i rs t  c l a s s  mentioned 
above, i t  i s  not  a p r i o r i  evident  t h a t  t h e r e  i s  no induced v a r i a t i o n  Aa. I n  
f a c t ,  having found t h a t  i n  t h e  t r a n s f e r s  where only Aa i s  imposed t h e r e  i s  no 
v a r i a t i o n  Aa and A B  induced by t h i s  v a r i a t i o n ,  t h e r e  i s ,  equivalence,  except 
f o r ,  one r o t a t i o n ,  between t h e  problem where Aa alone i s  imposed and t h e  
problem where Aa and A B  = 0 a r e  imposed (although these  two problems do not 
form p a r t  o f  t h e  same c l a s s ) .  Since f o r  t h e  f irst  t h e r e  i s  no induced v a r i a t i o n  
Aa, t h e r e  i s  l ikewise none f o r  t h e  second. 

The same reasoning holds f o r  t h e  second c l a s s  (At, A Q ,  Aa) mentioned. 

1,4.2.3. Case of any t r a n s f e r  angle  b e t w e e n  nea r -c i r c l e s .  

In  t h e  case e = 0,  t h e  choice of t h e  a x i s  of  re ference  is  a r b i t r a r y .  
++

I t  i s  p r a c t i c a l  t o  t ake  Ox according t o  t h e  a x i s  of symmetry of t h e  t r a n s f e r  

a r c  vz.If then t h e  problem t o  be t r e a t e d  i s ,  with this choice of axis, such 

t h a t  lpvl can be considered a s  a func t ion  of  cos L a lone,  t h e  elements of t h e  

minor of G r e l a t i n g  t o  element GTT corresponding t o  elements of B o f  t h e  form 

s i n  L Q (cos L ) ( Q  = polynomial) a r e  zero.  Then t h e  minor has  t h e  shape (17). 

This property i s  p a r t i c u l a r l y  t r u e  when t h e  r o t a t i o n  A Q  around (or A <
* 

around ?$) is  imposed alone.  Then t h e r e  i s  no r o t a t i o n  induced around Oy o r  

z),nor  obviously any induced v a r i a t i o n  of  t h e  o the r  elements (see 
§ I I ,2 .3 .1 .2 . ) .  
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I I - PARTICULAR PROBLEMS 

The d i f f i cuz t i e s  met i n  the  Firs t  P a r t  of the study, a t  the time of -the /61 
attempt t o  f ind  an m Z y t i c a 2  soZution of the genera2 probZem o f  optima2 
transfers betueen cZose orb i t s  for  propuZsion systems with a constant e ject ion 
veZocity, cZearZy show that  the compZete soZution has no chance of being found 
except for particuZar classes of tEansfers. 

The p c p t i m Z a p  probZems considered in t h i s  Second P a r t  of the study refer  
t o  transfer cZasses which o f f e r  an evident practicaz in t e res t .  

Their compZexity keeps increasing, because the number of orbital  elements 
with imposed variation increases and goes from one e Zement (optima2 i n f i n i t e s i ­
ma2 variation of the  semi-major axis; Chapter 11, 1 . )  t o  two eZements (optima2 
infinitesirnu2 rotations o f  the pZane of the orbit; Chapter II,2.), then t o  
three eZements (optima2 transfers between d o s e ,  cop Zanar, cireuZar orbi ts;  
Chapter I I ,3 . ) ,  t o  f i v e  eZements (reduced t o  four by the hypothesis e 0 in 
the optima2 inrpuZsionaZ transfers between cZose, near-cireuZar orbi ts ,  whether 
copZanar or  not; Chapter II,5.), and finaZly t o  six eZements (reduced to  f i v e  
by the hypothesis e = 0, i n  Zong term rendezvous associated with transfers 
which have j u s t  been mentioned; Chapter II,6.) . 

On the other hand, more and more s igni f icant  simpzifying hypotheses are 
made, of the type aZready mentioned i n  Chapter I ,4 . :  

1. whoZe number o f  revoZutions, 

.2. Zarge number of revoZutions (N - order  -)1 ,
E 

3. eZZiptica2 orbi ts  of Zow eccentricity (E  << e << l), 

4 .  near-eircuZar orb i t s  ( e  -< order  E << 1 3 ,  

5. impuzsionaZ or  quasi-impu Zsiona Z so Zutions . 
I n  addition certain of these hypotheses can be cmiuZative. 

Very fortunateZy hypotheses 2, 3, 4 and 5 correspond t o  cases which are 
found very o f ten  i n  practice (hypothesis 2 essentiaZZy fo r  sateZZitesl. 

The 3-step format of each of the f i r s t  three studies and Of certain parts 
o f  the two Zast ones is the same adopted i n  the gemraZ study o f  Chapter I,3. : 
determination of the optima2 thrust  as a function of  the adjoint; determination 
of the variations of the  orbitaZ eZements as a function o f  the adjoint ( inte­
gration); search f o r  the adjoint beginning with variations of the orbitaZ 
eZements (inversion).  
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In the f i r s t  three studies the performance of propu2sion systems (S,) and 
( S 2 )  are compared. In the  f i r s t  study (optima2 variation of the semi-major 
axis) even the most general propulsion system ( S )  i s  envisaged i n  view of the 
r e k t i v e  simplicity of the  problem. 

Chapter II,S. shows sepmate2y how the optima2 solution can be determined 
by a higher order study when the Zinearized so2ution i s  singuZa2i. 

I1,l. OPTIMAL INFINITESIMAL VARIATION OF THE SEMI-MAJOR AXIS 

11,l.l. Introduction. 

This i s  a matter of  achieving t h e  v a r i a t i o n  Aa of t h e  semi-major a x i s  of ( 6 2  
t h e  o r b i t ,  t h e  v a r i a t i o n s  of  t h e  o the r  elements being considered a s  i n d i f f e r e n t .  
The only component of t h e  kinematic ad jo in t  P which i s  not  necessa r i ly  zero i s  

pa. This problem i s  important i n  p r a c t i c e  (va r i a t ion  of t h e  per iod of t h e  

o r b i t ) .  

1 1 , 1 . 2 .  Optimal Thrust. 

Equation (I,3 - 41) shows t h a t  t h e  e f f i c i ency  vec tor  

+
i s  propor t iona l  t o  t h e  v e l o c i t y  V. 

The acce le ra t ion  of optimal t h r u s t  i s  the re fo re  borne by the tangent t o  
the orbi t  awl d i r e c t e d  forward i f  pa > 0,  backward i f  pa < 0 .  I t  i s  a n t i -

symmetrical i n  r e l a t i o n  t o  t h e  major a x i s  of t h e  o r b i t .  

The e f f i c i ency  curve ( P )  i s  a c irc le  o f  t h e  p lane  MXY (Figure l a ) .  

t' 

Q
0 "N X 

a b 
F i g .  1. a) Efficiency Curve; b) Optimal Acceleration (system S 2 ) .  
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I t  is known, i n  fac t ,  t h a t  t h e  hodograph of  an e l l i p t i c a l  movement i s  a 
c i rc le  when t h e  tu rn ing  axes are chosen as axes of reference ( j u s t  as when t h e  
f i x e d  axes are chosen).  

The d i r e c t r i x  o r b i t  coincides  with t h e  o r b i t  i t s e l f  (see § I , 3 .2 .2 . ) .  

-+ 
For t h e  propuls ion  system (S2) optimal t h r u s t  acce le ra t ion  y i s  modulated 

-+
propor t iona l ly  t o  t h e  v e l o c i t y  V (Figure l b ) .  

I n  t h e  case of propuls ion system (S1), maximal t h r u s t  Fm a x  i s  appl ied  ( i f  /63 

AL = 2Nn) on an a r c  symmetrical i n  r e l a t i o n  t o  t h e  pe r igee  (Figure 2b). 

B a l l i s t i c  Hrc 

I 
\ 

a b 

Fig. 2. a )  Ef f ic iency  Curve; b)  Optimal Thrust  (Systems S 1 ) .  

Fina l ly ,  i n  t h e  most complicated case of  propuls ion system (S) ,  a zone, 
for example, of maximal t h r u s t  FmaZr t o  t h e  per igee  can be found surrounded by 

two zones with modulated t h r u s t ,  then by two zones with constant  t h r u s t  F
A 

and, 

f i n a l l y ,  a b a l l i s t i c  arc a t  t h e  apogee (Figure 3b) .  

I n  t h e  case of c i r c u l a r  nominal o r b i t  (e = 0 ) ,  t h e  e f f i c i e n c y  c i r c l e  (P) /64 
i s  reduced t o  a po in t  o (Figure 4 ) .  
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a 
Fig. 3 .  a )  Efficiency Curve; b) Optimal Modulation of the Thrust 

(System S ) .  

a b 
Fig. 4. a) Efficiency Curve -+ point u; b )  Optimal Thrust (System S , ) .  

For a propulsion system (S 2), thrust acceleration is constant, horizontal 
+ - + +and equal to y = Mu. 

For a propulsion system (S1) ,  the maximal thrust is applied constantly if 
u is outside the circle (I). If u is on (I)we again find the singular case 
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of t h e  type I b i s  pointed out i n  § 1,3.2.6. (Figure 5).  The t h r u s t  i s  horizon­
t a l  but seldom l imited t o  0 < F < Fmax . The corresponding degeneracy w i l l  be 
s tud ied  l a t e r .  

t Y  

a b 
F i g .  5. a )  Efficiency Curve -f Point LO; b)  Optimal Thrust (System S 1 ) .  

Singular Case I b i s .  

I 
a 

F i g .  6 .  a )  Efficiency Curve -f Point o; b) Optimal Thrust  (System S). 
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Fina l ly  f o r  a propuls ion  system (S),  t h e  t h r u s t  l a w  depends on t h e  pos i - /55 

t i o n  of w i n  r e l a t i o n  t o  t h e  circles with cen te r  M and r a d i i  
*maw 

9 - 9 -*”2 2 

(Figure 6 ) .  WB 

11,1 .3 .  Optimal ”Di la ta t ion”  of t h e  Orbi t .  Consumption. 

11,1 .3 .1 .  E l l i p t i c a l  case.  Whole number o f  revolut ions.  

In  order  t o  avoid d i scuss ing  it as  a func t ion  of uo, w e  s h a l l  suppose t h a t  

t h e  t r a n s f e r  t a k e s  p l ace  i n  a whole number of  revolu t ions  (AL = 2Nn). 

We know t h a t  then  t h e r e  i s  no v a r i a t i o n  Aa and A $  induced by t h e  v a r i a t i o n  
Aa i n  t h e  case of system (S2). For t h e  system (S1), t h e r e  i s  a v a r i a t i o n  Aa 

induced from t h e  e c c e n t r i c i t y ,  but  t h e r e  i s  no r o t a t i o n  (AB/e) induced from t h e  
o r b i t  i n  i t s  p lane  (See Chapter 1 ,4 . ) .  

1 1 , 1 . 3 . 1 . 1 .  System ( S 2 ) .  

The reduced v a r i a t i o n  i s  given by equation (1 ,4-3) :  

1 1 , 1 . 3 . 1 . 2 .  S y s t e m  ( S 1 ) .  

The v a r i a t i o n  Aa i s  given by equat ion (I ,3-66) : 

o r  : 

where E(k, 4)  i s  t h e  e l l i p t i c a l  i n t e g r a l  of t h e  second spec ies  of modulus K and 
of argument $I and u 1 t h e  commutation p o i n t .  From t h i s  w e  e a s i l y  deduce: s i g n  

pa = s ign  Aa. 

Consumption is  given by (I,3-68): 

d C =  e s in  u,) 
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whence 

x c= 
AC =- -- W l A m l  - u, - e ' s i n  u, 

(5) 
2 N n  $ ,ax  2 N n F , a x  77-

The v a r i a t i o n  Aa and consumption ] A m ]  a r e  t h e r e f o r e  given i n  a parametric 
form as a funct ion of  t h e  magnitude of t h e  maximal t h r u s t  a r c  (u,). 

Figure 7 shows t h e  evolution o f  

= Ihl/Ac and of ] A \  
of u1 f o r  e = 1/Jz; 

j 7  u, degrees 

F i g .  7.  Comparative Performances o f  Propulsion Systems. (e = l /JZ) .  

The s p e c i f i c  d i l a t a t i o n  ] V I  i s  maximal f o r  t h e  impulsional so lu t ions  
(ul = O ) ,  which hold f o r  1x1 = 0,  i . e .  a maximal t h r u s t  a c c e l e r a t i o n  ( i n  

r e l a t i o n s h i p  t o  l o c a l  g r a v i t y ) ,  which i s  very l a r g e  compared t o  the  r e l a t i v e  
d i l a t a t i o n  lAal/a of t h e  semi-major a x i s  t o  be achieved by revoZution. 

This maximal s p e c i f i c  d i l a t a t i o n  i s  equal t o :  
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Or, f o r  e = l /& , lvlmax = 4.83. I t  corresponds t o  t h e  app l i ca t ion  of t h r u s t  

t o  t h e  poin t  (per igee)  of maximal e f f i c i ency .  

Beyond t h e  value:  

(where E ( k )  r ep resen t s  t h e  complete e l l i p t i c a l  i n t e g r a l  o f  t h e  second spec ies  
o f  modulus k)  corresponding t o  u1 = n ,  i . e .  t o  continuous t h r u s t ,  t r a n s f e r  

is no longer achievable:  F m a x  i s  not  s u f f i c i e n t  o r  N i s  not s u f f i c i e n t .  The 

corresponding va lue  of  1.1 is: 

The f a c t  of no t  being a b l e  t o  choose N and Fmax c o r r e c t l y  i n  order  t o  

achieve a determined d i l a t a t i o n  can lead t o  a pena l ty  i n  s p e c i f i c  consumption 
( the re fo re  i n  consumption) a s  f a r  as :  

1 I 

4 . 6 3  

1 1 , 1 . 3 . 1 . 3 .  Comparison be tween  systems ( S  1 ) and ( S 2 ) .  

In  f i g u r e  7 i s  shown t h e  reduced d i l a t a t i o n  

i n  t h e  case  of system (S1). Evidently it is  always lower than t h a t  obtained 

by t h e  system (S2) ( I C ]  = 2). 

For t h e  system (SI) and i n  t h e  case of e = 1/a,l z ; I  increases  from zero,  
passes  through a very f l a t  maximum f o r  u, = u; = 140°, which corresponds t o  t h e  
.optimal choice of  t h e  e j e c t i o n  v e l o c i t y  (W = W*), then decreases  s l i g h t l y  t o  
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u1 = 180". The optimal (ST) system (W = W*) and t h e  system (Slc) corresponding 

t o  t h e  continuous app l i ca t ion  of t h r u s t  i n  t h i s  case have completely comparable 
performances. 

The non-modulation of t h e  e j e c t i o n  v e l o c i t y  leads t o  a penal ty  i n  reduced 
d i l a t a t i o n  a t  l e a s t  equal t o :  

o r  about 26% of t h e  propuls ive  consumption. � 
NOTE: For 0 5 e 5 elim (root of t h e  equation 

Tl + e  
and (Si )  5 (Sic). 

ll,1.3.1.4, System ( S ) .  

The optimal s o l u t i o n  depends on t h e  s i n g l e  parameter pa,  ( o r  r a t h e r  on 

parameter WBpa) . 
The commutation p o i n t s  a r e  given by: 

with F=-.-& < I .
Fm a;< 

The d i l a t a t i o n  of t h e  semi-major ax is  i s :  

and t h e  consumption: 
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The e l l i p t i c a l  i n t e g r a l s  occurr ing i n  (10) have a l ready  been ca lcu la ted  f o r  
t h e  system (S1). 

Figure 8 shows t h e  evolu t ion  o f  t h e  commutation po in t s  ul ,  u2,  ii3 and of  

t h e  " spec i f i c  consumption" l / I v l  as a func t ion  of ) A I  f o r  e = l/n and f = 

FA = 0.1. 
F m a x  

From A t o  B, t h e  t h r u s t  zone with F = FA extends around 

(ul i nc reases  from ze ro ) .  

A t  t h e  per igee  i n  B t h e r e  appears a modulated t h r u s t  zone 

which gradual ly  s t r e t c h e s  out  (u2 increases  from zero) .  

In  C t h e  b a l l i s t i c  zone disappears  (u1 = 180'). 

I n  D t h e  constant  t h r u s t  zone F = FA d isappears .  

From D t o  E t h e  t h r u s t  i s  modulated along t h e  o r b i t  as i f  
system ( S 2 ) .  L e t  us  note  t h a t  then:  

t h e  per igee  

(FA -.: F -< Fmax) 

f o r  a propuls ion 

t h e r e f o r e  DE i s  a s t r a i g h t  l i n e  segment (whence t h e  i n t e r e s t  i n  consider ing 

IYI and not 1 ~ 1 1 ) .  
In  E appears a maximal t h r u s t  zone F which extends around t h e  per igeemax 

(u3 increases  from zero) .  

F ina l ly ,  beyond F corresponding t o  continuous maximal t h r u s t  (u3 = 180°),  /69 
t r a n s f e r  i s  impossible.  

In  Figure 8 has  a l s o  been shown t h e  s p e c i f i c  consumption r e f e r r i n g  t o  t h e  
system (S 1) of t h e  same i n s t a l l e d  power and of t h e  same maximal t h r u s t .  

This  s p e c i f i c  consumption is  ev ident ly  s t ronger  than i n  t h e  case  of system 
(S) ,  s i n c e  t h e  command domain i s  reduced. 

On t h e  o the r  hand, t h e  s p e c i f i c  consumption ( 1 
= IXl/4) r e f e r r i n g  t o  

t h e  system ( S 2 )  of t h e  same i n s t a l l e d  power i s  weaker than i n  t h e  case  of  t h e  

system (S) (or  equal,  on t h e  segment DE) s i n c e  t h e  command domain i s  enlarged.  
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F ig .  8. Performance of Sys tem ( s ) .  (e=l/~,f=FA/Fmax=O.l). 

Let us note  t h a t  s i n c e  t h e  s p e c i f i c  consumption of an impulsional t r a n s - /70 
f e r  i s  independent o f  t h e  magnitude of t h e  t h r u s t  u t i l i z e d ,  

and s i n c e  t h e  e j e c t i o n  v e l o c i t y  f i t t i n g  t h e  d e f i n i t i o n  of \ V I i s  always W B '  

Figure 9 shows t h e  evolut ion of t h e  optimal t h r u s t  i n  t h e  case I h ]  = 1.19 
f o r  e = l / f i  and t h e  propulsion systems (S1), (S2) and (S) (f = 0 . 1 ) .  
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F i g .  9 .  Comparison of t h e  T h r u s t  Laws of t h e  Propulsion S y s t e m s .  

11,1 .3 .2 .  Circular  case (e = 0)  Any angle of  t r a n s f e r .  

We t a k e  t h e  b i s e c t r i x  of t h e  t r a n s f e r  angle as the  a x i s  o f  reference 
--+ 
0xp0=-AL/2 ; f I= + A L / Z ) .  

11,1.3.2.1. S y s t e m  ( S 2 ) .  

The t h r u s t  i s  t a n g e n t i a l  and constant ,  and equal t o  

f = /A, I 
2 A L  
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and t h e  g r e a t e r  AL i s ,  t h e  weaker i t  is .  

I I ,1 .3 .2.2.  System ( S , ) .  

If Fmax < kd- t r a n s f e r  i s  impossible.ZAL 

Aa 
If Fmax - ZAL t r a n s f e r  c o n s i s t s  of always t h r u s t i n g  t a n g e n t i a l l y  w i t h  

maximal t h r u s t ,  

kL
If Fmax ’ 2AL t h e  so lu t ion  degenerates ( s ingu la r  case of  type I b i s ) .  

The t h r u s t  law r e f e r r i n g  t o  any degenerated s o l u t i o n  whatever i s  obtained by 
0 --

d iv id ing  t h e  f i c t i c i o u s  ltmass” lAa1/2 on t h e  t r a n s f e r  a r c  MOM; with t h e  Il l inear 

densi ty“ F(L) [0 F (L) 5 Fmax 1 .  Thrust i s  t a n g e n t i a l ,  forward i f  Aa 0,  

backward i f  Aa < 0, and with modulus F(L). 

Of t h e  poss ib l e  d i s t r i b u t i o n s ,  t h i s  g rea t  degeneracy w i l l  permit those 
which w i l l  assure  t h e  given v a r i a t i o n s  of c e r t a i n  perameters of the  o r b i t  o the r  
than a t o  be chosen (see  § II,3.3.2.5.). 

ll,1.4. Conclusion. 


This f irst  p a r t i c u l a r  case,  very simple,  has been a b l e  t o  be s tudied i n  
r a t h e r  unlimited hypotheses and even f o r  the  propulsion system ( S ) .  

The o the r  cases where a s i n g l e  v a r i a t i o n  i s  imposed a r e  more d e l i c a t e  but 
w i l l  be ab le  t o  be approached i n  t h e  same manner. 

11,2. OPTIMAL I N F I N I T E S I M A L  ROTATION OF THE PLANE OF THE ORBIT  

11,2.1.  Introduction. 
++

Here it  is  a quest ion of r e a l i z i n g  optimal r o t a t i o n  A j  of  t h e  plane of 
t h e  o r b i t  (0) around an a x i s  contained i n  i t s  plane,  poss ib l e  v a r i a t i o n s  induced 
from o the r  elements being considered as i n d i f f e r e n t  (Figure 1 ) .  

The only components of t h e  kinematic a d j o i n t  P not necessa r i ly  zero a r e  
Pg and P,. 

In  Chapter I , 4 .  we have already obtained t h e  following r e s u l t s :  /72 

t h e r e  i s  no v a r i a t i o n  induced from t h e  o t h e r  elements and f o r  the  propul­
sion system (S2), t h e r e  i s  uncoupling between t h e  problem of t h e  optimal r o t a ­

t i o n  of t h e  plane of t h e  o r b i t  and t h e  problem of  t h e  modif icat ions of t h e  o r b i t  
i n  i t s  plane,  i . e .  t h e  optimal s o l u t i o n  which we a r e  going t o  f ind  concerning 
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t h e  r o t a t i o n  of t h e  p lane  alone w i l l  be a b l e  t o  be superposed on t h e  optimal 
so lu t ion  concerning t h e  modi f ica t ions  of t h e  o r b i t  i n  i t s  p1ane; i f  t hese  
modif icat ions are l ikewise  imposed. 

F i g .  1 .  in f in i tes ima Rotation of t h e  Plane of t h e  Orb i t .  

I I ,2.2. Optimal Thrus t ,  

Equation ( I , 3  - 41) i s  w r i  t e n  here  : 

+
and shows t h a t  t h e  vec to r  of e f f i c i e n c y  p (giving t h e  optimal t h r u s t  d i r e c t i o n  
+ 	 V -+ ff 
D) i s  norma2 t o  t h e  p lane  of t h e  o r b i t .  I t  i s  zero when r i s  co l inea r  with p, .  

ff
For  a normalizat ion condi t ion of  t h e  ad jo in t  such t h a t  IP I << 1, the

V 
direetr<x orbit  (CP) has  as  elements (equation I , 3 ,  47-49) 

ap=a I 
The piane of t h i s  e l l i p s e  (0P) i s  deduced from t h e  p lane  o f  e l l i p s e  (0) 

ff
by t h e  i n f i n i t e s i m a l  r o t a t i o n  p,/h (Figure 2 ) .  

In t h i s  p m t i e u Z a r  probZem of the  optimal r o t a t i o n  o f  t h e  p lane  of t h e  
-tt

o r b i t , t h e  locus of t h e  extremity P of  t h e  vec to r  @ = pv i n  t h e  absolu te  /73 
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space Oxyz i s  s t i l l  an e l l i p s e ,  even i f  t h p r m a l i z a t i o n  condi t ion  of t h e  
-t+

a d j o i n t  i s  no longer such t h a t  {pvl i s  << 1. This  e l l i p s e  ( E )  i s  t h e  i n t e r ­

s e c t i o n  of t h e  e l l i p t i c a l  s t r a i g h t  cy l inder  of gene ra t r i ce s  p a r a l l e l  t o  
based on (0)  and of  t h e  plane:  

Z =  Y P S  - X P ,  

h (Fig.  3 )  ( 3 )  

D Z  I I ,2.2.1: Propulsion Sys tem (s2) .  

The optimal t h r u s t  acce le ra t ion  
+ - t fz9nzy = pv i s  a l t e r n a t i v e l y  o r i en ted  

upward ( z  > 0) i n  one h a l f  t u r n ,  
then downward (z < 0) i n  a h a l f  t u r n  
(Figure 3 ) .  y i s  absolu te ly  maximum 
a t  t h e  extremity most d i s t a n t  from 
zero o f  t h e  congugated diameter 

pf!ls o f  MsM6 i n  re ference  t o  (0) 

and r e l a t i v e l y  maximum a t  t h e  o the r  
ext remi ty . 

I I ,2 .2 .2 .  Propulsion System ( s l ) .  /74 

The commutation po in t s  M 1' 
M 3 ,  M4 a r e  optained by c u t t i n g  t h e  

F i g .  2 .  D i rec t r ix  Orbi t .  / 

e l l i p s e  (E) by t h e  planes 
-tf 

z = 21 ( Ip
V 

I = 1 ) .  There-

f o r e  t h e r e  i s  a maximum 
pe r  revolu t ion  of one o r  
two maximal t h r u s t  a r c s  
(Figure 4 ) .  

When t h e r e  a r e  two 
t h r u s t  a r c s ,  t h e  cords o f  
t h e  t h r u s t  a r c s  a r e  pa ra l ­
l e l  and equ id i s t an t  from 
zero.  (OH' = OH" i n  
Figure 5 ) .  

In t h e  case  of  pro­
puls ion  system (S1) it i s  

convenient t o  d e f i n e  t h e  
so lu t ion ,  no longer by t h e  

F i g .  3 .  Optimal Accelerat ion (System ( S 2 ) .  
parameters p 5 and p n y  but  
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by t h e  parameters a and S ind ica t ed  i n  Figure 5, introducing t h e  p r i n c i p a l  
c i r c l e  (C) o f  t h e  o r b i t  (0) and such t h a t :  

cos o( = - sp, /h  

sin o< = spf 
(4) 

It i s  easy t o  see 
t h a t  t h e  s tudy f o r  

Tr0 2 a 2 - i s  s u f f i c i e n t J 7 52 
Then t h e  commutation po in t s  
given as a funct ion of  a 
and s by: 

COJ ( u  - d) = e CQJ o( 2 s (5) 

whence 

0 
with 

p’= Arc cos (e cos o( + 5) 
-API’= Arc cos (e cos o< - S)j7)

X ( see  Figure 6 ) .  

According t o  t h e  
pos i t i on  o f p o i n t  S of t h e  
po la r  coordinates  a and s 
i n  t h e  p lane  (S),  w e  ge t  
(Figure 7 ) :  

zone (1): a maximal t h r u s t  
a r c  F per  revolu t ion .  max 

zone ( 2 ) :  two maximal 
t h r u s t  a r c s  per  revolu t ion  
forming a lfcouplelf .  

Fig. 4. Optimal Thrust (System S 1 ) .  The f r o n t i e r s  ( r l )  
1 .  O n e  Maximal Thrust Arc. and ( r ’ l )  a r e  some of  
2. Two Maximal Thrust Arcs. Pasca l ’s  g rea t  wheels: 



--- 
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e 
UH'= OH" 

@ Upward Thrust 

@ Jownward Thrust 

(rl) : .  cos , B I Z  e cos o( +5 = + I 
(r.) cosP"= e cos o( - s3 - 7 .  

](Bl 

The po in t  0 corresponds 
t o  t h e  continuous app l i ca t ion  
of t h r u s t  and t h e  poin t  

5,(4= T ,s=V" 
t o  t h e  bi- impulsional  so lu­
t i o n s  (two impulses i n  con­
t r a r y  d i r e c t i o n s  a t  t h e  
peaks B and B '  of  t h e  minor 
ax i s )  which w i l l  be  s tud ied  
l a t e r  i n  d e t a i l .  

I n  t h e  p lane  (S) ,  t h e  

iir,es u = cte a r e  c i r c l e s  
passing through 0 and 
tangent  t o  ( r l )  o r  ( r l l )  of  
po la r  equat ion : 

/77 

F i g .  5. Def in i t ion  of t h e  Parameters c1 and S .  

f s= D(u) C O S [ N  - W(u)] (9) 

with [cos w (u )=  cos - = 
B 

which permits  g e t t i n g  t h e  p o s i t i o n  of t h e  commutation po in t s  immediately when 
c1 and s a r e  known. 

11,2.3. Optimal Rotation. Consumption. 

l1,2.3.1.  P a r t i c u l a r  case of t h e  optimal ro ta t ion  of  a near -c i rcu lar  o r b i t  
(e  z o r d e r  E << 1 )  f o r  any t r a n s f e r  angle  A L .  

++

Ox i s  taken according t o  t h e  a x i s  of symmetry of t h e  t r a n s f e r  arc M 0M f' 
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F ig .  6 ,  D e f i n i t i o n  of the Parameters 8 ’  and B ” .  


4 


e Given 

F ig .  7. Nomographic Chart.  i n  Polar  Coordinates a, s .  (e = 0 .2) .  
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1 1 , 2 . 3 . 1 . 1 .  Propulsion System (s~). 

I n  § I ,4 .1 .3 .  we saw t h a t  t h e r e  i s  uncoupling between t h e  r o t a t i o n  - A 0  

around and t h e  r o t a t i o n  A E  around G. The s tudy of t h e  r o t a t i o n  - A n  a lone 
(Figure 8), then t h e  r o t a t i o n  A E  alone (Figure 9), is enough t o  so lve  t h e  
prob lem . 

The reduced r o t a t i o n  in ’bo th  cases i s ,  r e spec t ive ly :  

and 

where 

F i g .  8. Rotation Around the Axis o f  F i g .  9 .  Rotation Around t h e  Perpendi- /78 
Symmetry of t h e  Transfer  Arc (e = 0 ,  cu la r  to  t h e  Axis of Symmetry o f  t h e  
System s2) .  Transfer  Arc (e = 0 ,  System (S2 )  

The reduced r o t a t i o n s l r n l  and a r e  equal t o  1 / f i  f o r  A L  = 2 NT 
( F i y r e . 1 2 )  and tend toward t h i s  value a f t e r  a few o s c i l l a t i o n s  when AL + ~0 i n  
con ormity with t h e  r e s u l t s  obtained i n  § I , 4 . 1 . 2 .  
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Fig. 10. Rotation Around t h e  Axis o f  
Symmetry o f t h e  Transfer  Arc (e = 0 ,  

System s 1) . 

F i g .  1 1 .  Rotation Around t h e  Perpendi­
c u l a r  t o  t h e  Axis o f  Symmetry o f  t h e  
Transfer  Arc (e = 0 ,  Sys t em S , ) .  

But i t  can be noted t h a t  t hese  
q u a n t i t i e s  a l s o  assume t h e  va lue  

l / f i  for A L  = (2k + 1) T I ,  because 
t h e  t h r u s t  arcs 

(Figure 8) or  
-Ma @ MnS0At3 

and 
At3 @ Ad5 0 2 ,  

(Figure 9) have equivalent  e f f e c t s .  
tf

The r o t a t i o n  1 A< 1 around Oy 
i s  much more expensive than r o t a -

++
t i o n  lAql around Ox f o r  weak AL. 

11,2.3.1.2. Propulsion Sys tem 
( S 1 ) .  

I n  § 1,4 .2 .3 .  w e  saw t h a t  when 
tt

t h e  r o t a t i o n  -An around Ox ( o r  A6 
++

around 0)’) i s  alone imposed, it does 
not  induce any r o t a t i o n  A< around
* ++
Oy (o r  -An around Oy). But t h e r e  
i s  no uncoupling between these  two 
r o t a t i o n s :  t h e  successive s tudy 
of both o f  t hese  r o t a t i o n s  i s  not  
enough t o  r e so lve  t h e  problem by 
adding t h e  so lu t ions .  However, we /79 
s h a l l  l i m i t  ourselves  t o  t h e s e  two 

simple cases i n  order  t o  compare t h e  r e s u l t s  obtained with those r e f e r r i n g  t o  
t h e  propuls ion system ( S 2 ) .  

ROTATION - A n  ALONE IMPOSED (Figure 10 ) .  

In thts case p g  = 0. 

The r o t a t i o n  i s  given by: 

I 




-with O , ( L  = d l - N n x n  
2 

N i s  t h e  number of complete tu rns .  

The consumption is  given by: / 80 

2i, +4NL,  f o r  2L,+ 2Nrr  4 Ai x 2 ( r r - L 2 ) + 2 N r  

( 22+ 4L, - 2rr + 4NL, f o r  2 ( ~ -L2)t2Afrr 4AL ,< 2 ( N t f )  rr 

Whence t h e  reduced r o t a t i o n  : 

If ’max i s  f ixed ,  maximizing 1s
rl 

1 i n  re ference  t o  L 2  (for f ixed  AL and Aq) 

comes down t o  seeking t h e  optimal (constant)  e j e c t i o n  v e l o c i t y  W* [ u t i l i z a t i o n  
of propuls ion system ( S i ) ] .  

We s h a l l  no t  ca r ry  out  t h i s  ca l cu la t ion  and s h a l l  l i m i t  ourselves  t o  
envisaging t h e  case of continuous t h r u s t  (L2 = ~ / 2 )[ u t i l i z a t i o n  of  propulsion 
system (Sic> 1 * 

Then: X c  = 1 and 

The evolut ion o f  t h i s  parameter i s  t r aced  on Figure 1 2  i n  order  t o  show 
t h e  pena l ty  due to t h e  non-modulation of  e j e c t i o n  v e l o c i t y  W .  After a few 
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o s c i l l a t i o n s  1 1 ;  
rl 

I t ends toward 2/n ( instead of 1/fi fo r  a modulated e j e c t i o n  

v e l o c i t y ) ,  a value which It s t i l l  has anyway f o r  AL = kn. The penal ty  i s  neg­
l i g i b l e  f o r  AL << 71, but  reaches 

kn 
o r  about 20% of mass consumption ] A m ] ,  f o r  AL = 1 m. 

- Syst>m (s’): W varlable, P= Pmdx 


--- system (SIc) W=constant ,F S  F~~ icont inuous t h r u s t )  


Transfer angle A L  (degrees) 

F i g .  12. Comparable Performance o f  Propulsion Systems (e = 0 ) .  

ROTATION A 6  ALONE IMPOSED (Figure 1 1 ) .  

In t h i s  case pn = 0. We s h a l l  only i n d i c a t e  t h e  r e s u l t s :  
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and, i n  t h e  case of  continuous t h r u s t  (L1 = 0 ) ,  

Figure 1 2  shows t h a t  t h e  r o t a t i o n  ] A < /  i s  ev ident ly  much more expensive 

than t h e  r o t a t i o n  f o r  AL << IT. On t h e  o the r  hand, f o r  AL = 
kn , t h e  two 

2r o t a t i o n s  have equal c o s t s  ( 1 5  I = --). 

The penal ty  due t o  non-modulation of e j e c t i o n  v e l o c i t y  W i s  not  n e g l i g i b l e  
f o r  AL << IT. 

As a matter of f a c t :  

whence t h e  penal ty:  
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___.d l r l -- 2 0  =j ' - f i=O,134
I r i  ? 2 

2 G  
o r  nea r ly  27% of t h e  mass consumption. 

On t h e  o ther  hand, f o r  A L  = kn , again we f i n d  a penal ty  o f  10% on I C  1 ,  
t he re fo re  about 20% on / A m / .  

11,2.3.2. P a r t i c u l a r  case of a whole number o f  revolut ions (AL = 2Nn) .  

I I ,2.3.2.1.  Propulsion Sys tem (S2) .  

The problem was resolved i n  5 I ,4 .1 .2 .  There i s  uncoupzing between t h e  

r o t a t i o n  - A n  around and r o t a t i o n  AS around G. The s tudy  of t h e  r o t a t i o n  
- A q  alone,  then o f  r o t a t i o n  A S  a l o n e , i s  enough t o  reso lve  t h e  problem. 

The corresponding reduced r o t a t i o n s  a r e  [see equation ( I , 4  - 3 ) ] :  

The evolu t ion  of t hese  parameters a s  a func t ion  of e i s  given i n  Figure 
13. Note t h a t  t h e  g r e a t e r  t h e  e c c e n t r i c i t y  t h e  l e s s  expensive i s  r o t a t i o n  
around t h e  major a x i s  i n  connection with r o t a t i o n  around t h e  "parameterTT. 

I I ,2 .3.2.2.  Propulsion system ( S 1 ) .  

Although t h e r e  i s  no mutual non-induction between t h e  r o t a t i o n s  -Aq around 
ttcfr: and AS around Oy, t h e r e  i s  no uncoupling (addi t ion  of  s o l u t i o n s ) ,  with t h e  

r e s u l t  t h a t  t h e  s tudy  of t he  general  case  (any angle  6 )  i s  necessary.  

In t eg ra t ion  o f  t h e  equat ions of movement on N t u r n s  leads  t o :  
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where B '  and B t l  are given i n  (7)  a s  a1
III 

I 
I 

,/ 

d d2 0:4 0:s Or8 -

Eccen t r i c i ty  e 

func t ion  of  c1 and s .  

Therefore  An, A s  and X 
C 

depend 

only on t h e  two parameters c1 and s ,  
t h a t  i s  t o  say  on t h e  po la r  coordi­
na te s  of  po in t  S i n  t h e  p lane  (S).  
I t  i s  understood t h a t  B '  must be 
taken as equal t o  0 i n  t h e  expres­
s ions  i n  zone (1) .  

Inversion of t h e  f i rs t  two equa­
t i o n s  ( ca l cu la t ion  of c1 and s as a 
func t ion  of A,, and A t  i n  o rde r  t o  
in t roduce  t h e s e  va lues  i n t o  t h e  t h i r d  
equation t o  ge t  an e x p l i c i t  formula 
giving t h e  consumption as a func t ion  
of t h e  r o t a t i o n  des i r ed )  i s  poss ib l e  
only i n  c e r t a i n  p a r t i c u l a r  cases .  
But t h e s e  formulae lend themselves 
very wel l  t o  a numerical reso lu­
t i o n  by success ive  approximations. 

This r e s o l u t i o n  i s  f a c i l l i t a t e d  
by using nomographic c h a r t s  t raced  
f o r  cons tan t  va lues  of e c c e n t r i c i t y  
e i n  t h e  p lane  (S) which f u r n i s h  a 
f i rs t  approximation by in t e rpo la t ion .  

Figures  14, 15 and 16 show 
such nomographic c h a r t s  t r aced  r e ­

e = and 0.8.s p e c t i v e l y  f o r  0 ,  0 . 2  
F i g .  13. Contrasted Performance of Propul­
sion Sys tems  (Whole Numbers i n  Revolutions).  

Only t h e  l i n e s  

-System (sz) --- System (SIC) ----System (s;) J; Arc  tg ds - Cte,
/ A 7  1 -

Wvar,P=Pmax W=cte,FG Fmax W=cte=W+;-l I A / =  I A j /  = ,/.X;= c t e ,  

(Continuous t h r u s t )  z N =  % o x  
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cha rac t e r i z ing  r o t a t i o n ,  and /$I= - Ac Ly/6r =Cce ( s p e c i f i c  r o t a t i o n ) ,  
A C  

have been represented.  

Knowing t h e  r o t a t i o n  ( 6 ,  Aj) t o  
be made, t h e  number o f  t u r n s  N ,  t h e  
maximal t h r u s t  a v a i l a b l e  F max ' it  is  

poss ib l e  t o  p l ace  t h e  poin t  S (6, I X  I )  
on t h e  nomographic c h a r t ,  which ives
I v I , ( the re fo re  t h e  consumption yam I 
i f  we know t h e  e j e c t i o n  v e l o c i t y  W) 
a s  w e l l  as a and s (namely t h e  con­
f i g u r a t i o n  of t h e  t h r u s t  a r c s ) .  

The l i n e s  6 = Ct e  corresponding 
t o  values  of  6 above 6,(e) = A r c  cos e 

are s i t u a t e d  completely i n  zone ( 2 ) .  
The r o t a t i o n s  around axes too  d i s t a n t  /84 
from t h e  major a x i s  t he re fo re  abso­
l u t e l y  n e c e s s i t a t e  two t h r u s t  a r c s  
per  revolu t ion ,  no mat te r  what t h e  
value of t h e  parameter 1 A 1 .  

This r e s u l t  can be  i n t e r p r e t e d  
simply i n  t h e  case  of bi- impulsional  
so lu t ions  corresponding t o  t h e  po in t  
S1 of  t h e  nomographic cha r t  by 

appealing t o  t h e  not ion of  Contensou's 
,x = 1,225 ' 'maneuverability domain" [4] (Figure 

17)  : 

Pjl an impulse dC appl ied at t h e  
I h l  =ZNn Fmx poin t  M, perpendicular  t o  t h e  p lane  

qf t h e  o r b i t ,  produces a r o t a t i o n  hf 
ffFig. 15. Nomographic Chart e = 0.2. o f  t h e  o r b i t  around OM proport ional  

t o  OM. 
* 

Therefore t h i s  r o t a t i o n  can be represented by t h e  vec to r  OM,
*

i f  t h e  
-hk

impulse i s  appl ied  upward ( z  > 0 ) ,  o r  t h e  vec tor  OM, opposed t o  OM, i f  it i s  
appl ied  downward (z < 0 ) .  

With t h e  same t o t a l  impulse dC, it i s  poss ib l e  t o  achieve any r o t a t i o n  / 8 5  
t he  image of which is found i n s i d e  t h e  smal les t  convex contour surrounding t h e  

e l l i p s e s  which a r e  l o c i  of M and 2. A s  a matter  of  f a c t  i t  is  enough t o  break­
down t h e  impulse dC i n t o  two o r  more impulses appl ied a t  d i f f e r e n t  po in t s  of 
t h e  o r b i t .  
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The t o t a l  impulse dC 
being given, t h e  maxima2 r o t a ­
t i o n s  which can be obtained 
correspond t o  images on t h e  
contow? of t h e  maneuverabili ty 
domain thus def ined.  

If t h e  a x i s  of  r o t a t i o n  
i s  fa r  from t h e  major a x i s ,  
(6  > 61 = Arc cos e ) ,  t h e  

image 1-1 is  found, e .g .  on t h e  

segment BE'. Then t h e  r o t a -
++

t i o n  01-1must be broken down 
i n t o  two r o t a t i o n s ,  gene ra l ly  
unequal and r e s p e c t i v e l y  

Y
F i g .  16. Nomographic Chart  e = 0.8.  around and OB'  found by 

successively applying a t  each 
r evo lu t ion  two unequal impulses d i r ec t ed  contrary t o  t h e  peaks B-and B '  of t h e  
minor ax is  of t h e  o r b i t  (0). 

The inrpuZsionaZ sozutions corresponding t o  t h e  f r o n t i e r  (I"I) (mono­
impulses) and t o  t h e  po in t  Sl(bi-impulses) a r e  such t h a t  t h e  parameter 11 1 i s  

zero.  Therefore they a r e  obtained when the  maximal t h r u s t  a v a i l a b l e  ( r e l a t e d  t o  
fo rce  of a t t r a c t i o n  a t  d i s t a n c e  a ) is  very l a r g e  i n  r e spec t  t o  t h e  r o t a t i o n
1 Aj I t o  be made p e r  r evo lu t ion .  

Given N and Fmax, a weak r o t a t i o n ,  corresponding t o  a value of IX I such 

=si, 
2t h a t  0 \ < I A I ~ I A I ~ ~ ~ , ~  can be made around any a x i s  a t  a l l .  
2 

F i g .  17. Maneuverabi 1 i t y  Domain. 
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An important ro t a t ion ,  corresponding t o  / x I m a r , F  = Lli- .</.\I6 / ~ l M d x , o ,  

cannot be made around axes too  c l o s e  t o  t h e  “parameter” (6 < 6 lim (1x1) given
i n  Appendix 10. 

- 3, S? 2 + 4 *The maximal obta inable  r o t a t i o n  [ I A ‘ m a x ,  o -4(f- 7)+ 7] i s  

a r o t a t i o n  around t h e  major a x i s  (6  = 0) obtained by applying t h r u s t  continu­
ous l y  . 

The maximal s p e c i f i c  r o t a t i o n  / 9 1 m = x  == i s  obtained i n  t h e  case 

of  a r o t a t i o n  around t h e  major a x i s  (6  = 0) using an impulse a t  apogee pe r  
revolu t ion  ( I A  I = 0 ) .  

Spec i f i c  r o t a t i o n  diminishes when we go from impulsional so lu t ions  t o  
so lu t ions  where t h e  t h r u s t  i s  appl ied  continuously.  A s  a mat te r  of f a c t  t h e  
t h r u s t  arcs a r e  more and more spread out and t h e  t h r u s t  i s  appl ied i n  zones 

-tt
where e f f i c i e n c y  lpvl i s  weak. 

~~Minimal s p e c i f i c  r o t a t i o n  /u/”in.F - 2  i s  obtained f o r  a r o t a t i o n  /86 

IT
around t h e  parameter (6 = 2) i n  t h e  case of continuous t h r u s t .  Lines \ V I = Ct e  

corresponding t o  y < / ~ /  7 = I a r e  e n t i r e l y  s i t u a t e d  
S/R 8, 

i n  zone (2) (two t h r u s t  a r c s ) .  The va lues  of  1.1 included between 1 and lv l  I 
t he re fo re  correspond, among o t h e r s ,  t o  s p e c i f i c  r o t a t i o n s  r e l a t i n g  t o  b i ­
impulsional so lu t ions  (point  S1). 

Particular Cases. 


a )  Continuous khrus-t- (point 0 of  t h e  nomographic c h a r t ) .  

f o r  S= 0, /3’=/3”=/3= A r c  c o s ( e  cos o() 

whence t h e  va lues  of  6 and of I V I  = IX I given i n  Appendix 10. 
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I n  p a r t i c u l a r ,  f o r  a = 0, 60 = Arc cos e = 6 1 (evident  i n  Figure 6) and: 

b) Mono-intpul!sional! and near-mono-~mpuZsionaZ sol!utions. 

These so lu t ions  correspond t o  po in t s  S of  t h e  nomographic cha r t  respec­
t i v e l y  on t h e  f r o n t i e r  (r") and i n  t h e  v i c i n i t y  of t h i s  f r o n t i e r .  

This formula directZy fu rn i shes  t h e  s p e c i f i c  r o t a t i o n  ] V I  a s  a func t ion  
of t h e  parameters ( A  I and 6 ,  t h a t  i s  to say  a s  a func t ion  of  6 ,  IAj 1 ,  N and 

Fmax. 

Considering t h e  mono-impulsional so lu t ion  ( A  = 0) of Figure 17, w e  aga in  
f i n d  : 

maximal f o r  6 = 0: 

The extension of t h e  t h r u s t  a r c  around t h e  po in t  of  impulse causes a r e l a t ive  /87 
Zoss equal t o  

I(7-c  ­n 2____~.I cos 6) '  A i  where x c = A! propuls ion on an a r c  

6 ( 1 - e z J 3  T (p e r i o  d ) 

T~ At 2This l o s s  i s  maximal! f o r  cos 6 = cos 61 = e and is  equal t o  - ( prop)6 - T 
no matter what e may be,  i n  agreement with t h e  r e s u l t s  shown i n  [26]. 
c) Bi-impuZsionaZ sozutions (point  S1). 
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Considering t h e  bi- impulsional  so lu t ion  of Figure 17, w e  d i r e c t l y  obta in :  

d)  	E Z Z i p t i c a Z  orbit of ueak eccentricity (E << e << 1 ) .  

This  i s  a very  important case  i n  p r a c t i c e .  

A l imi ted  development according t o  t h e  increas ing  powers of e c c e n t r i c i t y  
e, c l e a r l y  s t a t e d  i n  Appendix 11, leads t o :  

Zone ( I )  : 1 thrust  arc per revolution: 

- n/AI 4 t order  e3" 
2 ( 3 5 )  

( 3 6 )  

Zone ( 2 )  : 2 thrust  arcs per revolution: 

2 
(37)  

In  t h e  p a r t i c u l a r  case of t h e  c i r c l e ,  expression of t h e  s p e c i f i c  r o t a t i o n  i s  
very simple: 

In  t h i s  case t h e r e  are always two t h r u s t  arcs pe r  revolu t ion  and they  a r e  
symmetrical i n  r e l a t i o n  t o  zero.  

I I ,2.3.2.3. Comparison b e t w e e n  propulsion systems ( S I )  and (S2) .  

The comparison w i l l  only be made f o r  r o t a t i o n  around t h e  major a x i s  cfr: (6 = 0) 

and r o t a t i o n  around t h e  "parameter" 6 ( 6  = ;). 
/A!*/

-~I n  Figure 13 w e  have shown t h e  reduced r o t a t i o n  /y/=& P m d * / ~ ~ /  as a 
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funct ion of e i n  t h e  two following cases:  

a )  Continuous thmrst [Propulsion system (Sic) ] 

' 2  ll 
(independent of e ) .  / 88l Y l * = ?  &Ima* '=­

2 

A s  i n  t h e  case of t h e  system (S2),  t h e  g r e a t e r  t h e  e c c e n t r i c i t y  t h e  l e s s  

c o s t l y  i s  r o t a t i o n  around t h e  major a x i s  i n  r e l a t i o n  t o  r o t a t i o n  around t h e  
'paramete r  ' . 

ITFor 6 = -, t h e  pena l ty  due t o  not modulating t h e  e j e c t i o n  v e l o c i t y  i s2 
constant ,  no matter  what e is ,  and equal t o  t h e  value already obtained i n  t h e  
c i r c u l a r  case:  

A 
/ ? I  

-
? 

0.10 or  20% of  mass consumption. 

b) Optimal ejection velocity W* [System (S;)] 

For 6 =  O(+ w=O) and 6=z(4 o(=n),/A /and  a r e  only a 
2 2 

funct ion of 

Let us 

with 

the re fo re :  

s .  For t h e  choice W = W*, 151 = 6 i s  maximal i n  r e l a t i o n  t o  s .  

first t r e a t  t h e  case 6 = 
IT Then: 

/A/=Zsinp , A, = 7 p2 

rr 

6 = Arc cos s (independent of e) 

ITwhere 6" i s  t h e  roo t  included between 0 and T o f  t h e  transcendant equation: 

tf /3 = 2p * (40) 
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An approximate value of B* i s  B* = 66.75', which g ives  I C * )  0.68. 

I n  t h e  case 6 = 0, it i s  necessary t o  f i n d  t h e  po in t  furn ish ing  151 m ax 
corresponding t o  a va lue  of e on each nomographic c h a r t .  The r e s u l t  i s  shown 
i n  Figure 13. The penal ty  due t o  not  modulating t h e  e j e c t i o n  v e l o c i t y  is  
weaker than  i n  t h e  case  of continuous t h r u s t .  

In  t h e  c i r c u l a r  case,  t h i s  pena l ty  i s  equal t o :  

-I - 0,68 
= 0,038 

A 

o r  only about 8% o f  mass consumption in s t ead  of 20%. 

In  t h i s  c i r c u l a r  case  t h e  va lue  B* i s  e a s i l y  found by applying condi t ion  
( I , 3  - 80).  The a rea  (1) of t h e  c y l i n d r i c a l  su r f ace  between t h e  commutation 
l e v e l  z = +1 and t h e  e l l i p s e  ( E )  must be equal t o  a r e a  (2)  (Figure 18) .  Let 
it be:  

o r  e l s e  

s inpT 2p*c0spy  

which i s  t h e  condi t ion obtained 
i n  (40 ) .  

i 1 ,2 .4 .  Conclusion. 

Economic i n f i n i t e s i m a l  r o ­
t a t i o n  o f  t h e  p lane  of an 
e l l i p t i c a l  Keplerian o r b i t  i s  
found by applying t h e  t h r u s t  
perpendicular ly  t o  t h e  p lane  
of t h e  o r b i t .  

For t h e  propuls ion system 
(S2): W v a r i a b l e ,  P = Pm a '  t h e  

t h r u s t  i s  modulated and t h e  
t h r u s t  extremity of t h e  vec to r  
desc r ibes  an e l l i p s e .  

For propuls ion system (S1) :  
c W = Ct e  , F Fmaxmaximal  2hrus t  

" rFig.18. O p t i m a l  Length of Maximal Thrust Art-=,. 
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i s  appl ied  on one o r  two arcs a t  each revolu t ion .  

For t h e  two systems, t h e  t h r u s t  "couple" makes t h e  o r b i t  t u r n  i n  a 
d i r e c t i o n  approximately perpendicular  t o  t h e  a x i s  of  t h e  %ouple" by a "gyro­
scopic  effect". 

I n  t h e  p a r t i c u l a r  case  of a c i r c u l a r  o r b i t  and i n  t h e  case  of  any o r b i t  
f o r  a whole number of revolu t ions ,  t h e r e  i s  no lluncouplingrr r e spec t ive ly  
between t h e  r o t a t i o n  around t h e  a x i s  of symmetry of t h e  t r a n s f e r  arc and a 
perpendicular  a x i s  , o r  between r o t a t i o n  around t h e  major a x i s  and r o t a t i o n  
around t h e  "parameter", except f o r  t h e  propuls ion system ( S 2 ) :  W v a r i a b l e ,  
P = P  m a .  

For t h e  propuls ion system (S1): W = Ct e  , F 5 FmaxJ t h e r e  i s  s t i l l  mutual 

non-induction between these  r o t a t i o n s .  

The penal ty  i n  mass consumption due t o  not  modulating e j e c t i o n  ve loc i ty  W 
i s  genera l ly  of t h e  order  of 20% i f  t h e  maximal t h r u s t  i s  appl ied cont inuously 
and only of t h e  order  of 8% i f  (constant)  e j e c t i o n  v e l o c i t y  W i s  optimized. 

F ina l ly ,  t h e  previous s tudy has emphasized t h e  f a c t  t h a t  r o t a t i o n s  around 
t h e  major ax i s  a r e  l e s s  expensive than r o t a t i o n s  around t h e  "parameter", 
e spec ia l ly  f o r  l a rge  e c c e n t r i c i t i e s .  

I I ,3. OPT IMAL TRANSFERS BETWEEN CLOSE COPLANAR C I RCULAR ORB I T S  /go  

li,3.l. Introduction. 


This i s  a mat te r  of achieving,  f o r  a given t r a n s f e r  angle  AL (Figure 1) 
t h e  r e l a t i v e ,  optimal d i l a t a t i o n  Aa/a of t h e  r ad ius  of a c i r c u l a r  o r b i t .  

We suppose t h a t  t h e r e  i s  no rendezvous. 

In  t h e  case  of propuls ion system (S2) with a v a r i a b l e  e j e c t i o n  v e l o c i t y  

W and l imi ted  power, t h e  problem has been a n a l y t i c a l l y  resolved by Gobetz [38] 
without using t h e  o r b i t a l  elements as s ta te  coord ina tes .  

I t  has been taken up again by t h e  au thor  [45], t h i s  t i m e  us ing  t h e  o r b i t a l  
elements, t hen  extended by Gobetz under t h e  same condi t ions  t o  t h e  rendezvous 
case  [39]. 

In  t h e  case  of propuls ion system (S 1) with a constant  e j e c t i o n  v e l o c i t y  

W and l imi ted  t h r u s t  (F -< F ) ,  t h e  problem has been resolved by an ana ly t ico­max 
numerical method by McIntyre and Crocco [41-441 and by Hinz [52] ( the  l a t t e r  
t r e a t e d  only t h e  case of continuous constant  t h r u s t ) ,  without using t h e  o r b i t a l  
elements. 
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X 

F i g .  1 .  Transfer  Between Close C i rc l e s .  

The in t roduct ion  of t h e  o r b i t a l  elements i n t o  t h e  present  s tudy br ings  
with it a f e w  s impl i f i ca t ions  and p a r t i c u l a r l y  permits  us  t o  obta in  an approxi­
mate e x p l i c i t  formula g iv ing  consumptian i n  most cases  [45]. 

The only components of t h e  kinematic ad jo in t  P which a r e  not necessa r i ly  
zero a re :  Pa, P, and P@. 

We s h a l l  p o s i t :  

The o r i g i n  of t h e  a r c s  w i l l  be  taken  i n  t h e  middle of t h e  t r a n s f e r  a r c  

11,3.2. Optimal Thrust .  

1 1 , 3 . 2 . 1 .  Efficiency curve.  

I n  5 1,3.2.4. w e  have a l r eady  seen t h a t  t h e  e f f i c i e n c y  curve ( P )  i s  an  
eZZipse (Figure 2 ) :  
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K { x =  pa 4) 
Y= 2 p , t 2 p a  c o s ( i - L , )  

deduced from t h e  c i rc le  (C) wi th  cen te r  w (X = 0, Y = 2pa) and with r ad ius  

2pe through orthogonal a f f i n i t y  of a x i s  E and o f  r a t i o  1/2.  

(3)  

F i g .  2. Efficiency Curve. 

l l , 3 . 2 , 2 .  Optimal t h r u s t .  /92 

The optimal Zm of orientat ion of t h r u s t  only depends on Le and on r a t i o :  

i . e .  on Le and on t h e  p o s i t i o n  of M i n  r e l a t i o n  t o  (P) . 
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I t  i s  given by: 

I n  order  t o  fol low e a s i l y  t h e  v a r i a t i o n s  of  t h e  optimal o r i e n t a t i o n  of 
t h r u s t ,  i t  is  poss ib l e  t o  use  a cons t ruc t ion  d i f f e r e n t  from t h a t  i n  Figure 2 ,  
al though s t r i c t l y  equiva len t ,  by no t i c ing  t h a t  w = L - L e i s ,  i n  Figure 2 ,  

nothing but  t h e  eccen t r i c  anomaly of po in t  P :  

-tf
Let Ox 1 be  t h e  a x i s  deduced from by r o t a t i o n  + Le (Figure 3 ) .  

Ftg. 3 ,  Optimal Thrust  Direct ion.  

The e l l i p s e  (E) c l o s e l y  r e l a t e d  t o  t h e  c i r c u l a r  o r b i t  (0) is  p l o t t e d  i n  

t h e  orthogonal a f f i n i t y  of a x i s  1 and of r a t i o  1/2 .  

The po in t  D i s  placed on Oxl so t h a t  = -q 0. The angle $ is  then t h e  
* - t f

angle  (Dxl, DN). Thus t h e  t h r u s t  d i r e c t i o n  i s  deduced d i r e c t l y  from t h e  pos i ­

t i o n  of po in t  M on t h e  o r b i t  (0). 
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Let us  note  t h a t  dur ing  a revolu t ion  I/J sweeps an  angle  n i f  Iql -> 1 and 
an angle  2n i f  191 < 1. 

I/J undergoes a discontinuity equal t o  n f o r  q = +1, w = n o r  q = -1, w = 0. 

If w e  change Le i n t o  L e + TT and q i n t o  -q ( t h a t  i s  t o  say  pa i n t o  -p a) / 93 
the posi t ion of D does not change, but  + i s  changed i n t o  + + v ,  i . e .  t h r u s t  
i s  reversed. 

I t  i s  evident  t h a t  then Aa i s  changed i n t o  -Aa. 

OPT I MAL THRUST MODULUS. 

1. PropuZsion system (S2) : W va r i ab le ,  p = pmax' 

The optimal modulus of t h r u s t  acce le ra t ion  is:  

The evolut ion of y ,  when L ( t he re fo re  W )  v a r i e s ,  can be d i r e c t l y  followed 
on Figure 3. 

t e2. PropuZsion system (S1): W = C , F Fmax. 

+ 
according as /p,/= /M S 7 (7 )  

l o  
t h e  e x t e r i o r  

iSe '  On { the  i n t e r i o r  } of  t he  c i r c l e  ( E )  centered a t  M and of  rad ius  1, 

t h e  e x t e r i o r  } of t h e  c i r c l e  (E1) of cen te r  D and(Figure 2) o r  e l s e  N on Ithe interior 

of rad ius  1 / 2  pe (Figure 3 ) .  

When pe -+ 0,  t h e  e f f i c i ency  curve i s  reduced t o  po in t  w(% = 2pa). When 

t h e  t h r u s t  i s  ap l i e d  it i s  ho r i zon ta l .  According t o  whether t h e  poin t  i s  
i n t e r i o r  t o  (1) (Tpal < 1 / 2 1 ,  e x t e r i o r  t o  ( E )  ( / p a l  > 1/21 o r  on ( E )  ( l p , ~  = 1 /21  

t h e r e  i s  an absence of t h r u s t ,  continuous t h r u s t  o r  a singuzar sozution
(IC]F 1) of t h e  type  I b i s  ( see  5 I ,3 .2 .6 .  and I I , 1 . 2 . ) .  

I I , 3 . 2 . 3 .  D i r e c t r i x  Curve (D). 
++

If t h e  normalizat ion condi t ion of  t h e  a d j o i n t  i s  such t h a t  Ip I << 1, t h e  
V 

locus of P i n  absolu te  space i s  a Keplerian e l l i p s e  (0P) of focus 0 ,  t h e  

elements of which are given by (I ,3.48-49):  
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Figure 4 has  been p l o t t e d  i n  t h e  case where Le = v .  

I I ,3.3.0ptimal "Dilatation" o f  
the Radius o f  the Circular 
Orbit. Consumption. 

I I ,3.3.1. Propulsion System (S,). 

Equation (I,3 - 70) furn ishes  
t h e  ad jo in t  as a funct ion of  t h e  
v a r i a t i o n s  imposed : 

A L  

Fig. 4. Directrix Orbit. 


0 

l o  0 - I - 0 
Gas > 

with : 

whence: 

0 
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and i n  p a r t i c u l a r ,  

A L / 2  

I t  i s  s u f f i c i e n t  t o  s tudy t h e  cases  where Le = 0 and = +l. Then: 

Aa3 0 according t o  < G > 2 0 o r :  
aa 

( 4 k + Z ) ~ < d ' L< 4 ( k + f ) u  

4 k n  < A L  < ( 4 . k + 2 ) n  

Change pa i n t o  -p a' t h a t  i s  t o  say  E e i n t o  -E e' change q i n t o  -q ( see  l o ) ,  /95 

t h a t  i s  t o  say pa i n t o  -p a . Thrust i s  reversed and Aa i s  changed i n t o  -Aa. 

I f  t he re fo re ,  , f o r  t h e  given angle  of t r a n s f e r ,  AL, t h e  sign o f  Aa 
obtained with t h e  hypothesis  = +1 i s  not  s u i t a b l e ,  it i s  su f f i c i en t  t o  

reverse the thrus t .  

Equation (10) shows t h a t  the  optimal law of orientation o f  thrust  i s  only 
a function of the transfer  angle. 

When A L  i nc reases  from AL = 0, q begins from va lue  q = -1 and remains 
s l i g h t l y  super ior  t o  -1 f o r  0 < AL < 21 T (Figure 5 ) .  The va lue  i s  t h e  
r o o t  > 0,  not  zero,  of t h e  t ranscendant  equat ion:  

-
An approximate roo t  i s :  AL = 187". 
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t h r u s t  

-- - - 

* 0­7 540" 7,0" 
Transfer  angle AL 

Evolution o f  Parameter q Defining t h e  Optimal Law of Or ien ta t ion  
o f  Thrust .  (System S 2 ) .  

For 0 < AL < E,t h e r e f o r e ,  po in t  D i s  s l i g h t l y  i n s i d e  t h e  e l l i p s e  (E) 196 
(Figure 6 ) .  The corresponding optimal t h r u s t  i s  p l o t t e d  i n  t h i s  f i g u r e .  
Inversion of  t h e  t h r u s t  has been c a r r i e d  out  so t h a t  Aa > 0 (*) .  Again w e  f i n6  
t h e  acceptance of t h e  optimal laws found by numerical methods, as  i n  
1341 and [ 3 5 ] .  I t  is  important -t o  no te  t h e  r eve r sa l  o f  t h e  t a n g e n t i a l  t h r u s t  

i n  t h e  c e n t r a l  zone of t h e  a r c  MOMf. 

. The extension 2B of t h e  r e v e r s a l  zone f o r  AL << IT is: 

When AL > x,Iq l  is  '; .I. The pQint i s  ou t s ide  t h e  e l l i p s e  (E)(Figure 7 ) .  
There is  no longer a reversal zone o f  t a n g e n t i a l  t h r u s t .  

- _ _  - .- -- - - .  ._ 

+ - + *  +-+e
(*) The r e s u l t  being t h a t  IJJ = (DO, DN) and not  (Dx, DN). 
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F i g .  6 .  Optimal Thrust  Law. (Weak Transfer  A n g l e ) .  

X 

F i g .  7 .  Optimal Thrust  Law. (S ign i f i can t  Transfer  A n g l e ) .  

When AL = 2Nn (or AL >> 2n),  pe = 0.  The e f f i c i e n c y  curve i s  reduced t o  /97 

a po in t  w. Angle J, i s  always zero.  Thrust  i s  constant  and t a n g e n t i a l .  

CONSUMPTION.  

The reduced d i l a t a t i o n  i s  given by equat ion (I,3 - 73) :  

1 1 2  




- -  

CY 

I I  
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I 
(" 

(IF). AL 

I 

1 
In  Figure 8 have been p l o t t e d  t h e  v a r i a t i o n  of t h i s  "reduced d i l a t a t i o n "

1 ~ as a func t ion  o f  t h e  t r a n s f e r  angle  A L .  When AL increases  from AL. = 0, 
t h e  s p e c i f i c  d i l a t a t i o n  abandons t h e  va lue  zero and a f t e r  a few o s c i l l a t i o n s  
s t a b i l i z e s  a t  t h e  value 2 ,  a va lue  which i t  reaches without passing it ,  f o r  
AL = 2N71 (whole number of r evo lu t ions ) .  

Ae i n d e f i n i t e  

i_- ~._ _  ~ _ _  ___ _ F _  i_­

_ _ _ - - #---- - _ _ _ _ _ _ ­

-	 Systsm (S+)W variable ,P=Pmax.
U 

- 1 -
S 

-----_ Systsm (s,,):W= constant , F 5 Fmax. 
.-0 (Cont i nuous t h r u s t )  
c, 

m - System (S:) : W =  constant = W' optimal 

F s  Fmax 
1-. ..1._____-1- I 1 L-­

=I2 0  90 180 270 360 . C50 540 630 7; 
U 
al Transfer  angle  d L  (jegrees;) 

F i g .  8. Comparison of Performance of Propulsion Systems. 

If in s t ead  o f  imposing Ae = 0,  t h e  v a r i a t i o n  o f  e i s  i n d e f i n i t e ,  t h e  
"reduced d i l a t a t i o n "  i s  : 
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Thrust i s  t a n g e n t i a l  and constan$. 

Figure 8 c l e a r l y  shows t h e  penal ty  which condi t ion Ae = 0 e n t a i l s ,  par­
2N1-r

t i c u l a r l y  when t h e  t r a n s f e r  angle i s  weak. The pena l ty  i s  zero f o r  AL = {m 

As a matter  of f a c t ,  we have seen i n  §1,4.1.2.  t h a t  t h e r e  i s  then uncoup­
l i n g  between t h e  v a r i a t i o n s .  of a and e .  

CASE WHERE THE TRANSFER ANGLE I S  WEAK ( A L  = 0) .  

The p r i n c i p a l  p a r t  o f .  15 I ,  ca lcu la t ed  from (13) i s :  

a, + A a  

(G 

T h r u s t  Fl 

- (s,) 
---- (Sic) Continuous t h r u s t  6 
---.- ( S ~ L )  I m p u l s e s  

-.. -.- (S;) Optimal 

which fu rn i shes  t h e  tangent 
a t  t h e  o r i g i n  of t h e  curve 
t r aced  i n  Figure 8. 

This r e s u l t  can be 
found again very simply: 
when t h e  t r a n s f e r  angle i s  
very weak, t h e  t h r u s t  acce l ­
e r a t i o n  necessary t o  achieve 
t h e  t r a n s f e r  i s  very l a rge  
compared with t h e  g r a v i t y  
a c c e l e r a t i o n .  Everything 
happens as i f  we were opera­
t i n g  i n  t h e  absence of gravi­
t a t i o n a l  f o r c e s .  I t  i s  then 
easy t o  demonstrate t h a t ,  i n  
order  t o  t r a v e l  t h e  length 
lAal i n  t h e  time AL with a 
zero v e l o c i t y  a t  departure  
and a r r i v a l ,  t h e  most econom­
i c a l  method i s  t o  use a 
linear l a w  of acce le ra t ion  
v a r i a t i o n  i n  L (Figure 9 ) .  

Cost i s  then: 

whence t h e  r e s u l t  (14).  

F i g .  9. Very Small T r a n s f e r  Angle. 
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I I , 3 . 3 . 2 .  Propulsion System (S
1
) :  W = Ct e  , F L Fmax ' /99 

l 1 , 3 . 3 . 2 . 1 .  Generalities. 

The most rap id  method is  a d i r e c t  i n t e g r a t i o n  of t h e  equat ions ( I , 3  - 65):  

F ( X K  aX + YKaY )dL  

with : 

'XKwxt YK,, = pa s in  w sin (W + L, ) i 4p, cos (W + L a )  t 4 pa COS w cos (w+ f e = (22) 

(3PQ cos w + 4 pa cos w +pa1cos L, - sin w (3p, COS zu+ 4pJ 1sin La 
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with : 

(27) 

(28) / l o0  

Equations (25) and (26) a r e  only v e r i f i e d  s imultaneously i f :  

Bk c=0. 
Now, 

A t  t h e  moment w e  a r e  only 
consider ing r egu la r  so lu t ions .  

The condi t ion C = 0 can 
only be r e a l i z e d  i n  t h e  f o l ­
lowing cases  (Figure 10) :  

1. I f  a t  l e a s t  one of 
t h e  po in t s  Mo o r  Mf i s  found 

on a propulsed a r c  ( l e t  us  
suppose t h a t  it is  M0)’ it i s  

-tf 
necessary f o r  IpVlf = 

t h e r e f o r e  t h a t  Nf occupies one 

of  t h e  pos i t i ons  N f y  Nlfy  N 2 f ,  

N g f Y  t h a t  i s  t o  say t h a t  Mf 

occupies one of t h e  pos i t i ons  
Mf’ Mlfy M 2 f y  Mgf s i t u a t e d  on 

- 4 F  
a propulsed arc. 

Fig. 10. Determination o f  Le’ 
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The p o s i t i o n  M3f = M0 s i g n i f i e s  t h a t  t h e  mobile makes a whole number of 

revolu t ions .  

This then i s  equivalent  t o  using t h e  "antisymmetricalff so lu t ion  i n  
tf

r e l a t i o n  t o  Ox1 ( d i f f e r e n t  from G) or any s o l u t i o n  deduced from t h i s  by ro t a ­

t i o n  around 0. In  p a r t i c u l a r ,  w e  can choose t h e  "antisymmetrical" so lu t ion  
tf

i n  r e l a t i o n  t o  Ox. We s h a l l  show t h a t  t hen  t h e  regular s o l u t i o n  i s  a so lu t ion  
with a continuous tangent  t h r u s t  ( ) qI -+ m) , and the re fo re  i n  fact "antisymme­
t r i c a l "  i n  r e l a t i o n  t o  every a x i s  pass ing  through 0. Therefore  t h e r e  is  r e a l l y / l O l  
no degeneracy by "rotat ion" of t h e  so lu t ion ,  but  r a t h e r  a unique so lu t ion .  

Pos i t ions  MIf and M2f would correspond t o  so lu t ions  where t h e  optimal 
++

t h r u s t  would be  antisymmetrical  i n  r e l a t i o n  t o  t h e  a x i s  Ox 1 d i f f e r e n t  from z, 
without t h e r e  being a whole number of revolu t ions .  Such so lu t ions  could only 
e x i s t  i f  D was placed between t h e  two curvature  cen te r s  of t h e  e l l i p s e  (E) 

++
s i t u a t e d  on t h e  major a x i s  Ox1' the re fo re  f o r  191 < 3 /4 .  

Now, f o r  I q l  < 6 / 2 ,  t h e  in t eg ran t  of B (formula 28) i s  -> 0, t he re fo re  B 
i s  > 0, s ince  t h e r e  i s  a t  l e a s t  one propulsed a rc .  

Therefore p o s i t i o n s  MIf  and M2f a r e  t o  be r e j e c t e d .  

2. We have j u s t  seen t h a t  condi t ions  B = 0 implies  [q l  > K / 2  > 3/4,  

t h e r e f o r e  t h a t  t h e  optimal so lu t ions  do not  e n t a i l  any propulsed p a r t  o f  t h e  

-
I f  M M a r e  then found on t h e  unique b a l l i s t i c  s ec t ion  k2M1, t h e  i n t e g r a l sO f  

B and C a r e  not modified when M0 and M f co inc ide  r e spec t ive ly  with M1 
and M2.  

C i s  r e a l l y  zero then,  but  B i s  # 0. 

As a mat te r  of f a c t  w e  can consider  t.his so lu t ion  as  a l i m i t  of a so lu t ion  
where M and Mf,  symmetrical i n  r e l a t i o n  t o  zl and s i t u a t e d  on t h e  p r o p u h e d

0­
sec t ion  M1M2' tend r e spec t ive ly  toward M1 and M,. Now,we s h a l l  s ee  t h a t  t h e  only 

so lu t ions  of t h i s  type  which a s su re  t h a t  B = 0 a r e  such t h a t  t h e  a r c  M 2 f  < 2~ 
r?

contains  t h e  b a l l i s t i c  po r t ion  M p  . (Here i t  i s  r e a l l y  a mat te r  o f  t h e  a r c  
l , n

M 2 f  < 2.rr and not  of t h e  t r a n s f e r  a r c  M f l f  which i t s e l f  can be > 2 ~ ) .  

I n  conclusion, the regular solutions are aZways ant i symetr icaz  i n  
0re la t ion  t o  d;;(Le = CT) and t h e  po in t s  of  depar ture  and a r r i v a l  Mo and Mf a r e  

always t h e  ex t r emi t i e s  of  propulsed a r c s  but  do not  genera l ly  co inc ide  with t h e  
po in t s  M1 and M2. 
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Here again it i s  easy t o  s e e  t h a t  it i s  p o s s i b l e  t o  l i m i t  oneself t o  the  
case Le = 0 .  If t h e  s i g n  of  ba found i s  not convenient, it i s  enough t o  

reverse the thrus t .  


Equation ( 2 6 )  is v e r i f i e d  i n  an i d e n t i c a l  manner. The equations (24) and 
(25) a r e  w r i t t e n :  

The i n t e g r a l s  t ak ing  p a r t  i n  t h e  second members a r e  e l l i p t i c a l  i n t e g r a l s  
which could be reduced t o  t h e  sums of e l l i p t i c a l  i n t e g r a l s  of t h e  f i rs t ,  second 
and t h i r d  spec ies .  But i n t e g r a t i o n  ( for  any q) i s  not  abso lu t e ly  necessary 
t o  d i scuss  optimal s o l u t i o n s  q u a l i t a t i v e l y .  

1 1 , 3 . 3 . 2 . 2 .  Optimal solutions. 

a) Let US consider t h e  funct ion f ( x )  of the  v a r i a b l e  X = COS L :  

Let us immediately note  t h a t :  

t q(1)= f4 (-1 )  - fs ( - X I  ( 3 5 )  / l o 2  

which permits t h e  case q 0 t o  be deduced e a s i l y  from t h e  study of t h e  case 
9 5. 0 .  

The funct ion f ( x )  can a l s o  be ca l cu la t ed  i n  an exp l i c i t  fashion f o r  cer­
t a i n  values of q:  

PARTICULAR CASES (Figure 1 1 ) .  

1/ q = o  
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where F designates the elliptical integral of the second species of modulus 
k = g , 2  ( a  = Arc sin k = 60") and of amplitude L = Arc cos x. 
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3'4=- I 

We p o s i t :  

y 2 =-? + x  
5-3x 

d0 


b) For 0 AL 5 271, t h e  optimal so lu t ions  correspond t o  negative values  of 
q and t o  Aa < 0. There a r e  two t h r u s t  a r c s ,  as  Figure 1 2  shows. The poin t  D 
can be e i t h e r  i n s i d e  o r  ou t s ide  t h e  e l l i p s e  (E) (Figure 6 and 7 ) .  Po in ts  M o  / l o 4  
and M, a r e  such t h a t  condi t ion (33) i s  s a t i s f i e d ,  namely: 

.P r o p u  1 s e d  a r c  

B a l l  i s t i c ' a r c  

12 

F i g .  12.  O p t i m a l  T h r u s t  ( S y s t e m  S 1 ) .  T r a n s f e r  A n g l e  Less Than  One Turn-. 
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Therefore t h e  va lues  xo and x 1 > x0 are t h e  absc issae  of  t h e  i n t e r s e c t i o n  
-tf 

po in t s  of a p a r t i c u l a r  curve f = f
9 

(x) with a p a r a l l e l  t o  a x i s  Ox. 

The so lu t ions  corresponding t o  a p a r t i c u l a r  value of q o r  t o  a p a r t i c u l a r  
va lue  of A L  are s tud ied  i n  d e t a i l  i n  Appendix 12. 

c )  For 2~r AL 5 4~r, t h e  optimal so lu t ions  correspond t o  values  o f  q 
above 1. There a r e  t h r e e  t h r u s t  a r c s ,  a s  Figure 13 shows. These a r e  t h e  a r c s  
MOM1, M2M1, and qf.The po in t s  M o  and M1 are such t h a t  condi t ion (33) i s  
s a t i s f i e d ,  namely : 

fCT1- f f X J +  f(x,)-f(Ol=Z f ( X , ) - f ( - X , k  0. (42) 

F i g .  13. Optimal Thrust  (System S , ) .  Transfer  A n g l e  Between One and Two Turns. 

Therefore t h e  values  x and x < x a r e  t h e  absc issae  of  t h e  i n t e r s e c t i o n
O + +  1 0 

po in t s  of  a p a r a l l e l  t o  a x i s  Ox with,  r e spec t ive ly ,  a curve f = f 
9 

(x) and i t s  

transform 2f by a f f i n i t y  t o  a x i s  G, i n  d i r e c t i o n  6? and of  r a t i o  2 .  

These so lu t ions  a r e  l ikewise  discussed i n  Append x 1 2 .  

d)  F o r  ~ N T T-< AL -< 2(N + 1) T T ,  q i s  ’< 0 according t o  whether 

N is  Odd and t h e r e  a r e  N + 2 t h r u s t  a r c s  



11,3.3.2.3.  Consumption. 

a)  Development around q = -1. 

Appendix 1 2  shows t h a t  f o r  -1 5 q < - &/2, w e  g e t  a l l  t h e  optimal s o h - / i o 5  
t i o n s  f o r  t h e  angle of t r a n s f e r  i nc luded  between 0 and 2 Arc cos (1/3) ( f o r  
impulsional so lu t ions )  o r  even 2 Arc cos (-1/3) (for t h e  ''continuous t h r u s t "  
s o l u t i o n ) .  For t h e  t o t a l  of t h e s e  s o l u t i o n s ,  l e t  u s  p o s i t :  

q = - - T + &  (43) 

with : 

2 
(44) 

From (32) and ( 3 3 ) ,  we derive:  

&3 dL.1 
Changing t h e  v a r i a b l e  (38), it becomes: 

Now, t h e  equation of consumption i s  w r i t t e n :  

L 

The r e s u l t  i s  t h a t :  
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-
I t  i s  important t o  no te  t h a t  i n  development (46) no term in E occurs. 

2
If w e  make a dec is ion  t o  overlook terms of t h e  order  of E ( < (0.134)2 = 0.018) 

' / l o 6formula (46) reduced t o  i t s  f i rs t  term i s  an expZicit  formula permi t t ing  a 
ca l cu la t ion  of t h e  t r a n s f e r  Aa which can be achieved with a consumption I A m l .  

The func t ion:  

i s  tabula ted  p r e c i s e l y  

AL degrees 
0 

20 
40 
60 
80 

100 
120 
140 
160 
180 

i n  t h e  t a b l e  below and p l o t t e d  

g (AL) AL degrees 
13,673 200 
13,642 220 
13,549 240 
13,387 260 
13,150 280 
12,829 300 
12,416 320 
11,903 340 
11,286 360 
10,560 

on Figure 14. 

g (AL) 
9%725 
8,784 
7 ,742  
6,607 
5,391 
4,106 
2,767 
1,393 
0.000 


Knowing t h e  t r a  s fer  angle  AL,  w e  g e t  po i  t M. Then w e  b r ing  i n  

N M =  W Am . Then t h e  t r a n s f e r  achievable  with consumption ] A m /  is given by 
Fmax 

I 
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16a 
3 3  


Sb 12034750 7 t b ~ ~ 2 1 01 1 2b 270 300 \330 360 

Transfer  angle  AL (degrees)  

F i g .  1 4 .  Curve g(AL). 

The " spec i f i c  d i l a t a t i o n t t  i s  given by: / lo7  

I t  i s  maximal when P i s  i n  M ,  t h a t  i s  t o  say  f o r  bi- impulsional  so lu t ions .  

Figure 15 furn ishes  t h e  values  of t h e  " spec i f i c  d i l a t a t i o n "  l v l  a s  a 

func t ion  of t h e  t r a n s f e r  angle  f o r  d i f f e r e n t  va lues  of t h e  parameter 

/A,/=--	 / A a  1 * 

Fmaw 

Bi-impuZsionaZ soZutions ( A  1 = 0, Arc @). 

In  t h i s  case:  

The curve can be graduated i n  values  of 9. As a ma t t e r  of f a c t  equat ion 
(33) i s  wr i t t en :  

124 




- - -  

or, for bi-impulsional solutions: /lo8 


An approximate value of E is therefore: 

Approximate analytical solution 
(c: = -11Approxmiate analytical solution 
(9 = -a1 

TRANSFER ANGLE AL (degrees) 

Fig. 15. Propulsion System (S1) Performance. 
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The preceding r e s u l t s  can be compared with those  furn ished  by t h e  follow­
ing  direc t  cabcubation. 

The app l i ca t ion  o f  an impulse forming angle  JI with t h e  ho r i zon ta l  produces: 

(541 

Condition Aa = 0 is  w r i t t e n :  

Therefore t h e  " spec i f i c  d i l a t a t i o n "  i s  : 

The values  of / V I given by (51) and (57) co inc ide  exac t ly  f o r  AL = 0 

-( [ V I  = 0) and AL = 2 Arc cos (1/3) ( ] V I  = 2 r )  because, then ,  E = 0 .  
3 

Moreover, t h e  two curves Iv (AL) I are tangent i n  t h e s e  po in t s ,  a s  t h e  
ca l cu la t ion  of  t h e  d e r i v a t i v e  shows: 

The two curves a r e  very c lose  t o  each o t h e r ,  except obviously when t h e  
1 .value 	AL = 2 Arc cos - i s  exceeded and when t h e  value A L  = i s  approached,3 

where q can no longer be considered a s  c lose  t o  -1. 

Let us note  t h a t :  
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This r e s u l t  can be found again very simply by a reasoning analogous t o  / l o 9  
t h a t  o f  5 I I ,3 .3 .1 . :  t h e  f irst  impulse must be  made t o  t r a v e l  t h e  d i s t ance  
lAal/2 a t  a constant  v e l o c i t y  i n  t h e  per iod of  t i m e  AL/2 (Figure 9 ) .  The 
corresponding c h a r a c t e r i s t i c  v e l o c i t y  i s  : 

A C  - / A a l / 2  - I d a / .
' A L / 2  AL 

The t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  i s :  

whence 

"Continuous thrust"  soZutions. 

These so lu t ions  correspond t o  t h e  case where poin t  P o f  Figure 14 i s  
i n  P 1' Therefore:  

with 

Yo = 

Agreement with t h e  numerical r e s u l t s  of McIntyre and Crocco i s  s a t i s f a c ­
t e r y  f o r  q -1. The approximate curve (Figure 15) and t h e  numerical ly  
ca lcu la ted  curve a r e  tangent  a t  O(AL = 0) and a t  po in t  AL = 2 Arc cos (-1/3) 
corresponding t o :  

f o r  i n  t h e  two cases ,  q = - 1 ( ~= 0 ) .  

Let us note  t h a t  for AL = 0, formula (59) g ives :  
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This  r e s u l t  can a l s o  be  found very simply by reasoning analogous t o  t h a t  
of § I I ,3 .3 .1 :  t h r u s t  acce le ra t ion  Fmax appl ied  i n  a continuous fash ion  should 

cover t h e  d i s t ance  ]Aa1/2 i n  t h e  t i m e  AL/2.  Whence: 

The corresponding c h a r a c t e r i s t i c  v e l o c i t y  i s :  

The t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  i s :  

Solutions corresponding to f i xed  values of I x l  I = M .  
Fm ax 

In  Figure 15  have been p l o t t e d  t h e  l i n e s  corresponding t o  t h e  va lues  
l h l l  = 0, 1, 2.5, 5 ,  10. 

Agreement with t h e  numerical r e s u l t s  of McIntyre and Crocco remains s a t i s - /110 

f ac to ry  before  reaching t h e  l i n e  ??corresponding t o  q = -1. This  l i n e  can be 
p l o t t e d  approximately. 

CONCLUSION: i n  t h e  e n t i r e  OTS domain and a l i t t l e  beyond t h e  % f r o n t i e r ,  
formula (46) reduced t o  i t s  first term can be used i f  an e r r o r  of  t h e  order  of 
2% i s  admit ted.  

On t h e  o ther  hand, i n  t h e  a r e a  of s ingu la r  s o l u t i o n s ,  t h i s  approximate 
s o l u t i o n  i s  far from t h e  numerical so lu t ion  and it i s  necessary t o  have 
recourse t o  another  development. 

b) DeveZopment around q = - w .  

Let us p o s i t :  
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- -  

Carr ied i n t o  (32) and ( 3 3 )  it becomes: 

2 3 

2 
'" 

4-
' l ,)+ orde r  &, . 

On t h e  o ther  hand: 

where t h e  s ign  6 s i g n i f i e s  t h a t  t h e  d i f f e rence  o f  t h e  q u a n t i t i e s  envisaged f o r  
t h e  va lues  Lf and L2 of Figure 1 2  must be taken.  

Deriving E 1 from (63):  

and introducing i t  i n t o  (62) it becomes: 1forde r  E , .3 

.~drin 2L 

If E 1 i s  s u f f i c i e n t l y  small ,  t h a t  i s  t o  say,  according t o  (65),  if s i n  

L2 = s i n  Lf (a rea  o f  t h e  s o l u t i o n s  of t h e  Hohmann type ) ,  i t  i s  poss ib l e  t o  use  
3t h e  following expZicit formula while  ignoring t h e  terms of t h e  order  of E ~ :  
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r (67) '11' 

__ ._ . 

7- sin A L - sin' 2 LZ 
A L - 2 L 2  

with L 

i n  order  t o  c a l c u l a t e  t h e  t r a n s f e r  corresponding t o  a given consumption. 

m e n  q -f -8 ,  s i n  L2  = s i n  Lf and then  

The " spec i f i c  d i l a t a t i o n "  i s  maximal  (Hohmann type  s o l u t i o n s ) .  

81- IMPULSIONAL SOLUTIONS.  

These correspond t o  L2  = L f .  Then: 

L 


a formula t o  be  compared with t h a t  furnished by t h e  exact c a l c u l a t i o n  t ak ing  
p a r t  i n  (57):  
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The curve can be grader' i n  values  of E ~ :  

AL8 eo3 nL cos­
&, 2 = 4  2 

5'- COS A L & 
2 

o r  : 
e ,  rv 4 cos&. 
AL-,77 2 

The a reeme between J v Iapproximate and I I ca 1c u l a t  ed i s  good i n  t h e  / 1 1 2  

v i c i n i t y  o f  po in t  Q. Then t h e  two so lu t ions  d iverge  r a p i d l y .  

"CONT I NUOUS THRUST" SOLUT IONS. 

These so lu t ions  correspond t o  L 2 = 0 .  Whence: 

The corresponding va lues  of  E, a re :  

which permits  t h e  curve t o  be graduated i n  values  of E1' 

. Agreement with t h e  numerical r e s u l t s  of McIntyre and Crocco i s  good i n  t h e  
v i c i n i t y  of po in t  R ,  a f t e r  which t h e  two so lu t ions  d iverge  r ap id ly .  

CONCLUSION: although t h e  s o l u t i o n s  corresponding t o  f ixed  va lues  of 

] A l l  = have not  been t abu la t ed  except f o r  zero ( l A l l  = 1. 2 .5 .  5, 10 f o r  
max 

example), it may reasonably be thought t h a t  i n  a norow band i n  t h e  v i c i n i t y  
of t h e  s ingu la r  s o l u t i o n s  QR, formula (67) can be used as a f irst  approximation. 

Case where AL >> 2 ~ .  

I n  this case w e  have seen t h a t  Iql >> 1 with t h e  r e s u l t  t h a t  it i s  
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p o s s i b l e  t o  use  a development i n  t h e  area of Iq l  = fa. Formula (66) can be  
used with a l i m i t a t i o n  t o  t h e  f i rs t  term and with s u i t a b l e  s tudy  of t h e  s i g n i f ­
icance of 6 . 

I I ,3.3.2.4. Comparison w i t h  t h e  propulsion sys tem ( S 2 ) :  W variable, P - P max 

a) System (Sic) with continuous thrust. 

I n  Figure 8 have been t raced  t h e  v a r i a t i o n s  o f  t h e  reduced d i l a t a t i o n  

as a func t ion  of t h e  t r a n s f e r  angle AL, f o r  “continuous thrust“ soZutions 
( f o r  t h e s e  so lu t ions  15 1 = 1.1). Thus it i s  poss ib l e  t o  apprec ia te  t h e  pena l ty  
due t o  not modulating t h e  e j e c t i o n  v e l o c i t y  W .  However, cont ra ry  t o  t h e  r e s u l t  
obtained i n  t h e  case  of i n f i n i t e s i m a l  r o t a t i o n ,  t h e  pena l ty  i s  0 f o r  AL = 2N7r 
(whole number of r evo lu t ions ) ,  because t h e  optimal s o l u t i o n  obtained f o r  t h e  
propuls ion system (S,): W va r i ab le ,  P = P max ’ which c o n s i s t s  of  applying a 

constant  t h r u s t  t a n g e n t i a l l y ,  coincides  with t h e  so lu t ion  obtained by t h e  pro­
t e

puls ion  system (S1): W = C 9 F 2.Fmax‘ 

The s lopes  a t  t h e  o r i g i n  of t h e  curves a r e  r e spec t ive ly :  /113 

systPm (5,) : K/=1 / 2  \6 [equat ion  (14)] 
A L  

For AL I’) 0,  t h e  pena l ty  is: 

= 13% of 1 5 I , t h e r e f o r e  26% of 1 Am1 . 
b) System ( S ; )  with optimal (constant) e ject ion veZocity W*. 

The t r a n s f e r  being f ixed  (and i n  p a r t i c u l a r  t h e  t r a n s f e r  angle A L ) ,  L2  

f i x e s  t h e  length o f  t h e  t h r u s t  a r c s .  In to  t h e  hypothesis  we s h a l l  p l ace  l q l = I  
(OTS region of Figure 15 ) .  Optimizing t h e  e j e c t i o n  v e l o c i t y  W with constant  

Pmax power i s  t h e  same a s  optimizing L 2 ,  i . e .  seeking t h e  maximum of :  

1 3 2  




2L2where I h l  I i s  given by (45) and where X c  = 1 -- A L  . 
Now, 	 LH-i s  zero f o r :  

dL2 

Thus : 

I n  Figure 1 4  t h i s  condi t ion i s  expressed by t h e  very simple condi t ion:  

which e a s i l y  fu rn i shes  t h e  optimal length o f  t h e  t h r u s t  a r c s .  

When t h e  t r a n s f e r  angle i s  weak (AL 0 ) ,  L 2 i s  a l s o  weak and 

cokg p N cok9 B ,  f .m t q  B z_ ~ _ _  
2. 

where cotg B 2 i s  t h e  value of ] V I  r e l a t i v e  t o  t h e  bi-impulsional s o l u t i o n  o f  

t r a n s f e r  angle AL. 

From t h i s  i s  deduced: 

In  Figure 15 t h e  s lope  a t  t h e  o r i g i n  o f  t h e  curve corresponding t o  t h e  
system ( S " )  i s  the re fo re :1 

/114 
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Thus, combined with (74), 

*L,= d L  
6 


The r e s u l t  i s  t h a t :  

which, i n  Figure 8, fu rn i shes  t h e  s lope  a t  t h e  o r i g i n  o f  t h e  curve r e l a t i v e  t o  
t h e  system ( S i ) .  

The preceding r e s u l t s  can be found again r a p i d l y  by a d i r e c t  reasoning 
based on Figure 9. 

Condition ( I , 3  - SO) i s  expressed by t h e  equa l i ty  of t h e  a reas  (1) and (2) 
1 A L(Figure 16 ) .  Therefore  2L*2 = 3 2  

The penal ty  due t o  not  modulating t h e  e j e c t i o n  v e l o c i t y  i n  t h i s  case i s  
no more than:  

o r  about 12% of mass 
consumption ins tead  
of  26%. 

Fig. 	 16. Optimal L e n g t h  of Maximal Thrust  Arcs. 
(Very Small Transfer  A n g l e )  (System S$) . 
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ll,3.3.2.5. Singular  so lu t ions  of t h e  l i nea r i zed  problem. Degeneracy. 

1We have seen t h a t  t h e  s o l u t i o n s  corresponding t o  pa = -2, pe = O+, t he re ­

f o r e  q = -00, a r e  s ingu la r  ( type I b i s ) .  
-++

As a mat te r  of f a c t ,  s i n c e  t h e  commutation func t ion  0 = ] p  I -1 i s  ident- '
V 

i c a l l y  zero,  i t  is impossible t o  determine t h e  t h r u s t  modulus, which neverthe­
l e s s  remains t a n g e n t i a l ,  with t h e  s o l e  app l i ca t ion  of t h e  Maximum Pr inc ip l e .  

However (27) and (30) are always v a l i d :  

(79) /115 

These equat ions r ece ive  an i n t e r p r e t a t i o n  analogous t o  t h a t  a l ready met 
i n  5 II,1.3.2.2.: 

The s ingu la r  so lu t ions  corresponding t o  a given value o f  X1 = Aa/Fmax a r e  

such t h a t  t h e  t h r u s t  i s  appl ied  t a n g e n t i a l l y  ( Iq l  = m) and modulated (F  = F(L)) 
wbile respec t ing  only t h e  following r u l e :  -

The Ilmass" lAa1/2 i s  d i s t r i b u t e d  on t h e  t r a n s f e r  a r c  M f l f  with t h e  " l inea r  

densi ty"  F = F(L) 5 Fmax in such a way tha t  the  center of the mass is a t  0 .  

There does not  e x i s t  any s i n g u l a r  s o l u t i o n  corresponding t o  t h e  va lue  IX1I 
given f o r  a t r a n s f e r  angle  AL less than  a l i m i t  value:  

AL(A, )= T T + I/ A  I TT 
4 

f o r  which t h e  only so lu t ion  corresponding t o  a t a n g e n t i a l  t h r u s t  i s  t h e  so lu­
t i o n  of t h e  Hohmann type.  
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For AL(X1) < AL < Z T ,  and among t h e  s i n g u l a r  s o l u t i o n s ,  t h e r e  can be 

envisaged (Figure 17):  s o l u t i o n s  of t h e  Hohmann type ,  i n c l i n e d  s o l u t i o n s  of 
t h e  Hohmu’In type,  s o l u t i o n s  which a r e  deduced from them by sec t ion ing ,  and 
f i n a l l y  s o l u t i o n s  where t h e  t h r u s t  i s  modulated on c e r t a i n  a r c s .  

G 

\b e ;  I 

I 

‘U’ 

Fig. 17. Hohmann Type  Solution and Singular Solutions. 

The preceding r e s u l t s  could be extended t o  the  case AL > 2n.  /116 

In order  t o  remove t h e  degeneracy, recourse must be had t o  a higher  order  
c a l c u l a t i o n  which w i l l  be explained i n  Chapter II,4. 

I I , 3 . 4 .  Conclusion. 

The a n a l y t i c a l  study of t h e  t r a n s f e r  problem between i n f i n i t e l y  c lose ,  
co-planar c i r c u l a r  o r b i t s ,  with the  t r a n s f e r  angle  being f i x e d  a t  any value,  
proves t o  be,  a s  expected, much more d e l i c a t e  f o r  t h e  propuls ion  system (S

1
) 

with constant e j e c t i o n  v e l o c i t y  and l imited t h r u s t  than f o r  t h e  propulsion sys­
tem (S 2) with v a r i a b l e  e j e c t i o n  v e l o c i t y  and l imi t ed  j e t  power. 

However, t h e  adoption of the  o r b i t a l  elements a,  a, 6 as s t a t e  coordinates  
g r e a t l y  s i m p l i f i e s  t h e  c a l c u l a t i o n s .  In p a r t i c u l a r  it i s  poss ib l e  t o  construct  
geometrically t h e  optimal t h r u s t  a t  any po in t  of t h e  optimal t r a j e c t o r y  and t o  
c a l c u l a t e  consumption i n  a r igorous manner f o r  t h e  system (S,) and i n  an approx­

imate manner f o r  t h e  system (S1). 
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In  t h e  case of t h e  propulsion system (S2) (va r i ab le  e j e c t i o n  v e l o c i t y ,  

l imited j e t  power), t h e  t h r u s t  i s  modulated i n  a continuous fashion along t h e  
t r a n s f e r  a r c s .  I t  i s  antisymmetrical  i n  r e l a t i o n  t o  the  axis o f  symmetry of 
the  t r a n s f e r  a r c .  

The 2nd of thrust  orientation depends onZy on the transfer oxgZe. For  
weak t r a n s f e r  angles (up t o  about 187"), t h e  t a n g e n t i a l  component of  the  t h r u s t  
changes d i r e c t i o n  twice.  In  t h e  case  of a whole number of revolut ions (or  of 
a g r e a t  number of r evo lu t ions )  t h e  optimal t h r u s t  i s  t a n g e n t i a l  and cons t an t .  

The reduced d i l a t a t i o n  starts from t h e  zero va lue  f o r  t h e  zero t r a n s f e r  
angle and a f t e r  a few o s c i l l a t i o n s  s t a b i l i z e s  a t  a maximal value,  a value 
which furthermore i s  a t t a i n e d  without being exceeded i n  t h e  case of a whole 
number of r evo lu t ions .  This value corresponds t o  t h e  reduced d i l a t a t i o n  which 
would be obtained f o r  any t r a n s f e r  angle i f  t h e  f i n a l  o r b i t  was not obliged t o  
be c i r c u l a r .  

* 

In  t h e  case of t h e  propulsion system (S 1) (constant e j e c t i o n  v e l o c i t y ,  

l imited t h r u s t ) ,  a d i s t i n c t i o n  must be made between t h e  r egu la r  so lu t ions  and_ -
the  s ingu la r  s o l u t i o n s  which can only appear f o r  a t r a n s f e r  angle g r e a t e r  than 
180". 

The r egu la r  s o l u t i o n s  e n t a i l  an a l t e r n a t i o n  of maximal t h r u s t  a rcs  and of 
b a l l i s t i c  a r c s ,  t h e  f i r s t  a r c  and t h e  l a s t  a r c  always being propulsed a r c s .  
The optimal t h r u s t  i s  antisymmetrical i n  r e l a t i o n  t o  t h e  ax is  of symmetry of 
the  t r a n s f e r  a r c .  The law of t h r u s t  o r i e n t a t i o n  depends not only on t h e  t r a n s ­
f e r  angle but a l s o  on t h e  r e l a t i o n s h i p s  between t h e  r e l a t i v e  d i l a t a t i o n  of t h e  
r ad ius  of the  o r b i t  and t h e  maximal t h r u s t  ava i l ab le  r e l a t e d  t o  Newtonian 
a t t r a c t i o n .  

Since t h e  angle of t r a n s f e r  and t h e  d i l a t a t i o n  t o  be achieved a r e  f ixed ,  
t h e r e  e x i s t s  a minimal value of maximal t h r u s t  a v a i l a b l e  below which t r a n s f e r  
i s  impossible.  

This value corresponds t o  t h e  t r a n s f e r  where t h e  t h r u s t  i s  applied cont in­
uously (no b a l l i s t i c  a r c ) .  

When t h e  maximal t h r u s t  a v a i l a b l e  inc reases  beyond t h i s  value,  one or 
seve ra l  b a l l i s t i c  a r c s  appear and gradual ly  expand, which permits t h e  t h r u s t  
t o  be loca l i zed  i n  zones where e f f i c i ency  i s  b e t t e r .  Then s p e c i f i c  d i l a t a t i o n  
inc reases  up t o  a maximal value.  

If t h e  t r a n s f e r  angle i s  l e s s  than 180", t h i s  maximal value i s  lower than 
2 and corresponds t o  a bi-impulsional s o i u t i o n  ( the  propulsed a r c s  a r e  reduced 
t o  two p o i n t s ) .  The maximal t h r u s t  r e l a t e d  t o  l o c a l  a t t r a c t i o n  i s  then very 
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l a r g e  i n  regard t o  t h e  r e l a t i v e  d i l a t a t i o n  t o  be achieved. 

If t h e  t r a n s f e r  angle  is  g r e a t e r  t han  180°, the.maxima1 va lue  i s  equal 
t o  2 and corresponds t o  Hohmann type s o l u t i o n s  (two maximal t h r u s t  arcs 
symmetrical i n  r e l a t i o n  t o  o r i g i n )  f o r  a t r a n s f e r  angle  lower than  360°,  o r  
of  t h e  genera l ized  Hohmann type  f o r  a t r a n s f e r  angle  above 360O. Thrust i s  
then t a n g e n t i a l .  

If t h e  maximal t h r u s t  ava i l ab le  s t i l l  inc reases  beyond t h e  va lue  corre­
sponding t o  t h i s  t ype  of s o l u t i o n  (which t h e r e f o r e  implies  t h a t  t h e  t r a n s f e r  
angle  i s  g r e a t e r  than 18Q0),  t h e  s o l u t i o n  of  t h e  first o rde r  i s  no longer  
unique and degenerates  i n t o  an i n f i n i t y  o f  s i n g u l a r  s o l u t i o n s .  

/117-

The s ingu la r  s .olut ions correspond t o  a t a n g e n t i a l  app l i ca t ion  of t h r u s t ,  
whether modulated or no t .  I t  i s  enough t o  d i s t r i b u t e  t h e  t h r u s t  along t h e  
t r a n s f e r  a r c  i n  such a way t h a t  t h e  des i r ed  d i l a t a t i o n  i s  obtained and t h a t  t h e  
cen te r  of mass of t h e  d i s t r i b u t i o n  i s  a t  t h e  cen te r  of t h e  o r b i t .  These 
s ingu la r  so lu t ions  are p a r t i c u l a r l y  important because,  both f o r  them, f o r  t h e  
Hohmann so lu t ion  and f o r  so lu t ions  of  t h e  Hohmann and Hohmann genera l ized  types 
s p e c i f i c  d i l a t a t i o n  i s  maximal ( a t  l e a s t  i n  t h e  l i n e a r i z e d  s tudy) .  

Between two propuls ion systems of t h e  
ous fash ion ,  consumption is  obviously l e s s  
v e l o c i t y  which can be modulated. 

The penal ty  i n  Consumption due t o  not  
of  t h e  order  of  26% f o r  a continuous t h r u s t  
(constant)  e j ec t ion  v e l o c i t y  system i n  t h e  

same power func t ioning  i n  a cont inu­
f o r  t h e  one with an e j ec t ion  

modulating t h e  e j e c t i o n  v e l o c i t y  i s  
system o r  o f  12% f o r  an optimal 

case of  a weak t r a n s f e r  angle .  

l l , 4 .  P L A N E  OPTIMAL T R A N S F E R S  OF T H E  H O H M A N N  T Y P E  BETWEEN 
NON-INTERSECTING DIRECT, COAXIAL, C L O S E  NEAR-CIRCULAR ORBITS. 

(Propulsion system ( S , )  w i t h  constant  e j ec t ion  ve loc i ty  and 1 i m i t e d  t h r u s t )  

1 1 , 4 . 1 .  INTRODUCTION. 

In  § I I , 3 .3 .2 .5 .  on t h e  l i nea r i zed  s tudy  of optimal t r a n s f e r s  between 
c lose ,  coplanar ,  c i r c u l a r  o r b i t s ,  when t h e  t r a n s f e r  angle  i s  f ixed  and f o r  
propuls ion systems (S1), w e  have shown t h e  ex is tence  of  so lu t ions  which lead 

t o  a propuls ive consumption equal (on t h e  order  under cons idera t ion)  t o  t h a t  
of Hohmann's bi- impulsional  so lu t ion ,  although they  e n t a i l  continuous t h r u s t  
a r c s .  

The higher  order  s tudy of t hese  s o l u t i o n s  has been made by McIntyre and 
Crocco [42, 441 by applying Pontryagin 's  Maximum P r i n c i p l e ,  which leads t o  
r a t h e r  complex ca l cu la t ions .  Here we s h a l l  use  a d i r e c t  a n a l y t i c a l  method and 
t h e  r e s u l t s  obtained w i l l  not  only concern t h e  cases  of p lane  t r a n s f e r s  between 
c lose ,  coplanar,  c i r c u l a r  o r b i t s , b u t  a l s o  genera l ly  t h a t  o f  p lane  t r a n s f e r s  
between non- in te rsec t ing ,  d i r e c t ,  coaxia l ,  c lo se ,  nea r -c i r cu la r  o r b i t s .  
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ll,4.2. REVIEW OF THE RESULTS OF THE L I N E A R I Z E D  STUDY. 

+
The oscu la t ing  o r b i t  (0) i s  def ined  by i t s  "perigee vector"  e,  d i r ec t ed  

toward t h e  pe r igee  P and o f  length  e = order  E ,  with t h e  components: 

on f ixed  axes and (Figure 1) and by t h e  quan t i ty :  /118 

2(b = semi-minor a x i s  = a c ) .  (2)  

F i g .  1 .  Perigee Vector. 

The u t i l i z a t i o n  of B ,  i n s t ead  of semi-major a x i s  a,  i n  t h i s  s tudy i s  
j u s t i f i e d  by t h e  f a c t  t h a t  t h e  v a r i a t i o n  dB of B r equ i r e s  a c h a r a c t e r i s t i c  
v e l o c i t y  dC equal t o  -dB with a r e l a t i v e  e r r o r  of t h e  second order only i n  
r e l a t i o n s h i p  t o :  

M= max  (E, y)= i n f i n i t e l y  small  p r i n c i p a l .  (3) 

+
The app l i ca t ion  of  t h e  t h r u s t  acce le ra t ion  y i n  t h e  d i r e c t i o n  forming t h e  

angle  IJJ = 0 with t h e  l o c a l  ho r i zon ta l  produces t h e s e  v a r i a t i o n s :  
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which a r e  e a s i l y  deduced from t h e  t r a d i t i o n a l  formulae of pe r tu rba t ions  and 
from t h e  d e f i n i t i o n  of t h e  c h a r a c t e r i s t i c  v e l o c i t y  C: 

which takes t h e  p l ace  of "consumptionf' f o r  propuls ion  systems with cons tan t  
e j e c t i o n  v e l o c i t y  W o r  a known funct ion  of  t h e  mass m of  t h e  mobile. 

v is  t h e  t r u e  anomaly, L = 0 + v t h e  s t r a i g h t  a scen t .  

The present  s tudy app l i e s  t o  propuls ion systems with l imi t ed  acce le ra t ion  
(0 2 Y IYma, f i x e d ) .  I t  a l s o  extends without modif icat ion (except where 

otherwise ind ica ted)  t o  propuls ion systems with l imi t ed  t h r u s t  (F -< F max f ixed)  

if t h e  e j e c t i o n  v e l o c i t y  W i s  of  t h e  order  o f  t h e  nominal v e l o c i t y  i n  o r b i t  V,  
which assures  t h a t  t h e  r e l a t i v e  mass v a r i a t i o n  i s  of t h e  o rde r  E .  Then it  i s  
enough, supposing t h a t  t h e  u n i t y  of mass i s  equal t o  t h e  i n i t i a l  mass mo of 

t h e  mobile, t o  r ep lace  ymax 

1119 

by Fmax i n  t h e  ca l cu la t ions .  

Taking B i n s t ead  of C as an independent v a r i a b l e  i n  equat ions (4), (5) and 
( 6 ) ,  we ge t :  

doc = ZCOSL + o r d e r M  - dB 



L e t  us then  d e f i n e  t h e  l a w  of v a r i a t i o n  i n  optimal t h r u s t  magnitude i n  t h e  
following manner: 

1. w e  d i s t r i b u t e  on arc AL = A t  (1  + order  �)(At  f ixed  = dura t ion  of  t r a n s f e r )  
of t h e  c i rc le  (0) of a u n i t  r ad ius ,  t h e  f i c t i t i o u s ,  t o t a l ,  f i xed  "mass" 
-AB > 0, with t h e  d i s t r i b u t i o n  func t ion  -[B(L) - Bo] so  t h a t  t h e  cen te r  of 

g r a v i t y  of  t h i s  d i s t r i b u t i o n  i s  s i t u a t e d  a t  tlie f ixed  po in t  G , 

-dB
and t h a t  t h e  l i n e a r  dens i ty  dL = Y i s  5 Y",. 

G i s  necessa r i ly  i n s i d e  t h e  c i rc le  (0) , and the re fo re  5 2lABI. There­
f o r e  t h e  i n i t i a l  o r b i t  and t h e  f i n a l  o r b i t  a r e  not  i n t e r s e c t i n g .  

2 .  t h e  l a w  of v a r i a t i o n  of  t h r u s t  magnitude i s  chosen i n  such a way t h a t  t h e  
c h a r a c t e r i s t i c  v e l o c i t y  of consumption from the  depar ture  t o  pos i t i on  L i s  
exac t ly  equal t o  t h e  d i s t r i b u t i o n  func t ion  def ined above ( a t  approximately t h e  

o rde r  M 3) ,  t h a t  i s  t o  say:  

C(L)= - [B(f)- Bo] +orderM3.  

This t h r u s t  law v e r i f i e s  equat ions ( l l ) ,  (12) and (13) ,  t h a t  i s  t o  say 

it achieves t r a n s f e r  a t  approximately the order  M2 and it i s  poss ib l e  t o  ad jus t  
t h e  t r a n s f e r  angle  AL so t h a t  t h e  dura t ion  i s  equal t o  A t .  

Consumption r e l a t i v e  t o  any two of t h e s e  so lu t ions  obtained by choosing 
d i s t r i b u t i o n s  of d i f f e r e n t  masses ,but achieving t h e  same t r a n s f e r  a t  approxi­

mately t h e  order  M2,differs  only by t h e  order  o f  M3 a s  equat ion (13) shows. I f  
only t h e  terms of t h e  first order  i n  M are r e t a ined ,  t h e  so lu t ions  a r e  equiva­
l e n t .  The g rea t  freedom which then  e x i s t s  i n  general  i n  t h e  choice of  t h e  
d i s t r i b u t i o n  B(L) is  expressed by a degeneracy of  t h e  s o l u t i o n  of  t h e  order  M .  / I20 

If w e  i n s e r t  i n t o  t h e  terms of order  M2 of  equat ion (10) t h e  values  of  
e and v r e l a t i n g  t o  t h e  s o l u t i o n  o f  order  M,  w e  commit a r e l a t i v e  e r r o r  o f  t h e  

o rde r  o f  M, t h e r e f o r e  an abso lu te  e r r o r  of o rde r  M3, which i s  neg l ig ib l e .  

Now, t h e  va lues  of e and v of t h e  so lu t ion  of order  M do not  depend on t h e  

angle  $. Therefore , the  term i n  e 2 (1 + cos 2u )  of equation (10) i s  independent 
of  J, and w e  see t h a t  t h e  va lue  of  $, which minimizes t h e  consumption AC f o r  a 
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l l l l l l  I 

f ixed  v a r i a t i o n  A B ,  is:  

p =  sin u +order  ~ 3 / ~ .
2 

A primary consequence i s  t h a t  IJ = order  E ,  t h e r e f o r e  M = E and t h e  pre­
ceding study of t h e  o rde r  M coincides with t h e  l i n e a r i z e d  s tudy of t h e  problem. 
(S II,3.3.2.5.). 


We now propose he re ,  through a study of orders  higher  than t h e  f i r s t ,  t o  
remove t h e  indetermination by s e l e c t i n g  t h e  optimal s o l u t i o n s  from among t h e  
degenerated s o l u t i o n s  of t h e  l i n e a r i z e d  problem. 

I I , 4 . 3 .  HIGHER ORDER STUDY. 

Equation (15) shows t h a t  t h e  optimal t h r u s t  must be appl ied forward, 
p r a c t i c a l l y  following t h e  i n t e r i o r  b i s e c t r i x  of t h e  angle Tm between t h e  l o c a l  

ho r i zon ta l  8 and t h e  tangent t o  t h e  t r a j e c t o r y  ;5v" (Figure 1 ) .  

Having made t h i s  choice, i n t e g r a t i o n  of (10) fu rn i shes :  

The i n t e g r a l  occurring i n  t h e  second member i s  wr i t t en :  

-+
where t i s  t h e  u n i t a r y  vec to r  of t h e  tangent t o  t h e  locus ( L )  of t h e  extremity 

-+
E of t h e  pe r igee  vec to r  e and s i s  the  c u r v i l i n e a r  absc i s sa  on t h i s  locus 

* t t
(Figure 2 ) .  The s t r a i g h t  ascent  L is  nothing but t h e  angle L = (Ox, E t ) ,  and 

* - t f
t h e  t r u e  anomaly t h e  angle v = (OE, E t ) .  The t r a n s f e r  angle A L  i s  t h e  angle 

-tt 
swept by t h e  tangent E t .  Let us note  t h a t  it i s  enough f o r  each of t h e s e  

elements t o  be defined with a r e l a t i v e  p rec i s ion  of t h e  order  E .  / 1 2 1  


The problem comes down t o  determining t h e  curve ( L )  of f ixed length: 

which renders t h e  i n t e g r a l  I maximal. 
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Without r e s t r i c t i n g  t h e  
gene ra l i t y  of t h e  s tudy,  w e  can 
suppose t h a t  t h e  acce le ra t ion  i s  
equal t o  t h e  maximal acce lera­
t i o n  ymax o r  i s  zero,  any poss i ­

b l e  in te rmedia te  acce le ra t ion  
phase (0 < y < yma) being 

t h e o r e t i c a l l y  ab le  t o  be consid­
ered a s  a rap id  succession of 
maximal t h r u s t  a r c s  and b a l l i s ­
t i c  a r c s .  

The i n t e g r a t i o n  of ( 3 )  and 
(4) on a maximal acce le ra t ion  
a r c  fu rn i shes  : 

Fig. 2 .  Locus of t h e  Extremity o f  t h e  
Perigee Vector. 

.(
o < = c x c ;  ~ 2 2 ~ , , f J / i / L - ~ ; ~ f ; ) i c r d e rc 2  


(19) 

= pi - 2 lmax(COS f - C O S  L ; )  f orde r  6' 

Therefore t h e  poin t  E desc r ibes ,  a t  approximately order  E 
2 , an a r c  o f  

c i r c l e  (s
k 
) with a rad ius  p = 2y (Figure 3) .  Therefore t h e  problem c o n s i s t s  

max n 
i n  ad jus t ing  these  "festoonsf1 so t h a t  
t h e  i n t e g r a l  I i s  minimal. 

t h e i r  t o t a l  l ength  k& = S i s  f ixed  and 

I I  , 4 . 3 . 1 .  Impulsional Solutions.  

I f  t h e  maximal acce le ra t ion  

Ymax a v a i l a b l e  i s  i n f i n i t e ,  t h e  

fes toons  a r e  reduced t o  segments 
( rad ius  p = a). The s t r a i g h t  
ascent  L i s  constant  when t h e  
t h r u s t  i s  appl ied .  Therefore 
t h e r e  i s  a succession of i m ­
pu lses  (Figure 4 ) .  The general  
impulsional case ( any po in t s  
E 0 and Ef .) has been s tudied  by 

Marchal [15]. Here w e  s h a l l  
l i m i t  ourselves  t o  t h e  case  o f  
t r a n s f e r s  between d i r e c t  coaxia l  
o r b i t s .  The po in t s  0, Eo and Ef 

a r e  then  a l igned  and 0 i s  ou t s ide  

F i g .  3 .  Succession o f  Maximal Accelerat ion the  segment EoEf(Figure 5) .  

Arcs and B a l l i s t i c  Arcs. 
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We s t i l l  have: /122 

j= Ije 2 (I J ,+ cos 2 v)ds 4 e d5 = (20) 
(%) 

Let us  suppose t h a t  we have 
found t h e  r o u t e  (LH) of length 

S which maximizes f 1  and t h a t  

g?&----* X 
under t h e s e  condi t ions 

0 cos v E 1. (LH) then maximizes 

F ig .  4. lmpu ls iona l  Case. 

F ig .  5. D i r e c t  Coaxial  O r b i t s .  ? I  i s  t h e r e f o r e  maximal 
when t h e  funct ion e ( s )  is r ep re ­
sented by t h e  l i n e  ABC (Figure 7) 
i . e .  when (LH) i s  formed of two 

segments EoM and MEf borne by 

t h e  s t r a i g h t  l i n e  OEOEf,  with M 

being t h e  po in t  of (LH) f u r t h e r ­

e s t  removed from t h e  o r i g i n  0 
(Figure 8 ) .

Fig.o.fion-intersectlng,~irect Coaxial  u r b i t s .  
Thus ye gc t  cos v E 1, 

t h e r e f o r e , I  = I '  i s  maximal. 

The optimal s o l u t i o n  con- /I23 
sists of applying an impulse t o  
the  per igee (v = 0) of t h e  
i n i t i a l  o r b i t  and an impulse t o  
t h e  apogee (v = n) of t h e  f i n a l  
o r b i t .  

(Hohmann t r a n s f e r )  (Figure 9 ) .  

If t h e r e  a r e  seve ra l  revo­
l u t i o n s  a v a i l a b l e ,  it i s  poss i ­
b l e  t o  break t h e  segments EoM 

and MEf i n t o  sub-segments: 

F i g .  7. 
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EOE1, E1E2’ E2M, ME3’ E3Ef’ for  
@ - example (Figure l o ) ,  i . e .  t o  
0 Eo f r a c t i o n  t h e  preceding impulses 

Fig.  8. Bi-impulsional Transfer .  	 (Figure 11);  then w e  can 
descr ibe  a whole number nk of  

times each in te rmedia te  o r b i t  
i s  represented by t h e  poin t  Ek.  

[The tangent t o  (LH) and Ek 

sweeps an angle  of  nk 360°]. 

I n  any case t h e  impulses 
a r e  f i rs t  appl ied t o  t h e  per igee ,  
then  t o  t h e  apogee. There i s  
no a l t e r n a t i o n  [(LH) has  only 

one poin t  of r e t rog res s ion :  i n  
M I .  These t r a d i t i o n a l  r e s u l t s  
p a r t i c u l a r l y  t ake  p a r t  i n  [ l l ] .  

I I ,4.3.2.Limited Accelerat ion /124 
Sol u t i  ons . 

i Since t h e  maximal acce lera-

F i g .  9 .  Bi-impulsional Transfer .  	 t i o n  ymax i s  no longer i n f i n i t e ,  

it is  impossible t o  have cos v 5 
E 1 along t h e  r o u t e  ( L )  composed of fes toons .  Equation (16) and t h e  inequa l i ty  
(20)  then shows t h a t  f o r  t h e  same t r a n s f e r  consumption AC,relat ivo t o  a l imi ted  
acce le ra t ion  so lu t ion ,  even opt imal ,  i s  g r e a t e r  than  t h e  consumption ACH r e l a ­

t i v e  t o  Hohmann’s so lu t ion .  

F i g .  10. Multi-impulsional Transfer .  

11,4.3.2.1.  	 P a r t i c u l a r  Case of  Two Maximal Acceleration Arcs f o r  a Transfer  
Between Close Ci rcu la r  Orbi t s .  

The i n t e g r a l  i n  t h i s  case becomes: 
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where 7) is  t h e  angle at  t h e  cen te r  of t h e  festoons S = A a  
(Figure 12) .  

The r e l a t i v e  sepa ra t ion  of t h e  c h a r a c t e r i s t i c  f requencies  between t h e  
s o l u t i o n  with two t h r u s t  a rcs  and Hohmann's bi-impulsional s o l u t i o n  i s  , 
t h e r e f o r e ,  f o r  the  same t r a n s f e r :  

AC-ACH = ___ - Xmax '(20 p- 761r/i7 p- zsin ~ p )(if+ordels E 1 
4A CH 3 A a 2 [ ; 2  f L a )  1 

a formula already found by McIntyre [42] which i s  a l s o  w r i t t e n :  

and i f  + is  small:  
(24) 

(25) 

I 
F i g .  1 1 .  Multi-impulsional Transfer .  F i g .  12.Two Maximal Acceleration Arcs. 

The supplement of c h a r a c t e r i s t i c  v e l o c i t y  r e f e r r i n g  t o  Hohmann's so lu t ion  

i s  t h e r e f o r e  of the  order  E I)
3 2  , and t h i s  i s  t r u e  no matter  what J ,  i s ,  i . e .  

t h e  importance of the  two t h r u s t  a rcs  (Figure 13). 
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I I , 4 .3 .2 .2 .  Any Number o f  Arcs. /125 

The condi t ion cos v z 1 being 
c h a r a c t e r i s t i c  of Hohmann's s o l u t i o n  
achieving t h e  optimum, it is  neces­
s a r y  t o  expect t h a t  t h e  optimal 
s o l u t i o n  with l imited acce le ra t ion  
w i l l  be  such . that  cos v = 1, a t  
l e a s t  if t h e  maximal acce le ra t ion  
i s  l a r g e  enough f o r  t h e  impaired 
t r a n s f e r  du ra t ion ,  which w e  s h a l l  
presume. 

This i s  equivalent t o  an 
extension o f  t h e  t h r u s t  a r c s  around 
t h e  impulsional po in t s  corresponding 
t o  maximal "efficiency".  This i s  
r e a l l y  the  case f o r  t r a n s f e r  between 
c l o s e  c i r c l e s  using two propulsed 

F i g .  1 3 .  TWO Maximal Accelerat  o n  Arcs. a r c s  analyzed i n  t h e  prec$ding 
paragraph. The i n t e g r a l  I ,  is  

w r i t t e n  again,  f o r  s i n  v = 0: 

f 2 )  

o r  by i n t e g r a t i o n :  

where eM i s  t h e  maximal e c c e n t r i c i t y  found during t r a n s f e r .  

Let us suppose t h a t  t h e  pe r igee  festoons ( t h a t  i s  t o  say corresponding t o  
n 

t h e  l i n e  EOM) have f ixed  lengths  Sk (Figure 14) .  The lengths  C k  of t h e  

corresponding cords are f i x e d .  i s  maximal f o r  maximal eM, i . e .  when t h e  

cords are al igned on t h e  s t r a i g h t  l i n e  OE E without t h e  pe r igee  l i n e  (L )
O f P 

showing any r e t rog res s ion .  

Now l e t  us suppose t h a t  under t h i s  alignment hypothesis only t h e  t o t a l  
1ength : 
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of t h e  per igee  fes toons  i s  f ixed .  Then: 

nP 
~ & - e ~ =.Z 

k : I  

"P 

i s  maximum when 1 qk3 i s  minimum, t h a t  i s  t o  say  f o r  equal per igee  fes toons  
k = l  

(qk = qP; k = 1 . 2  ..., 
"P) 

F i g .  14.  Succession o f  Maximal Accelerat ion Arcs and B a l l i s t i c  Arcs. 

Analogous reasoning would demonstrate t h e  e q u a l i t y  of t h e  apogee fes toons  
= $A; k = nP 

+ 1, ..., n) when t h e  t o t a l  length SA of t h e  apogee fes toons(I$, 

is  f ixed .  

If a t  t h e  present  t i m e  only t h e  t o t a l  l ength  S = S 
P 

f SA of t h e  pa th  ( L )  
is  f ixed ,  t h e  per igee  fes toons  and t h e  apogee fes toons  must s t i l l  be respec­
t i v e l y  equal t o  each o the r  (Figures 15and 16) .  I n  fact ,  i f  t h e  per igee  fes­
toons,  as an example, were not  equal t o  each o t h e r ,  it would be  poss ib l e  t o  
ob ta in  t h e  same va lue  of  eMwith a per igee  length S '

P 
c: S

P' 
t he re fo re  with a 

t o t a l  l ength  S '  = S '  + S < S = S + SA and t h e  s o l u t i o n  would not be opt imal .
P A P 

A more p r e c i s e  ca l cu la t ion  [ taking i n t o  cons idera t ion  t h e  term e3 s i n 4  z,M 
neglected i n  (27)l  shows t h a t  t h e  alignment of t h e  cords i s  only approximately /126 

r e a l i z e d  ( the  cords of t h e  fes toons  form angles  of t h e  order  of with t h e  
s t r a i g h t  l i n e  OEoEf) and t h a t  t h e  r e l a t i v e  d i f f e rences  between t h e  length of 

2t h e  per igee  or apogee festoons are of  t h e  o rde r  of $ . The e x t r a  p rec i s ion  i s  

use l e s s  i n  t h i s  s tudy if q6 5 order  E .  

0 

F i g .  15. Optimal Solu t ion .  

The numbers np, nA and t h e  r e spec t ive  magnitudes of t h e  pe r igee  and 

apogee fes toons  s t i l l  have t o  be determined, i . e .  t o  make: 
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maximal, with t h e  cons t r a in t s :  

n = number of t h r u s t  a r c s ,  E = i n t e g r a l  p a r t .  


N = number of  revolu t ions  authorized by t h e  t r a n s f e r  per iod.  


(As long as N << s,8 which is  p r a c t i c a l l y  always t h e  case,  t h i s  i s  equivalent  

t o  f i x i n g  t h e  dura t ion  A t  of  t h e  t r a n s f e r  o r  t h e  number of revolu t ions  N ) .  

P’ A 
= i n t ege r s .  (34) 

In  a first approximation w e  /127 
v Js h a l l  rep lace  s i n  - Jbyv 7 i n  ( 3 3 ) :
2 

we then der ive  : 

I 

If t h e  condi t ion (34) i s  not 
considered, J is  minimum f o r  n = n*

Fig. 16. Optimal Solution. P P’ 
nA = n;, no t  necessa r i ly  in t ege r s ,  

and $A, = = $* (Figure 17) .  I n  cons idera t ion  o f  (34) ,  it is  necessary t o  

choose between t h e  va lues  n
P 

= E(n*) and n
P 

= E(n* +I) with nA = n - n 
P’ 

which 
P P 
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makes J minimal. In  general  t h e r e  i s  no ambiguity. Let u s  note  t h a t  if 
A nAe = 0, F = G = -, curves JP and JA are symmetrical, and t h e r e f o r e :  n* = n* = -2‘2 p A 

If n = 2 r  i s  an even number, t h e r e  i s  only one optimal s o l u t i o n  o f f e r i n g  r 
t h r u s t  a rcs  a t  per igee and r t h r u s t  arcs a t  pe r igee .  

If n = 2r  + 1 i s  an odd 
number, ambiguity e x i s t s ,  
because J assumes t h e  same 
value f o r  t h e  s o l u t i o n  where 
t h e  supplementary t h r u s t  a r c  
t akes  p l ace  a t  per igee and 
t h e  s o l u t i o n  where it t akes  
p l ace  a t  apogee. 

‘ J The ambiguity can only 
be removed by a c a l c u l a t i o n  
of higher  o rde r s .* 

”P Then we ge t  n = r + 1 
and nA = r .  P 

&-+ e --*- - A
5 4 3 5-2 “d: l p l  0 I I , 4 . 3 . 2 . 3 .  Thrust Arc Periods 

of Duration. 
F i g .  17. 

F i r s t  of  a l l  we s h a l l  
suppose t h a t  t h e  propulsion system has l imi t ed  acce le ra t ion  (0 < y < ymax ) .  

bC 
Let 6 t  = , t h e  t h r u s t  a r c  period a t  pe r igee  number k .  

pk ymax 

6C
Pk 

i s  t h e  corresponding consumed c h a r a c t e r i s t i c  v e l o c i t y :  

now : 

where P i s  t h e  d i s t ance  from t h e  cen te r  o f  a t t r a c t i o n  t o  pe r igee .  /128 

Therefore,  f o r  a t h r u s t  a r c  t o  t h e  per igee:  

In order  t o  s implify t h e  c a l c u l a t i o n s ,  w e  s h a l l  presume t h a t  t h e  t h r u s t  
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arcs are s h o r t .  The pe r tu rba t ion  formula of t h e  d i s t a n c e  from per igee  then  
shows t h a t  : 

6p - order  +2 (I) angle  a t  t h e  fes toon  cen te r )  (411= 
6C 

t h a t  i s  t o  say  t h a t  t h e  pe r igee  s h i f t s  very  l i t t l e ,  thenefore:  

and 

A l l  v a r i a t i o n s  b e
Pk 

a r e  equal t o  6e
P 

= 
eM 

n 
- , t h e  length of t h e  per igee  

D 
fes toon  cords.  e

Pk 
i s  t h e  mean va lue  o f  e f o r  per igee  a r c  number k .  

There would be  a s i m i l a r  demonstration f o r  t h e  apogee a rc s :  

Therefore  t h e  t h r u s t  arcs per iods  decrease i n  arithmetical progression,  

i n  t h e  r a t i o  - p 
o 

- v z  - 7/2 

y * a x  

f o r  t h e  apogee a rc s .  

I t  i s  easy t o  v e r i f y  t h a t  t h e  r a t i o :  
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tsum of t h e  apogee a r c s  per iods - k=np + 7  4 4 ,  
-r =  sum of t h e  pe r igee  a r c  per iods "P 

i n  t h e  case of t p a n s f e r  between c i r c u l a r  o r b i t s  (e0 = ef = 0) i s  equa t o  : / 29 

f =  I-- A 3  
4 (47) 

AvAi . e .  t h e  r a t i o  - of  Hohmann impulses. 
AvP 

If it i s  a propuls ion  system with l imited t h r u s t  (F Fm,) and no longer 

with l imited a c c e l e r a t i o n ,  t h e  progressive r e l a x a t i o n  of t h e  mobile permits 
a supplementary shortening of t h e  t h r u s t  a r c  per iod.  The period of a r c  number 
k i s  no longer 6 tk but 6 t i  = 6tk + 6 ( 6 t k )  with: 

e,+ + Q, - 2e, 
2w 

L 
where W i s  t h e  e j e c t i o n  v e l o c i t y  and ek i s  t h e  mean value of e f o r  t h e  
festoon k . 

and 

L e t  u s  note  t h a t  (49) and (50) a r e  r e spec t ive ly  reduced t o  (44) and (45) 
when W is  i n f i n i t e .  
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11,4.3.2.4. Angles a t  t h e  Center of t h e  Th rus t  Arcs. 

The angle  6L
Pk' 

swept by t h e  vec to r  r ad ius  during t h e  propulsed phase 

number k a t  per igee ,  i s  connected t o  t h e  per iod 6 t
Pk 

of  t h i s  phase by: 

(h = k i n e t i c  moment), 
from which, by using equat ion (49):  

Likewise, f o r  t h e  t h r u s t  a r c s  a t  apogee: 

The angles  6Lk t h e r e f o r e  decrease with a r i t hme t i ca l  p rogress ion  i n  t h e  
r a t i o :  

f o r  t h e  per igee  a r c s  and 
dT,ax  

2 

f o r  t h e  apogee a r c s .  

In  t h e  case  of  a propuls ion system with l imited acce le ra t ion ,  it is  
s u f f i c i e n t  t o  make W = m i n  t h e  preceding formulae. The angles  a t  t h e  cen te r  
of t h e  t h r u s t  a r c s  a t  pe r igee  and a t  apogee a r e  r e spec t ive ly  equal. among each 

2 3o t h e r ,  a t  approximately t h e  order  max ( E  $, n $ ) . 
For  example, f o r  a t r a n s f e r  with a l a rge  even number of  t h r u s t  a r c s  

n = 2 r ,  between c i r c u l a r  o r b i t s ,  i f  6 t l  i s  t h e  dura t ion  of t h e  f i rs t  propulsed 

arc and 6 L1 i s  t h e  corresponding angle  t o  t h e  cen te r ,  t h e  dura t ion  of t h e  l a s t  
Aape r igee  arc i s  6 tr = 6 t l  ( 1  - r)and t h e  corresponding angle  6Lr = 6 L l .  The 

per iod o f  t h e  f i rs t  apogee a r c  is  �It r + l  = 6 t  r and t h e  corresponding angle  

6Lr+ 1 = 6L1 (1  - 2Aa).  F i n a l l y  t h e  dura t ion  of t h e  l a s t  apogee arc is: 

6 t n  = 6 t  1 (1 - -)Aa and t h e  corresponding angle  i s  6 L  n =6Lr + 1.2 
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11 ,4 .3 .3 .  Loss i n  Ratio t o  t h e  Hohmann Solution i n  t h e  C i rcu la r  Case. 

Formula (24) enumerates t h e  loss  due t o  t h e  extension of t h e  t h r u s t  on 
two maximal acce le ra t ion  a r c s  f o r  a t r a n s f e r  between c l o s e  c i r c l e s ,  i n  a r a t i o  
t o  t h e  bi-impulsional s o l u t i o n  of Hohmann. 

We propose t o  e s t a b l i s h  a more general  formula, although l e s s  p r e c i s e ,  i n  
t h e  case of any number of a r c s .  

The c h a r a c t e r i s t i c  v e l o c i t y  of an optimal so, lut ion between c i r c l e s  i s  
given by: 

3
A[=- A B - %+order  max (&4, t 3  p 4)

3 (54) 

where 

with 

whence 

Now, (55) shows t h a t  

np qp= nA ~ l ,( I  + order  p2) 

t he re fo re  

whence 

f o r  n = 2 ,  we again f i n d  (25). 
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11,4.4.  NEAR-OPTIMAL SOLUTIONS. 

Let us  t a k e  up equat ion (10) again:  

For a Hohmann s o l u t i o n  between c i r c u l a r  o r b i t s ,  (with a poss ib l e  fragmen­
t a t i o n  of impulses) $ E 0 and s i n  v :0, t h e r e f o r e  

and by in t eg ra t ion :  

Now suppose t h a t  t h e  o r i e n t a t i o n  of t h e  t h r u s t  is  only r e s t r i c t e d  t o  

where $B is  t h e  angle  of t h e  t h r u s t  with t h e  bisectrix of  t h e  loca l  ho r i zon ta l  

and t h e  tangent .  

Then t h e  most unfavorable  so lu t ion  ( i . e .  leading t o  maximal consumption 
AC, A B  being given) corresponds t o  e :0 ( s p i r a l )  and: 

(641 

or, by in t eg ra t ion  : 

L!L = I + orde r  M’ 
-AB 

(65) 

Therefore,  f o r  every s o l u t i o n  where t h e  t h r u s t  o r i e n t a t i o n  sat isf ies  (63),  
consumption AC d i f f e r s  l i t t l e  from t h e  Hohmann consumption. 
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This  i s  p a r t i c u l a r l y  t rue i f  t h e  angle  11)~lof t h e  t h r u s t  with t h e  

b i s e c t r i x  def ined above is  less than mi" e J Z - qe =q
2 

(maximum angle  between t h e  tangent  and t h e  ho r i zon ta l  obtained a t  t h e  peak of 
t h e  minor a x i s ) .  

I I ,4 .5 .  CONCLUSION. 

Plane t r a n s f e r s  of l imi ted  but  s u f f i c i e n t  dura t ion  between non-intersect­
ing ,  d i r e c t ,  coaxia l ,  nea r -c i r cu la r ,  c lo se  o r b i t s  are achieved i n  an economic 
way by using Hohmann's bi- impulsional  s o l u t i o n ,  i f  t h e  propuls ive  t h r u s t  i s  
not  l imi ted .  

In  t h e  opposi te  case, they cons i s t  of a succession of maximal t h r u s t  arcs 
with a slowly decreasing per iod ,  f i rs t  a t  pe r igee  and then  a t  apogee. The 
optimal t h r u s t  i s  p r a c t i c a l l y  appl ied  according t o  t h e  b i s e c t r i x  of t h e  angle  
formed by t h e  l o c a l  ho r i zon ta l  and t h e  tangent  t o  t h e  t r a j e c t o r y .  

The angles  a t  t h e  cen te r  of t h e  per igee  and apogee arcs a r e  r e spec t ive ly  
equal among each o the r  i f  t h e  e j ec t ion  v e l o c i t y  i s  l a rge  compared with t h e  
o r b i t i n g  ve loc i ty ,  and otherwise they slowly decrease.  

The d i f f e rence  between t h e  c h a r a c t e r i s t i c  v e l o c i t y  of such a so lu t ion  and 
t h e  c h a r a c t e r i s t i c  v e l o c i t y  o f  Hohmann's so lu t ion  f o r  t h e  same t r a n s f e r  is  of 
t h e  t h i r d  order  i n  r e spec t  t o  t h e  s i z e  of t h e  t r a n s f e r ,  even f o r  r e l a t i v e l y  
long t h r u s t  a r c s .  This expZains the degeneracy determined i n  the linearized 
study of such so Zutions . 

11,5.  OPTIMAL IMPULSE TRANSFERS BETWEEN CLOSE NEAR-CIRCULAR ORBITS,  
COPLANAR O R  NON-COPLANAR. 

11,5.1. INTRODUCTION. 

The a n a l y t i c a l  s tudy o f  optimal t r a n s f e r s  between nea r -c i r cu la r  ( e  = 0 ) ,  
Keplerian,  near  o r b i t s ,  coplanar o r  no t ,  i s  p a r t i c u l a r l y  important because t h e  
o r b i t s  found i n  p r a c t i c e  o f t e n  have a weak e c c e n t r i c i t y  and t h e  problem of  
s l i g h t l y  modifying them is  f r equen t ly  met. 

YSuch a t r a n s f e r  can be  def ined (Figure 1) by t h e  vec to r  A ] ,  r o t a t i o n  of  
-tt

t h e  plane of t h e  o r b i t ,  t h e  v a r i a t i o n  Beplan o f  t h e  p ro jec t ion  of  t h e  per igee  
-+ 

vec to r  e onto t h e  p lane  of  t h e  nominal o r b i t  (0) and f i n a l l y  t h e  r e l a t i v e  
"d i l a t a t ion"  Aa/a of t h e  semi-major a x i s .  

If t h e  e c c e n t r i c i t y  e of t h e  nominal o r b i t  i s  o f  t h e  order  < E (= t h e  
s i z e  o f  t h e  t r a n s f e r ) ,  i . e .  f o r  a t r a n s f e r  between near-circles przper ,  we have 
seen t h a t  i t  i s  t h e  same as supposing it t o  be  zero i n  t h e  l i nea r i zed  s tudy.  

The angle  6 between t h e  major a x i s  of t h e  nominal o r b i t  (0) and t h e  
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-w
node l i n e  (support  f o r  b j )  does not  then occur i n  t h e  ca l cu la t ions  and t h e  
t r a n s f e r  can be  def ined  by four scalar parameters i n s t ead  of f i v e .  These four  
parameters a re :  

-tf Yr o t a t i o n  A j ,  t h e  component A e
// 

of Ae p a r a l l e l  t o  A ] ,  t h e  component Ae 
IY

of E perpendicular  t o  A] and f i n a l l y  " r e l a t i v e  d i l a t a t i o n "  Aa/a of  t h e  
semi-maj o r  ax i s .  

On t h e  o t h e r  hand, i f  
t h e  e c c e n t r i c i t y  of t h e  
nominal o r b i t  i s  o f  t h e  
o rde r  2 E ,  even though 
small compared with un i ty ,  
i . e .  i n  t h e  case  of t r a n s ­
f e r  between eZZipticaZ
orbi t s  with weak eccentri­
c i t y ,  angle 6 occurs i n  
t h e  ca l cu la t ions .  Then t h e  
t r a n s f e r  i s  def ined by 
f i v e  parameters.  

These two cases w i l l  
be  envisaged i n  succession.  

(Except i n  degenerated 
cases)  w e  s h a l l  only be 
concerned with t h e  impul­
sionaZ so lu t ions  with 
r e f e r  t o  propuls ion systems 
of t h e  type ( S I ) .  These 

so lu t ions  appear when 
F i g .  1 .  N o t a t i o n s .  

A =  < r  
A L  fmax 

where AL i s  t h e  t r a n s f e r  angle  and F is t h e  maximal t h r u s t .  I f  t h e  propul­max 
s i v e  i s  capable of  fu rn i sh ing  f i n i t e  impulses (Fm ax >> l o c a l  a t t r a c t i o n ) ,  we 

s h a l l  a l s o  suppose t h a t  t h e  t r a n s f e r  angle AL i s  l a rge  enough t o  make it  pos­
s i b l e  t o  use t h e  s o l u t i o n  obtained i n  t h e  ca l cu la t ions  by making t h e  hypothesis  

of t h e  i n d i f f e r e n t  t r a n s f e r  angle .  S ta ted  otherwise t h e  t r a n s f e r  a r c  vf 
should conta in  t h e  p o i n t s  where t h e  impulses obtained i n  t h i s  hypothesis  (one 
revolu t ion  i s  enough i n  every case) are appl ied .  

I I ,5.2. TRANSFERS BETWEEN NEAR-CIRCULAR O R B I T S  (e  -< order  E << 1). 

This  problem has been s tudied  p a r a l l e l l y  by Gobetz, Washington and 
Edelbaum [48 - 491. 
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ll,5.2.1. Optimal T h r u s t .  

I 1 5 2 . 1  . l .  Symmetries. 

Since l i n e a r i z a t i o n  i s  made around a c i r c u l a r  nominal o r b i t  ( O ) ,  t h e  
-tf

choice of t h e  a x i s  o f  re fe rence  Ox i s  a r b r i t r a r y .  Since t h i s  choice was made 
b e s t  i n  t h e  s tudy  under cons idera t ion  (Figure l ) ,  t h e  t r a n s f e r  i s  def ined by 
t h e  v a r i a t i o n s  - A q  and A S ,  cha rac t e r i z ing  t h e  r o t a t i o n  Aj, Act and Af3  charac te r ­

ft
i z i n g  t h e  v a r i a t i o n  Ae and f i n a l l y  Aa. 

A t h r u s t  a c c e l e r a t i o n  i n  t h e  d i r e c t i o n  6(X,Y,Z) a t  po in t  M of d i r e c t  
ascent  L during t h e  time d t ,  produces t h e  v a r i a t i o n :  

a‘?= sinL Z J’dt 

d9 = - COS L Z J’ dt  

da= 2 Y Jd t  

doc- (Xsin 1 + 2 Y  cos 1) I d t  
db= ( -X cos L + 2 Y sin L )  l d t  

-tf
In  t h i s  s tudy  of symmetries, l e t  us  t a k e  t h e  a x i s  o f  re ference  Ox accord­

ing  t o  t h e  node l i n e ,  support  f o r  t h e  vec to r  c. da and dB then represent  
r e spec t ive ly  de

/ /  
and de

1. 
Ins tead  of  applying t h e  t h r u s t  acce le ra t ion  (y ;  X ,  Y ,  Z )  a t  po in t  of  

d i r e c t  ascent  L dur ing  t h e  t i m e  d t ,  i f  it is  appl ied  a t  t h e  d i ame t r i ca l ly  

oppos i te  po in t ,  d i r e c t  ascent  L + T ,  da i s  unchanged, while and change /134 
Yd i r e c t i o n ;  t he re fo re  t h e  t o t a l  r e s u l t  i s  t h a t  Aa i s  unchanged, while A] changes 

-?+
d i r e c t i o n ,  but  A e

// 
and Ae

L
are unchanged because Ae a l s o  changes d i r e c t i o n .  

Likewise, if ins t ead  of applying t h r u s t  acce le ra t ion  (y; X ,  Y ,  Z )  a t  po in t  
L f o r  t h e  time d t ,  we apply acce le ra t ion  (y; -X, -Y, -Z) t o  t h e  po in t  L + n ,  

da changes s ign  , while  and are unchanged; t h e r e f o r e  t h e  t o t a l  r e s u l t  i s  
Y -?+

t h a t  Aa changes s ign ,  while  A J  and Ae, the re fo re  Aj, Ae// and Ae
I

a r e  unchanged. 

If in s t ead  of applying t h e  t h r u s t  acce le ra t ion  (y; X ,  Y ,  Z )  f o r  t i m e  d t  
a t  po in t  L ,  w e  apply acce le ra t ion  (y ;  - X ,  Y ,  -Z)  a t  po in t  TT - L (symmetrical 

t o  t h e  f irst  by r e l a t i o n s h i p  t o  F),dq, da  and df3 a r e  unchanged, while dg and 

de/ /  change s ign ;  t h e r e f o r e  t h e  t o t a l  r e s u l t  i s  t h a t  i s  unchanged (because 
* + + Y  -tf
A n  = Edq = -01 i s  unchanged and A <  = Ex = 0 remains zero) , Aa and Ae, a r e  

unchanged while Ae// changes s ign .  

F ina l ly ,  i f  i n s t ead  of  applying t h r u s t  acce le ra t ion  (y ;  X ,  Y ,  Z )  f o r  time 
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d t  a t  po in t  L ,  w e  apply a c c e l e r a t i o n  (y; - X ,  Y ,  Z )  a t  po in t  -L (symmetrical 

t o  t h e  f i rs t  by t h e  r e l a t i o n s h i p  t o  G), dn, da,  d e/ /  are unchanged, while  
Yde and d e l  change s igns ;  t h e r e f o r e  t h e  t o t a l  r e s u l t  i s  t h a t  AJ i s  unchanged 

++ Y i s  unchanged and =Ex= 0 remains zero) ,  Aa and Ae/ /(because A n  = Zz = - A J  

are unchanged, while  Ae, changes s ign .  

These r e s u l t s  a r e  summed up i n  t h e  t a b l e  below. 

L IE-L 

' 	 -L 
n+L 

X 

-X 
-X 
X 

-x 
- ._ 

n+L 


Y 

-_ 

-Y -2 
, 


Thus,changing t h e  s i g n  of on ly 'one  of  t h e  fou r  t r a n s f e r  parameters can be 

t fr e a l i z e d ,  a t  the equal cost  o f  AC = Jto ydt ,  by modifying t h e  pos i t i on  L from 

t h e  po in t  of t h r u s t  app l i ca t ion  and from t h e  d i r e c t i o n  if o f  t h r u s t .  

Only t h e  moduli lAe// I ,  IAell I A j  I ,  1 Aal of t h e  v a r i a t i o n s  thus  t a k e  
p lace  i n  t h e  r e s u l t s  about t h e  type o f  so lu t ion  t o  be used and about t h e  acces­
s i b l e  domain. 

I I ,5.2.1.2. E f f i c i e n c y  C u r v e .  
-+

The not -necessar i ly  ze ro  components of t h e  kinematic a d j o i n t  p a r e  p 5' 
P,J Pa, P a >  P g '  

< 
In  5 I , 3 .2 .4 .  we saw t h a t ,  i n  t h e  case of c i r c u l a r  nominal o r b i t ,  t h e  

e f f i c i e n c y  curve (P) i s  an e l l i p s e  (Figure I,3 - 6) , a s e c t i o n  o f  t h e  e l l i p t i ­
ff

c a l  cy l inde r  (u) [of gene ra t r i ce s  p a r a l l e l  t o  t h e  a x i s  MZ and of  base e l l i p s e  
+-+ 

(P) centered i n  w (X  = 0, Y = 2pa l, ,Z = 0) of  major a x i s  MY = 2PeJ 
b 

(PI 
= p 

e
) ]  and of p lane  (IT) passing through w. 

Impulsional s o l u t i o n s  of an i n d i f f e r e n t  per iod  correspond t o  an e;llime-(P)
inside t h e  sphere ( C )  with c e n t e r  M and r ad ius  1 and touching t h i s  sphere 
i n  one o r  two (or  an i n f i n i t y  o f )  po in t s .  Thus each po in t  of  contac t  furn ishes  

a po in t  of  app l i ca t ion  M(L) and a d i r e c t i o n  8 = ?@ of  optimal t h r u s t ,  t h i s  
t h r u s t  being a b l e  t o  be appl ied  once (one impulse) o r  several  times during
successive r e so lu t ions  (fragmentation of impulse).  
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A necessary condi t ion t o  a s su re  t h e  above-mentioned contact  i s  f o r  
e l l i p s e  (P) t o  be e n t i r e l y  wi th in  (C) o r ,  i f  need be,  tangent t o  (C). 

The sphere (S) enclosing t h e  major c i r c l e  (C) of (P) as t h e  p r i n c i p a l  /135 
c i r c l e  (Figure 2)  i s  i t s e l f  e n t i r e l y  i n s i d e  (C) o r ,  L f  need be,  tangent t o  ( E ) ,  
o r  even coincident  with (1). The po in t s  of con tac t  of P corresponding t o  t h e  
i apn l ses  0x1 (E)  a r e  t h e r e f o r e  ou t s ide  (S) o r ,  i f  necessary,  on (S) and the re ­

f o r e ,  j n  t h e  dihedron, with c r e s t  $? , with f aces  (.+) and (IT-) containing t h e  

c i r c l e s  (c') and (c-) ,  s e c t i o n s  of t h e  sphere (S) through t h e  cy l inde r  ( u ) .  

F i g .  2 .  Useful Spa t ia l  A n g l e .  
-+

An optimal impulse, d i r e c t e d  according t o  D = @ i s  t h e r e f o r e  contained 

i n  one of t h e  two dihedrons of 60' formed by t h e  planes (IT+)and (n-) fmming 
angles of  k30° with t h e  l o c a l  ho r i zon ta l  plane X = 0. We come across  a prop­
e r t y  of t h e  "useful s p a t i a l  angle" s tudied by C. Marchal [12 ] .  

In  5 4 of Appendix 13 it  i s  shown t h a t  every optimal mono-impulsional 
s o l u t i o n  (a s i n g l e  impulse p e r  revolut ion)  can be considered i n  two d i f f e r e n t  
fashions as t h e  l i m i t  of a bi-impulsional s o l u t i o n  when one o f  t h e  two impulses 
tends toward zero.  Therefore w e  can l i m i t  ourselves  t o  t h e  multi- impulsional 
case.  

11,5 .2 .1 .3 .  The Four Types of Linearized Solut ions.  
(The  demonstrations appear i n  Appendix 1 3 ) .  

According t o  t h e  expression: 
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lT (3)  

m 

the optimal solution belongs to one of the following three fundamental types
(Figure 3 ) :  

Type I (bi-impulsional). 

If w is not in M (pa # 0 ) ,  the ellipse (P) centered in w on E cannot be 
bi-tangent to ( I )  at two points P f  and P” unless its plane (v)  passes through 
+ - + *  -ff
MY (pe and p, colinear). 

The two impulses I I A C  and I I V A C  are applied at points M ’ ( L ’ )  and /137 
-ff 

M ” ( L V V  = - L V ) ,  symmetrical in relation to the axis Ox forming angle -6 with 
the node line, the support of the rotation vector AJ. 


tg6 is the root of the largest modulus of the second degree equation: 


and 


(This presumes that the impulse I’AC corresponds to sin L ’  > 0 ) .  
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If a t  t h e  same t i m e  p e = 0 & pa = 
Ea (Ea = +1) , the  e l l i p s e  (P) i s  reduced 

a t  i t s  center  w on sphere (c ) .  We ob ta in  the  si-ngular plane ease of t y p e
I bis a l ready  pointed ou t  i n  § 1,3.2.6.  

The t h r u s t  i s  t a n g e n t i a l .  There is  degeneracy of  t h e  l i nea r i zed  so lu t ion ,  
f o r  i n  t h e  f irst  order  every po in t  of t h e  o r b i t  can be s u i t a b l e  f o r  applying 
t h r u s t .  Taking up again t h e  d i r e c t  reasoning from § I I ,3 .3 .2 .5 ,  we s e e  t h a t  
any degenerate  so lu t ion  a t  a l l  i s  obtained by d i s t r i b u f i n g  on t h e  c i r c l e  (0) 
with a t o t a l  f i c t i t i o u s  "mass" AC = l A a l / 2 ,  with a l i n e a r  dens i ty  F(L) - Fmax, 

s o  t h a t  t h e  cen te r  of g r a v i t y  of  t h i s  d i s t r i b u t i o n  i s  i n  G ,  such t h a t :  

I f  IAel 5 IAal, t h i s  can always be achieved, p a r t i e u Z a r Z y  with t h e  he lp  
of  two impulses [G i n s i d e  of ( O J ]  o r  with a s i n g l e  impulse [G on (O)] (Figure 4 ) .  

In § I I , 5 . 3 . 1 .  we s h a l l  s e e  
t h a t  such a f irst  order  degeneracy 
does not appear i f  l i n e a r i z a t i o n  
i s  made around a nominal o r b i t  o f  
weak e c c e n t r i c i t y  (E << e << 1) and 
t h a t  t h e  optimal l i nea r i zed  so lu­
t i o n s  a r e  then mono- o r  b i - ,  o r  
sometimes even tri-,  impulsional .  

T y p e  I I (bi- impulsional ,  nodal ) .  /138 

I f  w i s  i n  M(pa = 0) and i f  

e l l i p s e  (P)  i s  not bi- tangent  t o  
(C) (pe # 1 / 2 ) ,  t h e  po in t s  of 
contact  P' and P" o f  (P) and of 

F i g .  4. Type I b i s .  B i - lmpuls ional  (C)correspond t o  two po in t s  M' and 
Sol u t i  ons . M'' d iame t r i ca l ly  opposed on (0) 

( L 1 '  = L '  + .). 

The two impulses I ' A C  and 1''AC a r e  appl ied a t  t h e  nodes with:  

-7 < 2 L I " =  na 4 + I  
A ",, 

In  t h e  mobile axes ,  t h e  two (12) 
optimal impulse d i r e c t i o n s  
a r e  opposed. In  t h e i r  f i xed  
axes they a r e  symmetrical i n  (13)

y'= - Y " =  de, r e l a t i o n  t o  t h e  p lane  of t h e  
o r b i t .  lcont  inued] 
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1 

Type I I I ( s ingular ,  t r i -d imens iona l ) .  

If w i s  i n  M(pa = 0) and i f  e l l i p s e  (P) i s  b i - tangent  t o  ( E )  (p = 1/2) ,  
e +

e l l i p s e  (P) must necessa r i ly  coincide with one o f  t h e  major c i r c l e s  (C ) o r  

(C-) of t h e  sphere (r), i n t e r s e c t i o n  of t h e  sphere ( E )  and of t h e  cy l inde r  (a) 
4- -tf

s i t u a t e d  i n  t h e  planes (T ) o r  (IT-) going through MY and forming angles  of  +30" 
with t h e  loca l  ho r i zon ta l  p lane  X = 0. 

-tf * 
Then t h e  vec tors  p e and p 

Z 
are co l inea r  and such t h a t :  

2 =+  fiz. 
We again f i n d  t h e  s ingu la r  so lu t ion  of  type  I11 a l ready  poin-ed out  i n  

§ I , 3 .2 .6 .  There i s  f i rs t  order  degeneracy, s i n c e  every po in t  o f  t h e  o r b i t  
can t h e o r e t i c a l l y  be  s u i t a b l e  f o r  applying t h r u s t .  Optimal t h r u s t  i s  contained 

+
i n  one of t h e  planes (T ) o r  ( T - )  and i t s  d i r e c t i o n  i s  r e a l l y  determined as a 
funct ion of t h e  p o s i t i o n .  

++ tf
Taking t h e  vec to r  pe a s  t h e  o r i g i n  a x i s  Ox: 

The app l i ca t ion  of t h e  t h r u s t  F(L), on arc dL surrounL-ng po in t  M ( L )  of  
?'

o r b i t  (0) and i n  t h e  optimal d i r e c t i o n  D ,  produces t h e  v a r i a t i o n s :  

[cont . on next page] 
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[cont. from previous page] 

[ dC= FfLjdL 
We n o t i c e  t h a t :  

Or, by in t eg ra t ion :  

Ywhere A J  1 i s  deduced from 3 by t h e  r o t a t i o n  of a x i s  and o f  angle  + r / 2  and 

where t h e  consumption vec to r  E has AC as i t s  length and i s  d i r ec t ed  according 

t o  ( i . e .  g),which f ixed  t h e  d i r e c t i o n  of  re ference  as a func t ion  of  

t r a n s f e r  elements. 
tf

The t r a n s f e r s  of type  I11 corresponding t o  a f ixed  vector AC, t he re fo re  

p a r t i c u l a r l y  t o  a c h a r a c t e r i s t i c  f ixed  v e l o c i t y  AC = 1x1, can thus  be def ined 
-tf

by t h e  datum of t h e  r o t a t i o n  vec to r  3 and o f  Aa [vector  Ae i s  then deduced 

from 3 and 3 by (19)], t h a t  i s  t o  say by t h e  datum of a po in t  G i n  t h e  axes 

(Figure 5 ) .  

-+
By applying impulse AC t o  poin t  M(L)  i n  t h e  optimal d i r e c t i o n  D ,  w e  reach  

a poin t  G 5 V s i t u a t e d  on Viv ian i ' s  Window (V) with parametr ic  equat ions:  

With t h e  same c h a r a c t e r i s t i c  v e l o c i t y  AC it i s  poss ib l e  t o  reach any poin t  
G i n s i d e  t h e  volume (V) l imi ted  by t h e  :smallest convex contour surrounding (V) 
by composing an impulse of type  V, so  t h a t  t h e i r  sum i s  equal t o  AC and t h a t  
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G i s  t h e  cen te r  of g r a v i t y  of t h e  p o i n t s  V t r e a t e d  as f i c t i t i o u s  Ttmasses" 
equal t o  t h e  impulse magnitude i n  M. It i s  even p o s s i b l e  t o  envisage,
i n  t h e  extreme, a modulation of t h e  t h r u s t  [ d i s t r i b u t i o n  of t h e  "mass" AC on 
t h e  o r b i t  (0) with l i n e a r  dens i ty  F(L)  -< Fmax 3 .  Thus t h e  c e n t e r  CI o f  c i rc le  

(C) can be  reached by applying a constant  t h r u s t  F i n  t h e  optimal d i r e c t i o n  
(Figure 1 2 ) .  
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F i g .  5. Type  I l l .  V i v i a n i ' s  Window. 

If a po in t  of t h e  r i g h t  cy l inder  (C,) with pa rabo l i c  base (P) o r  of t h e  

r i g h t  cy l inder  ( C I I )  wi th  a c i r c u l a r  base (C) makes up t h e  f r o n t i e r  sur face  of 

t h e  domain, ( V )  is obtained with the a id  of two impulses. These non-degenerate 
so lu t ions  assure  t r a n s i t i o n  with so lu t ions  of t ype  I o r  11. 

Then t h e  quest ion comes of knowing whether, among a l l  t h e  degenerate  
optimal so lu t ions  r e f e r r e d  t o  a po in t  G i n s i d e  t h e  volume (0l imi t ed  by (C I) 
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and ( C I I ) ,  t h e r e  do o r  do not  e x i s t  bi- impulsional  so lu t ions .  The answer i s  

a f f i rmat ive :  every point G can be obtained by a bi-impulsional solution, and 
that i n  two d i f ferent  ways. 

I n  f a c t ,  on t h e  sphere (S) on which 
it i s  p l o t t e d ,  V iv ian i ’ s  Window (V) sep-, 
a r a t e s  t h e  reg ions  1,  2 and 3 (Figure 6 ) .  
Let G be  a po in t  i n s i d e  volume (V) .  The 
cone of  peak G ly ing  on (V) c u t s  across  
sphere (S) according t o  a curve ( r ) .  
Let V be  a poin t  of  i n t e r s e c t i o n  of  (V) 
and of ( r ) .  The s t r a i g h t  l i n e  GV c u t s  
ac ross ,  by d e f i n i t i o n  of ( r ) ,  Viv ian i ‘s  
Window i n  V I ,  po in t  V ’  i t s e l f  being on 
( r )  s i n c e  V i s  on (V). Therefore t h e  
segment VGV’ corresponds t o  a b i ­
impulsional s o l u t i o n ,  with t h e  impulses 
being appl ied i n  L ( V )  and L ’  ( V ’ ) .  

Therefore , there  a r e  as  many b i -
F i g .  6 .  	 impulsional so lu t ions  r e l a t i v e  t o  poin t  

G as t h e r e  a r e  p a i r s  VV’.  Therefore,  
t h e  number of  t hese  so lu t ions  is  equal 

I /  r?/ rrf i 4-

t o  t h e  number of po in t s  of i n t e r s e c t i o n  
of (V) and ( r )  divided by 2 .  

Let us  then consider  t h e  sec t ion  of 
t et h e  f i g u r e  through t h e  plane y1 = C 

passing through G .  This plane c u t s  t h e  
sphere (S) according t o  a c i r c l e  ( C l )  
and t h e  Window (V)_ according... t o  four  _ 

V 2 ,  V3, V4 (Figure 7 ) .  

I / /  \\ I V ”  The diagonals  V,V,  and V,V, of 
I d  L = t  

V V V V1 2 3 4  sepa ra t e  t h e  super ior  

(s) ,  i n f e r i o r  ( i )  r i g h t  l a t e r a l  (d) and 
l e f t  (9) reg ions .  

I t  i s  evident  t h a t  po in t s  r l ,  r2’Fig. 7 r3, r4 a r e  p a r t  of ( r )  . I f  G i s  i n  

region (s) (Figure 7) r3 and r4 a r e  both 

i n  region (l), while  r l  and r 2  a r e  i n  region (3) .  Since (r)  i s  a continu­

ous curve,  t h e r e  a r e  always a t  least  two i n t e r s e c t i o n  po in t s  between (r)  and 
(V), i . e .  a bi- impulsional  s o l u t i o n  r e l a t i n g  t o  G .  The same r e s u l t  i s  found 
i f  G i s  i n  region [i). 
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F i g .  8. 

I p ro j ec t ion  ofi 
o must be t h e  
be Viv ian i ' s  
t i o n s h i p  t o  

If G i s  i n  region (d) o r  
(s) (Figure 8 ) ,  it is  l ikewise 
shown t h a t  t h e r e  are a t  least  fou r  
i n t e r s e c t i o n  p o i n t s  between (r) and 
(V), i . e .  two bi-impulsional 
s o l u t i o n s  r e l a t i v e  t o  G .  

L e t  u s  now show t h a t  i n  a l l  
t h e s e  cases  t h e r e  a r e  two,and only 
two,bi-impulsional so lu t ions .  For 
t h i s  it i s  enough t o  demonstrate 
t h a t  t h e r e  e x i s t s  a t  l e a s t  one po in t  
G i n s i d e  (V) which enjoys t h j s  
property and t h a t  by con t inu i ty  
t h i s  p rope r ty  i s  extended t o  t h e  
t o t a l i t y  of  t h e  volume (V). For 
t h i s  l e t  us  t a k e  G i n  t h e  cen te r  
o of c i r c l e  (C) (Figure 9 ) .  

Let W '  be a cord of (V) / 142 
passing through a. The c i r c u l a r  
(V) on t h e  plane z 1 = 0 shows t h a t  

c e n t e r  of W'. Therefore l e t  (VI) 
Window, symmetrical t o  (V) i n  r e l a ­
o .  (V) and (VI) have i n  common 

only t h e  po in t s  V1, V 2 ,  V 3 and V 4 ,  as t h e  pro­

j e c t i o n  on t o  plane x1 = 0 shows. Therefore 

t h e r e  a r e  only two bi-impulsional so lu t ions  

1 3  and V2V4.corresponding t o  t h e  p a i r s  V V 

S t a r t i n g  with po in t  o ,  l e t  us suppose t h a t  
we f i n d  a f r o n t i e r  i n s i d e  (1.3 separat ing t h i s  
two-solution zone from a zone with one o r  t h r e e  
so lu t ions .  The curves (V) and (r)  a r e  then 
tangent ,  t h e r e f o r e  b i - tangent  , and t h e  tangents  
t o  t h e  contact  p o i n t s  a r e  co-planar [ i n  t h e  
plane tangent t o  t h e  cone of  peak G lying on (V)]. 
This case can only occur f o r  (V) i f  G i s  on one 
of t h e  cy l inde r s  (C,) o r  (CII) l imi t ing  ( V ) .  In  

t h a t  case t h e  two b i - impuls iona l  so lu t ions  coin­
c ide  i n  one. 

The property mentioned has the re fo re  been 
demonstrated (Figure 10) .  

The longi tudes L1, L 2 ,  L3,  L4, of t h e  i m ­
- 1  -+ pu l se  po in t s  corresponding t o  t h e  two bi-impul­

1 3  and V2V4 passing throughF i g .  9. s iona l  so lu t ions  V V 
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G are connected by a r e l a t i o n s h i p  independent o f  t h e  p o s i t i o n  of G obtained by 
wr i t i ng  t h a t  po in t s  V1, V2, Vg,  and V4 of Viv ian i ' s  Window (V) are i n  t h e  same 
plane  (defined by V1V3 and V2V4 i n t ecsec t ing  a t  G ) .  This  r e l a t i o n s h i p  i s :  

t , t ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ + t , t ~ t ~ + t , t ~ ~ ~ + t , + ~ ~+t>+/--=o (21) 

Lwhere t = t g  7. 

NOTE: I n  § II,5.3.2. w e  s h a l l  see t h a t  t h e  
f i rs t  order  degeneracy found f o r  so lu t ions  
of t ype  111 disappears  i f  t h e  l i n e a r i z a t i o n  
i s  made around a nominal o r b i t  with weak 
e c c e n t r i c i t y  (E  << e << 1 ) .  Then t h e  
optimal so lu t ions  a r e  mono-, b i - o r  tri­
impulsional.  

11,5.2.2. Accessible Domain. 

With a given c h a r a c t e r i s t i c  v e l o c i t y  
AC,  it i s  poss ib l e  t o  reach a l l  t h e  po in t s  
s i t u a t e d  i n  a c e r t a i n  hypervolume c a l l e d  
"accessible  domain" i n  four-dimensional 
space of v a r i a t i o n s  nel/, A e L  , Aj and Aa. 

We s h a l l  represent  t h i s  domain by i t s  

sec t ions  Aa = C t e  i n  t h e  three-dimensional 
space A e  ne,, A j  (Figure 11) reduced t o  

t h e  oc tan t  Ae,/ > 0 ,  ne, > 0,  Aj > 0 by 
/ / '  


t h e  cons idera t ions  of symmetry made a t  t h e  
beginning of  t h e  s tudy.  

The economic t r a n s f e r s  ev ident ly  
correspond t o  t h e  po in t s  of t h e  su r face  of 
t h e  access ib l e  domain. 

F i g .  10. Type I l l .  The su r face  of  t h e  fou r th  degreeBi-impulsional Solutions. CFNMC (Figure l l b )  of equat ion:  

corresponds t o  so lu t ions  of  t ype  I .  

L.The p a r t  FNF,F of  t h e  e l l i m o i d  of  revolu t ion  /146 

& +Ae,' + A j 2 = A C 2  (231
4 

of t h e  a x i s  of  revolu t ion  G2corresponds t o  so lu t ions  of type 11. 
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C 

(a) : h a  = 0 

F i g .  1 1 .  Accessible Domain. (b) : 0< 1A.I < 2 A C  
(c) : 14aI = 2A.C. 
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Fig. 12. Solutions o f  t h e  Type I l l .  
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F i g .  13 .  P a r t i c u l a r  Solut'ions. 
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Fina l ly ,  F2NMM2F2 of t h e  e l l i p t i c a l  cy l inde r :  

lying on t h e  e l l i p s o i d  (11) corresponds t o  s o l u t i o n s  of type 111. 

The v e c t o r i a l  r e l a t i o n s i p  (19) i s  shown i n  Figure 14. 

+
F i g .  14.  Type I l l .  Consumption Vector A C .  

When the  r e l a t i v e  d i l a t a t i o n  of t h e  semi-major a x i s  v a r i e s  from 0 t o  2AC,  

p a r t  corresponding t o  s o l u t i o n s  of type I inc reases  from t h e  a r c  of c i r c l e  
.L*y5.
C M0 0  (Figure l l a )  t o  t h e  c i r c u l a r  s e c t o r  ON2M20 (Figure l l c  - type I b i s ) .  The 

su r faces  r e l a t i v e  t o  s o l u t i o n s  of type 11 and 111 remain f ixed ,  and only t h e i r  
su r f ace  diminishes (Figures 15, 16, 17, 18) .  

The s o l u t i o n s  corresponding t o  t h e  numbers shown i n  Figures 11 and 1 2  a r e  
described i n  Figure 13. 

In  order  t o  f i x  t h e  o rde r s  of magnitude, l e t  us g ive  two d e l i b e r a t e l y  very 
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simple examples corresponding t o  two p a r t i c u l a r  p o i n t s  of t h e  "accessible  
domain" (Figure 19) .  

L e t  t h e r e  be  a c i r c u l a r ,  circumterrestrial o r b i t  a t  500 km a l t i t u d e .  

An impulse AC of 1 h / s  perpendicular  t o  t h e  p lane  of t h e  o r b i t  produces a 
la teral  sepa ra t ion  of 9 km. a t  t h e  end of  one q u a r t e r  r evo lu t ion .  

The same impulse, appl ied  t a n g e n t i a l l y  forward, produces an a l t i t u d e  gain 
of  36 km accompanied by a long i tud ina l  l a g  of 85 km a t  t h e  end of a h a l f  
revolu t ion .  

l l J . 2 . 3 .  Conclusion. 

Optimal t r a n s f e r s  between c lose ,  nea r -c i r cu la r  o r b i t s ,  co-planar o r  no t ,  
with e c c e n t r i c i t y  of t h e  same order  of magnitude as t h e  s i z e  of t h e  t r a n s f e r ,  
can always be  r e a l i z e d  i n  t h e  first order  with only two impulses (except iona l ly  
one impulse). I n  c e r t a i n  degenerate  cases ,  g r e a t e r  l i b e r t y  i s  le f t  f o r  t h e  
choice of t h e  optimal s o l u t i o n .  

Only a higher  order  s tudy  permits  a determinat ion of t h e  exact number of 
impulses necessary t o  achieve optimal t r a n s f e r .  Breakwell [16] has shown t h a t  
i n  t h e  v i c i n i t y  of t h e  a r c  * L 7 0  of Figure l l a ,  t h e r e  e x i s t s  a zone correspond­

ing  t o  t r i - impuls iona l  s o l u t i o n s .  Second order  s tudy  of t h e  so lu t ions  of 
types I b i s  and I11 should a l s o  be wi th in  reach. 

I n  t h e  fol lowing paragraph we s h a l l  s a t i s f y  ourse lves  with the  Zinearized 
study of t h e s e  so lu t ions  i n  t h e  case of  e l l i p t i c a l  o r b i t s  with weak eccen t r i ­
c i t y  and no longer of near  circles.  

I I ,5.3.  TRANSFERS BETWEEN ELLIPTICAL ORBITS O F  SLIGHT ECCENTRICITY(E: << e << 1) .  

The s tudy of impulsional so lu t ions  c lose  t o  t h e  so lu t ions  of types I and 
I1 found i n  § I I , 5 . 2 .  i n  t h e  case  where l i n e a r i z a t i o n  was made around a c i r c l e  
(e  = 0) would lead here  t o  r e s u l t s  q u a l i t a t i v e l y  similar t o  those  a l ready  found 
and d i f f e r i n g  from t h e  l a t t e r  only by q u a n t i t i e s  of t h e  order  of e .  

On t h e  o ther  hand, t h e  s tudy  of impulsional s o l u t i o n s  c l o s e  t o  t h e  s o h i  
t i o n s  of types I b i s  and I11 (degenerate i n  t h e  first i n  t h e  case  where l i n e a r ­
i z a t i o n  was made around a c i r c l e )  i s  of i n t e r e s t  because it leads t o  q u a l i t a ­
t i v e l y  very d i f f e r e n t  r e s u l t s  (disappearance of t h e  f i rs t  order  degeneracy) . 
Therefore  we s h a l l  l i m i t  ourse lves  t o  t h i s  s tudy.  

-tf
The choice of axes i s  ind ica ted  i n  Figure 1. Ox i s  d i r ec t ed  t h i s  t ime 

toward t h e  per igee  P of t h e  nominal o r b i t  (0). 

Here a supplementary t r a n s f e r  parameter is introduced:  it i s  angle 6 
Ybetween t h e  major a x i s  o f  t h e  nominal o r b i t  and node l i n e  A J  . 
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Fig. 15. Accessible Domain Aa = 0. 

Fig. 16. Accessible Domain 1Aal/a = AC/V. 
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Fig. 17. Accessible Domain I A a l / a = f i A C / V .  

6.-.:&a:..: .SAL& 

Fig. 18. Accessible Domain I A a I / a = 2 A C / v .  
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F i g .  19. Examples. 

11,5.3.1. Solutions Close to the Solutions of T y p e  I b i s .  

As i n  Chapter 11 ,4 . ,  i n s t ead  o f  t h e  s t a t e  component a ,  we s h a l l  u s e  t h e  
s t a t e  component: 

8=6 ( here p =  1) 

where b i s  t h e  semi-minor a x i s .  
-t

The t h r u s t  a c c e l e r a t i o n  7 appl ied a t  po in t  M i n  t h e  d i r e c t i o n  D produces 
t h e  v a r i a t i o n :  
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ff
I n  t h e  expression of  t h e  vec to r  of e f f i c i e n c y  pV'  t h e  term 2pa$ must be 

-t -t -+ 
replaced by pBK. The expressions of  r and V are more complicated because of 

t h e  f a c t  t h a t  now e i s  # 0 .  

The s o l u t i o n s  c l o s e  t o  t h e  s o l u t i o n s  of type I b i s  i n  t h e  case E << e << 
-+ 

<< 1 a r e  obtained f o r  a kinematic a d j o i n t  P c l o s e  t o  t h a t  r e l a t i n g  t o  case 
I b i s  s tud ied  f o r  e = 0.  

Therefore l e t  u s  p o s i t :  

where = ?1 and where I 
We s h a l l  p o s i t :  

Af= max ( 
-tf

The 'Ivector of e f f ic iency1 '  pv has t h e  components: 

-+ * 
The d i r e c t i o n  of optimal t h r u s t  D = %?t h e r e f o r e  i s  not f a r  from a x i s  MY. /151 

On t h e  o the r  hand: 

and p o s i t i n g  as  u sua l :  
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a) If Pe " M 
2 

9 	

+ 2  only admits t h e  va lue  1 a s  a maximum f o r  L = L + orde r  MPv 
2 e 

and on condi t ion  t h a t  6pB = 2pe + order  M . There i s  only a s i n g l e  impulse per  

revolu t ion ,  which res t r ic t s  t h e  s o l u t i o n  t o  t h e  case  of i n t e r s e c t i n g  o r b i t s .  
Therefore t h e  s o l u t i o n  is  not  genera l .  

b) Therefore w e  s h a l l  suppose t h e  16pB] and p e are of t h e  order  M 2 . Then: 

by pos i t i ng :  

Equation (32) i s  w r i t t e n  again:  

(34) 

with 
2x = 9e + 2 E B  6ps fPL2

8 2 ( 3 5 )  

P =- 46, P.2 
( 3 6 )  

-2 
p
V 

only admits t h e  va lue  1 a s  a maximum f o r  two values  L v  and L" of L i f  t h i s  


quan t i ty  is  of t h e  form: 


an expression which depends on t h e  t h r e e  parameters k > 0, L ' ,  L". Whence t h e  

two condi t ions  of compa t ib i l i t y  among t h e  f i v e  parameters A ,  p, v ,  Le, W ,  


occurr ing i n  (34) :  
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and t h e  inequa l i ty :  

9 > E + order  M’
4 

expressing k 0.  

The app l i ca t ion  po in t s  of t h e  impulses a r e  t h e r e f o r e  given by: 

Thei r  s t r a i g h t  a scen t s  a r e  near-symmetrical i n  r e l a t i o n s h i p  t o  Le. 

The bi-impulsional s o l u t i o n s  thus  obtained are of  a general  type,  con­
t r a r y  t o  the  mono-impulsional s o l u t i o n s  prev ious ly  found, s i n c e  seven parame­
t e r s  a r e  a v a i l a b l e  (p5’ p n J  6pg, pa, p B and t h e  magnitudes I ’ A V  and 1 ” A C  of 

t h e  two impulses) reduced t o  f i v e  independent parameters by t h e  two equations 
(39) and (40) , i n  order  t o  r e a l i z e  t h e  f i v e  v a r i a t i o n s  of t h e  o r b i t a l  elements. 

The optimal d i r e c t i o n s  of t h e  impulses a r e  given by: 

2
d e -PZ > o  

2 

w31.L z 2  -I7 
2 

The conditions of compa t ib i l i t y  (39) - (41) a r e  then w r i t t e n :  

Pz’ >- 26, Pe 
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'e z x  Lz + q (qinteger). (48) 
tt 4

Therefore the vectors pe and pZ are colinear. 

2 
�B 8pB'- (2 Po_ * p i )  < 0. (49)

Pz' 

The two impulses are applied at points: 


L ' p  L, f Arc eo+ 2 e, 4) (50)L" R ' 

++ tt
symmetrical in relationship to pe and p,. 

zIn particular, for pe << p,, the two impulses are diametrically opposed: /153 

and 


The bi-impulsional solutions thus obtained for p, >> e could be called 
type I ,  i n  analogy with the study o f  § II,5.2.1.3. 

2/ If, on the contrary, p, << e (therefore M = e), we obtain by (35) and (37): 

W " k E  (53) 
2 

Thus the conditions of compatability (39) - (41) are written: 



-- 

The two impulses are appl ied  a t  po in t s :  

symetx4cai! i n  reZation t o  the minor ax is* .  

I n  p a r t i c u l a r ,  f o r  pe << e*, t h e  two impulses are d iame t r i ca l ly  opposed 

and appl ied a t  t h e  pe r igee  and apogee of  t h e  o r b i t ,  and: 

The so lu t ions  t h u s  obtained f o r  p, << e could b e  c a l l e d  type I b i s ,  by 
anuZogy zjith the study of § I I ,5 .2 .1 .3 . ,  aZthough here there is no more degen­
eracy of the  Zinearized soZution. 

c) Equation (34) shows t h a t  so lu t ions  with three impuZses o r  more can only be 

found i f  A ,  and v are s imultaneously of o rde r  M 3 , while  s t i l l  heeding t h e  
d e f i n i t i o n  M = max (p,, e ) ,  This i s  not  p o s s i b l e  un le s s :  /154 

L, ={: + orderM (61) 

fi a +order  /'? 
2 r which a s su res  t h a t  v = order  M3 

p 
I - 2 (62) 

Then t h e  d i r e c t i o n  of impulse i s  such t h a t :  

Therefore t h i s  d i r e c t i o n  i s  approximately contained i n  one of t h e  planes 
tf 


(T') o r  (T-) going through MY and forming angles  of k30" with t h e  loca l  ho r i ­
zonta l  p lane .  

_. - - .---__._ _ _  

* Note t h a t  f o r  p, = 0 (coplanar case) w e  f i n d  again t h e  commutation $ 
S 1131 

The commutation Qi i s  found i n  t h e  plane type  11. 
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These s o l u t i o n s ,  of a new ty-pe, w i l l  not be s tud ied  i n  d e t a i l .  

11 ,5 .3 .2 .  Solutions Close to the Solutions of Type 1 1 1 .  

These so lu t ions  are found i n  t h e  case E << e << 1 f o r  a kinematic a d j o i n t  
+P c lose  t o  t h a t  r e f e r r i n g  t o  case I11 s tud ied  f o r  e = 0.  

pF -- pr cos 1,= 

p, = pz sin 1,= 

Since t h e  nominal o r b i t  (0) i s  no longer c i r c u l a r ,  it is  no longer poss i ­
b l e  t o  a p r i o r i  impose p B 

= 0, t h a t  i s  t o  say Le = 0 with t h e  choice of axes 

ind ica t ed  i n  Figure I , 3 .  -1. 

We s h a l l  p o s i t :  

where 	6L = 0 for s o l u t i o n s  of ty-pe I11 of case e = 0.  

We s h a l l  a l s o  p o s i t :  

Then t h e  "vector of e f f i c i e n c y v vhas as components: 
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The d i r e c t i o n  of optimal t h r u s t  i s  s i t u a t e d  ( a t  approximately order  M) i n  
+ -tf 

one o f  t h e  p lanes  (n  ) o r  (T-) going through MY and forming angles  of +30° with 
t h e  loca l  ho r i zon ta l  p lane  X = 0 (t = -AeL). 

++
This d i r e c t i o n  coincides  with MY ( a t  approximately order  M) f o r  L = Le and 

L = L  + n .e 
On t h e  o t h e r  hand: 

by pos i t i ng :  

The datum of t h e  f ive  parameters pa, 6pe, Le, 6pz, 6 L  i s  equivalent  t o  

t h e  datum of  t h e  f ive  parameters A ,  p, v,  wl ,  w 2 .  

a) If e,  I6LI and I fi 6pe - 6pZ I are << M (and the re fo re  v << M) , f o r  example 
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I 

2 -2i f  t h e s e  parameters are of  t h e  o rde r  M , p, can only have t h e  va lue  1 a s  a 
maximum f o r  a ? ing le  value of  w :  

w = w 1 + order  M = order  M.  (75) 

on condi t ion  t h a t :  /156 

These mono-impulsional s o l u t i o n s  a r e  not  of a general  type ( in t e r sec t ing  
o r b i t s ) .  They could be  c a l l e d  s o l u t i o n s  of type  (3)  ( " t r i p l e  po in t"  N) by 
analogy with t h e  s tudy of 9 11,5.2.1.3.  (Figure l l b ) .  

L
b) If e << M ( f o r  example e = order  M ) and i f ,  moreover, t h e  condi t ions:  

4 
f OrdeVY' c.a.d. J >  (77) 

- ZU, = (Zp + 9-f f order-.M C. a. d w2 = (78) 

a r e  s a t i s f i e d ,  z2allows t h e  va lue  1 a s  a maximum f o r  two given values  of  w 
by : 

as  reasoning analogous t o  t h a t  i n  § I I , 5 .3 .1 .  shows. 

The bi- impulsional  so lu t ions  obtained i n  t h i s  way a r e  of a general  t ype , in  
con t r a s t  t o  t h e  mono-impulsional so lu t ions .  In  f a c t  t h e r e  a r e  ava i l ab le  seven 
parameters (pa, 6pe, Le,  6pz,  6 L  and t h e  magnitudes I '  AC and 1" AC of t h e  two 
impulses) reduced t o  f i v e  independent parameters by t h e  two condi t ions of  com­
p a t i b i l i t y  (78) (79),  i n  order  t o  r e a l i z e  t h e  f i v e  v a r i a t i o n s  of  t h e  o r b i t  
elements. 

The two impulses a r e  symmetrical i n  r e l a t i o n  t o  t h e  d i r e c t i o n  of any argu­
ment Le. The so lu t ions  obtained i n  t h i s  way could be c a l l e d  type (4)  ( t r a n s i ­
t i o n  I11 ++ I )  by analogy with t h e  s tudy  of § I I ,5 .2 .1 .3 .  (Figure l l b ) .  

L e t  us note  t h a t  (78) e n t a i l s :  

61a order  M (81) 

and t h e r e f o r e  



so t h a t  equation (79) i s  a l s o  wr i t t en :  

W '  ITI f  \ p a ]  << M ( f o r  example /pal  = order  M2), then  w , , }  = ?-2 + order  M.  

The two impulses are almost d i ame t r i ca l ly  opposed. These so lu t ions  could 
be c a l l e d  type (13) ( t r a n s i t i o n  I11 ff 11) by analogy with t h e  s tudy  of  
§ I I ,5 .2 .1 .3 .  (Figure l l b ) .  

C) I f  e = order  M ,  t h e  presence of  t h e  t e r m  i n  cos(3w + L e) i n  (70) shows-2
t h a t  t h e r e  can e x i s t  cases  where pv allows t h e  va lue  1 as  a maximum f o r  t h r e e  
values  of w ,  i . e .  tri-impulsional so lu t ions  may e x i s t .  

-2For t h i s  it i s  necessary f o r  p t o  be  i n  t h e  form: 
V 

where w ' ,  w", w " '  a r e  r e l a t i v e  t o  t h e  t h r e e  impulses and where k > 0. /157 

The i d e n t i f i c a t i o n  of  t h e  c o e f f i c i e n t s  of t h e  terms i n  cos 3w, s i n  3w and 
s i n  w i n  (70) and (84) leads  t o :  

L e t  us no te  t h a t  i t  i s  s t i l l  poss ib l e  t o  w r i t e  t h e  v e c t o r i a l  equat ion (19) 
and t o  use  Figure 5 while  committing a r e l a t i v e  e r r o r  o f  t h e  order  of e .  There­
f o r e  t h e  angle  Le, wi th  t h e  exception of e ,  i s  t h e  s t r a i g h t  ascent  o f  t h e  "con­
sumption vector"  def ined by (19). Therefore L i s  wel l  determined f o r  a egiven t r a n s f e r .  

Figure 20 concerns t h e  r e so lu t ion  o f  t h e  system (86) (87) r e f e r r e d  t o  w ' ,
w " ,  w " '  f o r  d i f f e r e n t  va lues  of Le. 

The absc issae ,  counted on t h e  axes ind ica t ed ,  a t  t h e  f o o t  of t h e  perpendi- /158 
cu la r s  dropped from M o n t o t h e s e  axes are r e spec t ive ly  equal t o  

The locus of po in t  M when w ' ,  w " ,  w " ' ,  so lu t ions  of t h e  system (86) (87) 
vary with Le remaining d e f i n i t e ,  i s  a l i n e  i n  t h e  plane thus  def ined .  I t  is  
poss ib l e  t o  l i m i t  oneself  t o  t h e  case  0 Le 2 90" and t o  t h e  i n t e r i o r  of t h e  
e q u i l a t e r a l  t r i a n g l e  OAB. Then it is  necessary t o  complete by symmetry 
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r e f e r r i n g  t o  t h e  s i d e s  of t h e  t r i a n g l e  and t h e  s i d e s  of t h e  successive 
t r i a n g l e s  obtained i n  t h i s  way. 

w'+ eL 
3 

4 

F i g .  20. 

Only t h e  l i n e s  Le = 0 and Le = 90' i n  s o l i d  l i n e s  have been ca l cu la t ed .  
The p l o t  of t h e  o the r  l i n e s ,  do t t ed ,  i s  only probable.  

a) Case Le = 0. 

The ttconsumption vec tor t1  E is  p a r a l l e l  t o  t h e  major a x i s  of (0). 

There are two types of t r i - impuls iona l  so lu t ions :  

1. 	SYMMETRICAL SOLUTIONS (segment OG of  Figure 20). 

f m= 0 188) 
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These so lu t ions  c o n s i s t  o f  applying an impulse tangent  t o  t h e  per igee  P 
(L" '  = 0) of t h e  o r b i t  (0) and two impulses t o  po in t  M ' ( L ' )  and W f l ( L f l ) ,  
symmetrical i n  r e l a t i o n  t o  t h e  major a x i s ,  p r a c t i c a l l y  contained i n  one of t h e  

planes (n') o r  ( r - )  (Figure 21b). 

According t o  t h e  r e l a t i v e  magnitudes of  t h e s e  impulses i t  i s  poss ib l e  t o  
a t t a i n  any poin t  G i n s i d e  t r i a n g l e  P V ' V 1 l  (Figure 21a). G i s  t h e  ' k e n t e r  of 
g rav i ty"  o f  t h e  f i c t i c i o u s  "masses" placed i n  V ' ,  V I '  and P i n  proport ion t o  
t h e  corresponding impulses. 

The t h i r d  order  cone of peak P ,  based on Viv ian i ' s  Window (V) and equation: 

l i m i t s  t o  t h e  i n s i d e  of  t h e  t o t a l  volume ( V )  a volume corresponding t o  t h e  
symmetrical t r i - impuls iona l  so lu t ions .  

I n  order  t o  v i s u a l i z e  t h i s  volume b e t t e r ,  l e t  us  consider  i t s  sec t ions  
**- n 

y1 = C 
t e  produced by t h e  segment V ' V ' ' .  The limitant:V1V3 V2V4 o f  equation: 

2 (AC - y, - z,) (y, = constanr 1%= Y, 2AC-y, - 22, 

i s  symmetrical i n  re ference  t o  x 1 = 0, and admits of  a double poin t  i n  
Y 1  z 1 = AC - yl ,  an asymptote z1 = AC - -2-and two pa rabo l i c  branches p a r a l l e l  

-tf 
t o  t h e  a x i s  Ozl .  

2.  DI-SYMMETRICAL SOLUTIONS. 
/-%

These correspond t o  t h e  nea r -c i r cu la r  a r c  EF of  Figure 20, symmetrical 
i n  r e l a t i o n  t o  OG. 

When L 1 '  v a r i e s  from -90' t o  -103"40b, ( a r c  E of  Figure 20) t h e  
0poin t  V I 1  descr ibes  t h e  arc LS of  (V) (Figure 22a), while  po in t s  V '  and V I '  

7 n
r e spec t ive ly  descr ibe  t h e  arcs LT and PT. Point T corresponds t o  angle 
L = 5 1 " 5 0 ~ .  
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A 

b 

F i g .  21. Type I I I .Symmetrical Tri­
c, impulsional Solutions.(L e = 0, Ae, < 0). 

I 

/”’ 

/ A 

b 

/ / F i g .  22. Type I l l .  Di-symmetrical Tri-
L a impulsional Solutions. (Le =, AeL < 0). 
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By a suitable choice of the impulse magnitudes in MI, MIf, MI", (Figure /160
22b), it is posible to reach any point G inside triangle V'V"V"' .  

When L 1 fvaries, this triangle entails a volume limited by its ruled 
surface produced by segments V 1 ' V 1 l l ,  V f l ' V '  , V'V". This volume and the 
volume symmetrical in relationship to plane x1 = 0 correspond to the di­
symmetrical tri-impulsional solutions. 

$=O,93458C v,ZAC 

Fig. 23.  Type 1 1 1 .  Sections y 
1 

= C t e  . 
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Figure 23 summarizes t h e  previous r e s u l t s  by showing, f o r  each sec t ion  

y1 = Cte, t h e  zones corresponding t o  t h e  optimal two impulse so lu t ions  (2) o r  

t o  t h r e e  symmetrical (3s) o r  di-symmetrical (3d) impulses. 

The f r o n t i e r  of zone (3d) admits of  angular  po in t s  i n  V1, V2 and 2. For  /161 

y1 -- Y l s  = 0.9345 AC, po in t s  Vg and V4 a r e  tu rn ing  po in t s .  For 0.9345 AC s: 

< y1 -< AC, they are angular  po in t s .  

I t  can be noted t h a t  f o r  y1 2 Ac, zones (2) with two impulses a r e  very 
reduced. 

This case corresponds t o  a r o t a t i o n  3 around an ax i s  c l o s e  t o  "parameter" 
++
Oy, assoc ia ted  with a s h i f t  of t h e  center  i n  a d i r e c t i o n  c lose  t o  t h e  major
a x i s  and with a weak f f d i l a t a t i o n T ' .  Then t h e  t h r e e  impulse so lu t ions  present  
a small  impulse tangent  t o  t h e  per igee  (3s) o r  almost tangent i n  t h e  v i c i n i t y  
o f  t h e  per igee  (3d) and two o t h e r  impulses, o f  which a t  l e a s t  one i s  s i g n i f i ­
cant ,  almost perpendicular  t o  t h e  tangent  a t  t h e  o r b i t ,  appl ied a t  po in t s  c lose  
t o  t h e  peaks o f  t h e  "parameter", and symmetrical i n  r e l a t i o n  t o  t h e  major a x i s  
(3s) o r  almost d i ame t r i ca l ly  opposed ( 3 d ) .  

b) Case Le = 90" 

+-+ * 
The "consumption vectorIf  AC is borne by t h e  "parameter" Oy of ( 0 ) .  

The t h r e e  impulses are s i t u a t e d  near  t h e  apogee (Figure 24b). 

When t h e  nea r -c i r cu la r  a r c s  Gi, E of Figure 20 a r e  descr ibed,  symmetrical 
/ * A

i n  r e l a t i o n s h i p  t o  BJ,  po in t s  V ' V f f v l f lr e spec t ive ly  descr ibe  t h e  a r c s  FA AD, 
- A  nn
EQ QD and FS SC (Figure 24 a )  with:  

C : W =  40034' L = 130034' 
/162 

S : W =  47003' L = 137003' 

F :W= 65012' L = 155012' 

A : W =  900 L = 1800 
D :W=114045' L = 204048' 

Q :W =  132057' L = 2220 57' 

E :W= 139036' L = 229036' 

Then t r i a n g l e  V I V f f V 1 l '  produces a volume l imi ted  by t h e  ru l ed  su r face  
produced by t h e  segments V f l V I I f ,  V f l ' V t  and V 1 V 1 ! .  

This  volume corresponds t o  t h e  t r i - impuls iona l  s o l u t i o n s  of case Le = 90' .  

I t  may be not iced  t h a t  t h i s  volume i s  not  as  s i g n i f i c a n t  as t h e  one which 
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r e f e r s  t o  case Le = 0". 

Y 

0 


Fig. 24. Type I I I .  Tri-impulsional Solutions. (L,=QO0,A.e1<O). 

11,5.4.  CONCLUSION. 

The complete a n a l y t i c a l  so lu t ion  of the  f i rs t  order ,  r e f e r r i n g  t o  t h e  
problem of economic t r a n s f e r s  (minimal c h a r a c t e r i s t i c  v e l o c i t y ,  i n d i f f e r e n t  
duration) between c lose ,  nea r -c i r cu la r  o r b i t s ,  co-planar or  n o t ,  was obtainable  
by l i n e a r i z a t i o n  around a nominal c i r c u l a r  o r b i t .  

Such transfers can always be r e a l i z e d  i n  an optimal way with t h e  he lp  of 
two well-determined impulses. Nevertheless,  i n  c e r t a i n  cases (degeneracy of  
t h e  l i n e a r i z e d  so lu t ion )  a more extended choice i s  o f fe red ,  and t h e  same 
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t r a n s f e r  may be a b l e  t o  be  achieved i n  var ious  ways, s i n c e  t h e  corresponding 
consumptions d i f f e r  only by q u a n t i t i e s  of t h e  second order  r e f e r r i n g  t o  v a r i a ­
t i o n s  i n  t h e  o r b i t  elements.  

However, t h i s  degeneracy d isappears  i f  t h e  t r a n s f e r  t akes  p l ace  around 
o r b i t s  with an e c c e n t r i c i t y  smaller than  one,but l a r g e r  than  t h e  s i z e  of t h e  
t r a n s f e r ,  and then  t h e  so lu t ions  are mono-, b i - o r  t r i - impu l s iona l .  

11,6. 	 OPTIMAL IMPULSE LONG DURATION RENDEZVOUS BETWEEN CLOSE NEAR-
CIRCULAR ORBITS,  COPLANAR OR NON-COPLANAR. 

I I ,6.1.  INTRODUCTION. 

In  addi t ion  t o  t h e  f i v e  imposed v a r i a t i o n s  Ag, A n ,  Aa, Aa, A 6  o f  t h e  
o r b i t a l  elements considered i n  Chapter I I , 5 .  i n  t h e  case of t r a n s f e r ,  t h e  
s i x t h  v a r i a t i o n  A T  r e f e r r i n g  t o  t h e  rendezvous must be introduced here .  

L e t  us r e c a l l  t h a t ,  f o r  any e ,  A T  = (temporal l ag  A t o ,  counted on t h e  

f i n a l  o r b i t  (Of), of  t h e  f i c t i t i o u s  mobile go of  t h e  same s t r a i g h t  ascent  L 
0 

as t h e  i n i t i a l  r e a l  mobile M o ,  r e f e r r i n g  t o  t h e  i n i t i a l  t a r g e t  mobile 

M o )  + 
3 Mo Aa + (Figure 1 ) .  Mo and g2 can depend only on e and Lo. 

Here, e = 0, and t h e  temporaZ l ag  6 t - can be rep laced  by t h e  anguZar 1% 
U 

McoO%. Furthermore Mo = Lo and = zo. 

F i g .  1 .  In t e rp re t a t ion  of t h e  Parameter 
A T .  

/163 
The l inea r i zed  equat ions 

which permit t hese  s i x  va r i a ­
t i o n s  t o  be  ca lcu la ted  a r e  
wr i t t en ,  i n  t h e  order  approxi­
mately r e l a t i v e  t o  E (see 
Appendix 3 ) :  

Ix ’=  rZ sinf 

+-Jz cosL 
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The e f f i c i ency  vec to r  has  as components i n  t h e  tu rn ing  axes:  

Continuing, we s h a l l  suppose t h a t  t h e  rendezvous i s  of  long du ra t ion ,  
i . e .  t h a t  t h e  t r a n s f e r  angle  AL i s  >> 2 ~ r .  

If we then  admit a r e l a t i v e  e r r o r  i n  t h e  s o l u t i o n ,  no longer o f  order  E 

1but  o f  order :  max ( E ,  -), t h e  equation i n  T' may be wr i t t en :AL 

Z - J =  3 i x y  = 3(2kn)r. (3)  

where k = ( tu rn  number) 2 N = ( t o t a l  number of t u r n s ) .  

Then t h e  e f f i c i e n c y  vec to r  becomes: 

J L p ,  .S/h(L-Le) 

IZ=pz sin (f - L z )  

I n  t h i s  approximation it  i s  important t o  note  t h a t  t h e  s t r a i g h t  ascent  L 
in te rvenes  only by t h e  t u r n  number k ,  which s i m p l i f i e s  t h e  so lu t ions  a g rea t  
dea l .  

L e t  us a l s o  note  t h a t  s i n c e  only t h e  impulsional s o l u t i o n s  (or  s t r i c t l y  

speaking, t h e  s ingu la r  so lu t ions )  a r e  considered he re ,  i s  -< 1; the re fo re ,  
i n  (2) , Iy I i s  5 1, which b r ings  about: p, o rder  -1 

AL'  

11,6.2. ACCESSIBLE DOMAIN. 

This i s  a mat ter  of def in ing  t h e  t o t a l i t y  of t h e  p o i n t s  of  t h e  f i v e  
dimensional space o f  t h e  v a r i a t i o n s  Ae/,, nel ,  Aj, A a ,  A T  which can be reached 

with t h e  c h a r a c t e r i s t i c  v e l o c i t y  AC. 

I n  the  ease o f  Zong-duration rendezvous, i t  i s  convenient t o  t a e ,  no 
longer A T ,  a s  t h e  s i x t h  v a r i a t i o n  but :  
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which introduces supplementary symmetries i n t o  t h e  access ib l e  domain. 

As a matter of f a c t ,  observing t h a t :  

-tt
and tak ing  t h e  a x i s  of r e fe rence  Ox according t o  the  l i n e  of t h e  nodes, t h e  

support  of t h e  r o t a t i o n  vec to r  3 (da and dB then r e spec t ive ly  represent  de/ /
and de,), it i s  poss ib l e  t o  modify t h e  s i g n  of each o f  t h e s e  f i v e  v a r i a t i o n s  

def in ing  t h e  rendezvous, without modifying the  other variations,  by making 
t h e  following changes f o r  every t h r u s t :  

.. 

A e,, ,A e I,Aj,  Aa,A 7  L 

-&, n-L 
-bel -L 

- A j  n+L 
-As rc+L 

-A 7- L 

Since these  changes do not  modify t h e  magnitude of t h e  t h r u s t s ,  and thus 
consumption, t h e  access ib l e  domain i s  symmetrical i n  r e l a t i o n  t o  t h e  axes,  
planes and coord ina te  spaces ,  and it i s  enough t o  consider  only t h e  p o s i t i v e  
v a r i a t i o n s .  (However it i s  sometimes convenient t o  consider  any s ign  va r i a - /165 
t i o n s  i n  order  t o  show how t h e  optimal so lu t ions  a r e  l i n e r a l l y  composed). 

L e t  us  f i rs t  attempt t o  de f ine ,  i n  t h e  p lane  Aa, AT , t h e  t o t a l i t y  of 
po in t s  access ib l e  with t h e  c h a r a c t e r i s t i c  v e l o c i t y  A C ,  with the variations A e/ /  , 
A e , ,  A j  being f ixed .  

This  presumes t h a t  t h e  c h a r a c t e r i s t i c  v e l o c i t y  AC i s  a t  l e a s t  equal t o  t h e  
minimal c h a r a c t e r i s t i c  v e l o c i t y  ACmin necessary t o  produce t h e  v a r i a t i o n s  A e/ / '  
A e L ,  A j  which de f ine  po in t  G of Figure 2,  or: 
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/ 166 

(71 

There then e x i s t s ,  a s soc ia t ed  with AC, a maximal value IAal,, of IAal 

(Figure 4) obtained i n  t h e  study of simple t r a n s f e r  (AT i n d i f f e r e n t ) .  A a  2 
max 

i s  t h e  l a r g e s t  of t h e  r o o t s  of t h e  b iquadra t i c  equation (11,s. - 22) .  

The domain access ib l e  i n  t h e  p lane  Aa, AT is  t h e r e f o r e  necessa r i ly  con­
t a ined  i n  t h e  band: -IAalmax & A a  + IAalmax (Figure 5). The segment: AT = 0, 

-lAalmax 5 A a  -< + IAalmax of t h e  plane,  obtained i n  t h e  case of  simple t r a n s ­

f e r ,  i s  nothing but  t h e  apparent contour of t h e  domain access ib l e  i n  t h i s  plane 

r e l a t i n g  t o  rendezvous. and p a r a l l e l  t o  a x i s  ?&!. 
A A Y  

F i g .  5. 

Now l e t  us consider t h e  t h r u s t  l a w  which produces a maximal v a r i a t i o n  
AT (Figure 6 ) .  A c e r t a i n  v a r i a t i o n  A a  corresponds t o  it. 
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Equation (6) shows t h a t  t h i s  t h r u s t  law i s  n e c e s s a r i l y  such t h a t  every 
acce le ra t ion  (da > 0) i s  made i n  t h e  first t u r n  (k = 0) and every dece le ra t ion  
(da < 0) i n  t h e  l as t  t u r n  (k = N ) .  (Solution of  t ype  A o D H ) .  

Let us show t h a t  t h e  same value AT can be obtained f o r  Aa = lAalmax. max 
For t h i s  it i s  enough t o  modify t h e  t h r u s t  l a w  i n  t h e  following way: 

Every dece le ra t ion  a t  ' the po in t  of s t r a i g h t  ascent  L ,  due t o  a t h r u s t  i n  
d i r e c t i o n  X ,  Y ,  Z ,  produced i n  t h e  f i n a l  t u r n ,  i s  replaced by an acce le ra t ion  
of t h e  same magnitude a t  t h e  po in t  of s t r a i g h t  ascent  L + T ,  due t o  a t h r u s t  
i n  t h e  d i r e c t i o n  -X,  -Y, -Z, produced i n  t h e  f i rs t  t u r n .  

/167 

Fig. 6 .  

This modifica ion does no change 
Ae// ,  

sl, Aj a 1 ATmax (n obviou 

AC) . 
.The new s o l u t i o n ,  optimal s i n c e  i t  leads t o  ATm,, and. including only 

f irst  t u r n  acce le ra t ions  (type Ao)  , i s  such t h a t :  

A2",,,=Aa 4 Aamax. (8) 

Now, t h e  optimal s o l u t i o n  of type I ( o r ,  s t r i c t l y  speaking, t h e  boundary 
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between types  I and I1 o r  I and 111) found i n  t h e  s tudy of simple t r a n s f e r  
and leading t o  Aamax can produce: 

A??= Aa,, (9) 

on t h e  condi t ion  t h a t  every acce le ra t ion  is put  i n t o  t h e  first t u r n  (bi­
impulsional so lu t ion  of  t h e  type  AoAo).  

A comparison of equat ions (8) and (9) shows t h a t  ATmax = Aamax and t h a t  
t h e  optimal so lu t ion  A. S AoAo i s  of type I .  

Let us observe t h a t ,  f o r  AT = ATmax’ any in te rmedia te  value of Aa between 

-(Aalmax and +[Aalmax i s  obtained by a l i n e a r  combination o f  A DO H  o f  t h e  solu­

t i o n  o f  type I :  A A A (two acce le ra t ions  i n  t h e  f i rs t  turn)  leading t o  
0 0 0  

D+[4almax and of t h e  s o l u t i o n  of  type I :  DN E DN N  (two dece le ra t ions  i n  t h e  

l a s t  t u r n ) ,  leading t o  -[Aalmax (Figure 7 ) .  

Fig. 7. Domain Accessible in the Plane Aa, AT. 

The corresponding optimal so lu t ion ,  of  a new type  ( type I V ) ,  corresponds 
t o  a value of  p which is  not  0. Its ex is tence  i s  e a s i l y  deduced from a 

T 
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considerat ion of  t h e  e f f i c i ency  curve (Figure 8 ) .  

In  f a c t ,  f o r  p 
T 

# 0, t h i s  curve can be considered as described by po in t  

P ,  descr ibing with per iod 2~ an e l l i p s e ,  contained i n  a f i x e d  plane ( T )  
-tf ttpassing through MY, and s h i f t i n g  slowly and p a r a l l e l  t o  MY, with t h e  s h i f t  pe r  

t u r n  (or  "pace") being equal t o  

d y  = 3 p ,  (2n) = order 2- *r f a
A L  

4' 

4 

Y 

a b 

F i g .  8. Efficiency Curve i n  t h e  Case of Distant Rendez-vous. 
a - Type I V  
b - Type I V  b i s  

A so lu t ion  of type I V  i s  quadri-impulsional and can be regarded as a 
combination of two so lu t ions  of type I :  one, A 

0, 
i n  t h e  f irst  t u r n  (two accel- /I69 

e r a t i n g  impulses A A 
0 0  

a t  the  po in t s  of  d i r e c t  ascent  L; and L;', with 
x;' = - X I  

0' 
y l I =  y '

0' 
Z A I  = -ZA); t h e  o ther ,  DN, i n  t h e  l a s t  t u r n  (two decelera­

0 


Dt i o n  impulses DN N  a t  t h e  po in t s  d i ame t r i ca l ly  opposed t o  d i r e c t  ascent 

L 'N = L '  o + T and 
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Let us a l s o  note  t h a t  s i n c e  poin t  Ao(lAaImax, IATlm,) can be obtained 

with t h e  c h a r a c t e r i s t i c  v e l o c i t y  AC,  poin t  A N (  lAalmax, - I ATImax) symmetrical 

t o  t h e  f irst  i n  re ference  t o  a x i s  E and corresponding t o  a so lu t ion  of type 
I with two acce le ra t ing  impulses appl ied i n  t h e  last  tu rn ,  can a l s o  be 

obtained with t h i s  same c h a r a c t e r i s t i c  ve loc i ty ,  a s  can every poin t  A of  seg­
ment AoAN (e.g.  by a l i n e a r  combination o f  t h e  so lu t ions  AoAN; but  w e  s h a l l  

see t h a t  t h i s  i s  not  t h e  only poss ib l e  procedure).  

In  conclusion, t h e  domain access ib l e  i n  t h e  p lane  Aa, AT with t h e  charac­
t e r i s t i c  v e l o c i t y  AC and f o r  given A e//, Del, A j  i s  t h e  i n s i d e  of t h e  square 

AoDNDoAN represented i n  Figure 7.  From t h i s  it i s  deduced t h a t :  

section Aa = Cte ,  AT = Cte  of the  domain accessibZe i n  the three dimensionaZ 
space nell, ne,, A j  i s  the s m e  as tha t  corresponding t o  simpZe transf e r  on 
condition tha t  lAal is replaced by max( 4,IATI). 

According t o  the  expression:  max ( 1  Aal ,  I A T I )  = the p a r t  o f  t h e  

domain c a l l e d  (1) i n  t h e  case o f  simple t r a n s f e r  should be named { (I) (Figure 4) 

(IV b i s )  , when A j  = 0; i n  t h i s  1 s t  case 1 Aal Illpx = 2AC) 
( I V )

(or  e l s e  { ( I  his) 

4 
Aa 
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Now l e t  us t r a c e  t h e  is0 l i n e s  AC (Figure 9) i n  plane Aa, AT f o r  fixed 
Ae//, AeL, Aj. 

If AC < ACmin, no rendezvous can be achieved. / 170 

I f  AC = ACmin (Figures 2 and 3 ) ,  a l l  po in t s  i n s i d e  t h e  square Azo ,  DzN, 
T T  

AZN can be a t t a i n e d  by using so lu t ions  of t h e  type depending on 
DZO 

-whether 3Ae,2 2 Aj2. 
I f  AC > ACmin, t h e  iso'AC is  formed by t h e  fou r  s i d e s  of  t h e  square 

A o D 8 0 A N  

Figure 10 i n d i c a t e s  t h e  values  p, corresponding t o  each of t h e  regions of 
plane Aa, AT. 

F i g .  10. Value o f  p ~ .  
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11,6.3.  DEGENERATION OF TI-IE OPTIMAL L I N E A R I Z E D  SOLUTIONS. SOLUTIONS WITH A 
M I N I M A L  NUMBER OF IMPULSES. 

I n  t h e  major i ty  of cases t h e  optimal l i nea r i zed  so lu t ion  i s  not  unique 
but  degenerates i n t o  a l a r g e  number of so lu t ions  corresponding t o  t h e  same 
c h a r a c t e r i s t i c  v e l o c i t y  AC. 

The degeneracy may concern e i t h e r  t h e  t h r u s t  magnitude (magnitude degen­
eracy) alone, o r  t h e  poin t  of  app l i ca t ion  and t h e  magnitude ( s p a t i a l  degener­
acy) ,  or t h e  number of t h e  t u r n  where t h e  t h r u s t  i s  appl ied  and poss ib ly  i t s  
magnitude (temporal degeneracy).  

These cases  can a l s o  show up simultaneously,  which leads t o  a complex 
spatio-temporal degeneracy. 

Let us r e c a l l  t h a t ,  i n  t h e  case  of  simple t r a n s f e r s ,  t h e r e  is  complete 
temporal degeneracy, s i n c e  t h e  optimal t h r u s t  can be appl ied  t o  any t u r n  a t  
a l l  with poss ib l e  f r a c t i o n a l i z a t i o n .  There i s  a l s o  s p a t i a l  degeneracy i n  t h e  
two s ingu la r  cases  of type  I b i s  and 111, and magnitude degeneracy f o r  solu­
t i o n s  of type  I1 corresponding t o  Aa = Ae

/ /  
= 0 [types (9), ( l o ) ,  ( l l ) ,  of

Figure 11,s - l l a ] .  

These degenerate  cases  e x i s t  l ikewise f o r  t he  rendezvous. /171 

There a r e  two types  of  temporal degeneracies:  

The first kind,  which w i l l  b e  ignored, i s  t h e  fol lowing:  a t h r u s t  a t  -he 

kth t u r n  ( d i f f e r e n t  from t h e  f i rs t  o r  l a s t )  can be p a r t i a l l y  o r  completely 
decomposed i n t o  seve ra l  t h r u s t s  appl ied  a t  t h e  same place  and i n  t h e  same 
d i r e c t i o n ,  before  and a f t e r  t h i s  t u r n .  For  example, an impulse AV a t  t h e  k 

t h  

t u r n  can be decomposed i n t o  t h r e e  impulses AV/3 appl ied r e spec t ive ly  t o  t h e  

(k - l ) t h ,  kth and (k + l ) t h  t u r n .  

The second type  concerns cases  where t h e r e  a r e  seve ra l  app l i ca t ions  of 
t h r u s t  pe r  t u rn .  I t  i s  p c s s i b l e  t o  a s s ign  a t u r n  number t o  each of  t hese  
app l i ca t ions ,  s i n c e  t h e  numbers of t u r n s  obtained i n  t h i s  way a r e  found by a 
l i n e a r  r e l a t i o n s h i p ,  which y i e l d s  a c e r t a i n  p o s s i b i l i t y  of  choice.  

There a l s o  e x i s t s  s p a t i a l  degeneracies and magnitude degeneracies .  

Let us g ive  a few examples of t h e s e  degeneracies by g iv ing  our  a t t e n t i o n  
t o  soZutions with a minima2 number of impuZses (Figures 11, 12,  13 ) ,  very 
important i n  p r a c t i c e ,  which w i l l  a l s o  permit us t o  avoid t h e  s tudy  o f  spa t io ­
temporal degeneracies  which a r e  too  complex. 
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F i g .  1 3 .  Minimal Number o f  I m p u l s e s  (!Ail- t o ) .  

whence : 

For a given rendezvous ( I 1 ,  I t ? .  Aa, AT, N 
k 1  and kI1 can the re fo re  be  chosen a t  l i b e r t y  on 
degree of l i b e r t y  There i s  temporal degeneracy 

11,6.3.1. Type  1 .  /173 

The temporal degen­
eracy of t h e  first type  
being removed, t h e  so lu­
t i o n s  are bi- impulsional :  

Impulse I I A C ,  appl ied 

t o  t h e  kith t u r n  and 
impulse IllAC appl ied t o  

t h e  k '  I t h  t u r n  ( so lu t ion  
Ak, A k l l ,  i f  Aa > 0 o r  

Dk, D k l I  i f  Aa < O), with 

I '  + 1 ' '  = 1, produce 
t h e  following v a r i a t i o n s  
among o the r s  : 

Aa= 2YAC 

f i x e d ) ,  po in t  K of coordinates  
Asegment PQ (Figure 14) .  

remams. (of t h e  second type) .  
Every poin t  M of t h e  reg ion  1 of  t h e  p lane  Aa, AT can t h e r e f o r e  be  genera l ly  
obtained by an i n f i n i t y  of bi- impulsional  so lu t ions .  The number of  t u rns  
r e f e r r i n g  t o  t h e s e  two very  well determined impulses are connected by a l i n e a r  
r e l a t i o n s h i p .  
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Fig. 14. Temporal Degeneracy of the Bi-impulsional Solutions o f  Type I .  

1 1 , 6 . 3 . 2 .  Type I I .  /174 

Analogous r e s u l t s  are obtained, t h i s  time with a s o l u t i o n  o f  types Ak ,  

D k , ,  including one acce le ra t ion  and one dece le ra t ion .  Equation (10) i s  

replaced by: 

or again by: 

I I 

(See Figure 15).  

206 



I I 111.1.11111111 11m.111 111 II I I  I 

F i g .  15.  Temporal Degeneracy o f  t h e  Bi-impulsional Solut ions of Type  I I .  

1 1 , 6 . 3 . 3 .  T y p e  I l l .  

In  t h i s  case,  t h e r e  i s  a complex spat io- temporal  degeneracy. 

Let us s e e  under what circumstances t h e  so lu t ion  can include only two 
impulses. 

The v a r i a t i o n s  Ae/ / '  Ae,, Aj and consumption AC being given, po in t  G 

represent ing  t h e  t r a n s f e r  assoc ia ted  with t h e  rendezvous under cons idera t ion  
+ - + + + - t t

is  s i t u a t e d  on a p a r a l l e l  (A) t o  a x i s  zl (Figure 17)  i n  t h e  axes Oxl, O y l ,  Ozl 
of Viv ian i ' s  Window (V) (Figure 161. 
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F i g .  16. Type I l l .  B i - l m p u l s i o n a l  S o l u t i o n s .  

L e t  V 'V"  .be one of t h e  b o  cords of (V) pass ing  through G .  To it cor- /176 
responds t h e  bi- impulsional  so lu t ion  I'AC, IflAC(If+ I" = 1) so t h a t :  

In  these  equat ions I f ,  I",  Z t l  and Z f f lare f i x e d  by t h e  t r a n s f e r  t o  be 
achieved. 
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L e t  us indeed f i x  o i n t  G by t h e  
datum o f  i t s  cy l indr icay  coordinates  

o( , r<dc  , 2, =da 
2 2 

i n  t h e  axes of cen te r  0 (Figure 18) .  
Then: 

F i g .  17. Section y, = cons tan t .  I"=-. --5/n v7I r __\ 2 a c  5in n 

Since t h e  s t r a i g h t  l i n e  (A) i s  f ixed  by t h e  datum o f  a and r, t h e  para-
U

meters I?, I", Zi, Z i t  depend on t h e  s i n g l e  angular  parameter @ = (2,ax), 
which can be t h e o r e t i c a l l y  ca l cu la t ed  a s  a funct ion of Aa by (12) (LWO r e a l  
so lu t ions  corresponding t o  t h e  two cords V ' V "  passing through G ) .  

Then t h e  r e s u l t s  are analogous t o  those  obtained i n  t h e  s tudy  o f  t h e  b i ­
impulsional so lu t ions  of  Type I and 11, with t h e  equat ions (10) and (11) being 
replaced t h i s  t i m e ,  for each of the two bi-impulsionaz soZutions referring t o  
point G ,  by: 

In  regard t o  t h e  m a x i m a l  va lue  ATmax of  AT which it is  poss ib l e  t o  
? 

ob ta in  with Aa being f ixed ,  with the aid of only two impulses, two cases  a r e  t o  
be  envisaged according t o  whether t h e  po in t s  V '  and V" are both s i t u a t e d  i n  
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the same semi -space z1 = 2 > 0 [solutions AA, with two accelerating impulses 

(Figure 19)] or zI < 0 (solutions DD, with two decelerating impulses), or in 
two different semi-spaces (solutions AD with one accelerating and one deceler­

ating impulse, Figure 20). 


/177 


Fig. 18. Notations. v’ 

Fig. 19. Two Accelerating Impulses Decelerat ing lmpul se. 
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The f r o n t i e r  s epa ra t ing  t h e  po in t s  G corresponding t o  each of t h e s e  cases /178 
is  obtained when V I  (or VI.') coincides with t h e  double po in t  D of (V) . 

Therefore t h i s  f r o n t i e r  i s  t h e  p a r t  of t h e  su r face  of  t h e  c i r c u l a r  cone 

(r) [xl2 + (yl - ACmin) 2 -. z12 
= 01 of t h e  peak D based on Viv ian i ' s  Window ( V ) ,  

i n s i d e  t h e  volume (V) l imited by t h e  smallest  convex contour [port ions o f  
cy l inde r s  (C,) and (C,,)] f i t t i n g  (V). 

The so lu t ions  r e f e r r i n g  t o  t h e  two cords V I V 1 l  and (V) passing through G 
belonging t o  t h e  same case.  

When po in t  G s h i f t s  onto t h e  s t r a i g h t  l i n e  (A) from Go t o  G3 (Figure 17) ,  

t h e  two cords V'V"  passing through G evolve i n  t h e  following manner: 

1 2  of the  cy l inde rWhen G i s  i n  G o ,  they coincide with t h e  degeneratr ix  V V 

(C,) * 

When G i s  between G and G1 [where G1 i s  one o f  the two po in t s  of i n t e r ­
0 

s e c t i o n  G I  and G i ,  of t h e  cone ( r )  and o f  the s t r a i g h t  l i n e  ( A ) ] ,  they a r e  both 

s i t u a t e d  i n  t h e  semi-space z 1 > 0 (case 1 ) .  

When G i s  i n  G1, they coincide with t h e  gene ra t r ix  DG 1 of t h e  cone (T). 

When G i s  between G1 and G3, they both c ros s  t h e  plane z1 = 0.  (Case 2) .  

When G i s  i n  G3, they a r e  symmetrical i n  r e l a t i o n  t o  plane z 1 = 0 .  

Let us study cases 1 and 2 i n  order .  

1st case: two acceZerating impuZses AA (or  two decezerating impulses DD).  

Point G i s  s i t u a t e d  i n  t h e  volume represented i n  Figure 2 1  or,mo*e exac t ly ,  
on t h e  segment GoGl (or  GAG;) of Figure 17 .  Whence t h e  l i m i t a t i o n :  

Let us suppose t h a t  Aa > O .  As i n  t h e  study of t h e  bi-impulsional solu­
t i o n s  of type I ,  t h e  maximal value of AT i s  obtained when t h e  two'accelerat ing 
impulses are appl ied i n  t h e  first t u r n  ( so lu t ion  A A

0 0
) .  Equation (13) then 

shows t h a t  ATmax,2 = Aa for each of the two bi-impuZsionaZ soZutions referring 
t o  point  G (Figure 23). 

2nd case: one accezerating imputse A and one decezerating impuZse D. 

Point G i s  s i t u a t e d  i n  t h e  volume represented i n  Figure 22 o r ,  more 
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exactly, on the segment G1, Gi of Figure 17, whence the limitation: 


Fig. 21. Points Able to be Reached 
v t t h  the Aid of Two Accelerating 
Impulses. (or Two Decelerating

Impulses). 

A s  in the study of the bi-impul­
sional solutions of type 11, the 
maximal value of AT is obtained when 
the accelerating impulse I'AC is 
applied in the first turn and the 
decelerating impulse II'AC in the 
last turn. (Solution AoDH). 

For each of the bi-impuZsionaZ
soZutions referring t o  point G ,  
equations (12) and (13) in which 
k '  = 0 and k" = N and AT = 

furnish a parametric representation 
as a function of angZe + of the 

e­
frontier M1M3, (Figure 23) separating 


the solutions of type I11 with two 
impulses (type AoDH) or more from 
solutions of type I11 with three im­
pulses (AAD or ADD) or more. 

When in Figure 17 G is in G1, 


the two cords V'V" passing through G 
coincide with the generatrix DG1 
of cone (r), the two bi-impulsional
solutions referring to G are identi­
cal (point M1 o f  Figure 23). 

When G is in G2, one of the two 


cords V ' V "  passing through G is the 
diagonal V1V3. For the corresponding 
bi-impulsional solut.ion AT

max,2 
­

-
- "lim (actually point g defined in 
Figure 20 is then in Go) and 


(21) /181 
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A more unfavorable bi-impulsional solution (ATmax,2 < ATlim) ' corresponds to-

the other cord. 


.D 

tr 
Fig. 22. Points Able to be Reached With 

the Help of One Accelerating Impulse 

and One Decelerating Impulse. 


When G is in G3, the two cords 


passing through G are symmetrical
in relationship to the plane z1 = 0. 
The corresponding bi-impulsional

solutions give the same point M3' 


In conclusion, to each point of 
the region OKM1M1M30,there corre­
sponds a double infinity of bi­
impulsional solutions of type Ak' 
Dkll. In the region M3M1M1MM2M3 
only one simple infinity of these 

solutions corresponds to it. 


PART1CULAR CASES. 


1. If G i s  on the cy Zinder (CII)
AC

(r = 2) 
the two frontiers M M MM2M3 and
0 1  

M M M1M3 coincide with the segment
0 1  

MOM4 (limiting case with the solu­


tions o f  type 11). 

2. If G is in 0 ,  center of circle (C), 
(r = 0) 

these two frontiers are composed of 

segments M M
0 1  and of the circular 

. r ?  
arc M1M2 (Figure 24). 


1 1 , 6 . 3 . 4 .  Type I V .  

Now let us take a look at case . 
AT 0 .  

The accelerating impulses IlAC and 1;'AC applied in the first turn and the

0 


decelerating impulses IiAC, IilAC applied in the last turn are such that: 
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Fig. 23. Type I l l .  Bi-impulsional Solutions. 

From these  two l a s t  equat ions a r e  der ived:  

Io' +If,=I'  f ixed  

1; tI$ = I" f ixed  

where I' and 1" a r e  t h e  impulse magnitudes corresponding t o  a simple t r a n s f e r  
of type  I where Aa is r e p h e e d  by AT. 
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Fig. 24. Type I l l .  Bi-impulsional Solutions. Case r = 0. 

Equation (22)  then shows t h a t  1: + I;! and II; + 1 ' '  a r e  cons tan ts .N 

The poin t  f of  p lane  I '  II; (Figure 25) can then be chosen on t h e  f ixed 
0' 

segment J K  (J and K a r e  on t h e  per iphery OBCE o f  t he  r ec t ang le ) .  There i s  
magnitude degeneracy. 

I f  segment J K  i s  i n  t r i a n g l e  OBG (or  e l s e  i n  CEF), using po in t  J o r  K 
permits  t h e  quadri-impulsional so lu t ion  of type I V  t o  be reduced t o  a tri-

D Dimpulsiona1 so lu t ion  of type  Ao N N  (o r  e l s e  AoAoDN). 

If t h e  segment J K  i s  i n  t h e  parellogram BGEF, t h e  use of po in t  J leads t o  /182 

o o N  and t h e  use of po in t  K t o  a tri­a t r i - impu l s iona l  so lu t ion  of type  A A D 

impulsional s o l u t i o n  of  type  A o DNDN' 
F i n a l l y  i f  t h e  segment J K  coincides  with BG (o r  FE), t h e  use  of po in t  B 

(or E) leads  t o  a bi-impuZsionaZ so lu t ion  of  type  AoDN. 

I n  p lane  Aa, AT l e t  us  seek t h e  f r o n t i e r  curve corresponding t o  these  
bi- impulsional  so lu t ions  (Figures 11 and 12) .  
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F i g .  25. Type I V .  Magnitude Degeneracy. 

As 1;' = II; = 0 a t  po in t  E ,  equations (22  - 24) give:  

o r ,  t ak ing  i n t o  cons idera t ion  t h e  s tudy of  chapter  11,5. ,  

'AT2 - Ae2 
where x = / /  i s  t h e  r o o t  of t h e  smaZZest modulus ( i . e . h e r e  of  modu-

I Ae//t@ I 
lus  2 1) of  t h e  xec iproca l  second degree equat ion:  

which depends only on t h e  parameter opera t ing  as a c o e f f i c i e n t  o f  x .  lAal i s  
minimum 
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< Idell) /183f o r  A T =  VAc2+ A i f  ($AYLim depending on whether ldjI ' 	­
d3-

When -t m,  lAal -f lAe//l. F ina l ly ,  f o r  lATl = lATllim again we f i n d  

l l ,6 .3 .5 .  T y p e  I bis. 

Here again t h e r e  i s  a r a t h e r  
complex s p a t i a l  and temporal degen­
eracy.  Therefore w e  s h a l l  i n t e r ­
est  ourselves  only i n  t h e  b i ­
impulsional so lu t ions  (Figure 2 6 ) .  

There e x i s t s  an i n f i n i t y  of 
bi- impulsional  so lu t ions  guaran­
ty ing  t h e  t r a n s f e r  nell, A e , ,  

A j  = 0, l A a l  = 2AC.  The t a n g e n t i a l  
impulses A V t  and AV" a r e  such t h a t  
t h e  center  of g rav i ty  of masses 
A V t  and A V t t  p laced a t  app l i ca t ion  
po in t s  M' and MI?, is i n  G so  t h a t  

The datum of any cord M'M' ' 
passing through G f i x e s  t h e  r e l a -

Fig. 26. Type I bis. Bi-impulsional t i onsh ip  A V i t / A V '  of t h e  impulses 

Sol ut ions. and the re fo re  t h e  so lu t ion .  

There i s  s p a t i a l  degeneracy 
of  t h e  bi- impulsional  so lu t ions .  

Moreover, once a p a r t i c u l a r  bi- impulsional  so lu t ion  has been chosen t h e r e  
e x i s t s  a temporal degeneracy (of t h e  second type)  similar t o  t h a t  found i n  t h e  ' 
s tudy  of type I .  [Equation ( l o ) ] .  

ll,6.3.6. Type I V  b i s .  

Here t h e r e  i s  no more temporal degeneracy s ince ,  f o r  example i f  AT > 0 ,  
a l l  acce le ra t ions  are made i n  t h e  f irst  t u r n  (A ) and a l l  t h e  dece lera t ions  i n  

0t h e  l a s t  t u r n  (DN). 

However t h e r e  cont inues t o  be  a s p a t i a l  degeneracy: t h e  so lu t ions  
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A. and DN are of  t h e  degenerated type I b i s  and t h e  po in t  M o f  t h e  segment 

A DO N  i s  obtained through a l inear  combination o f  t h e s e  two s o l u t i o n s  (Figure 9 ) .  

Since both po in t s  A and DN
0 

can be  obtained i n  an i n f i n i t y  
of ways, i n  p a r t i c u l a r  by b i ­
impulsional  so lu t ions ,  po in t  M 
can be  obtained,  i n  p a r t i c u l a r ,  
and i n  an i n f i n i t y  of  ways by 
quadri-impulsional so lu t ions  o r  
r a t h e r ,  i n  a simple o r  double 
i n f i n i t y  of  ways by t r i - impul ­
s i o n a l  s o l u t i o n s ,  because o f  t h e  
magnitude degeneracy a l ready  
poin ted  out  f o r  so lu t ions  o f  
t ype  I V  (Figure 25). 

Point  M can even, i n  c e r t a i n / 1 8 4  
cases, be  obtained by bi-impul­
s i o n a l  s o l u t i o n s .  Actual ly  t h e  

accel erati n g  tangent  ia1 impulse 
ft
AVO, appl ied  i n  t h e  f irst  t u r n ,  

and t h e  dece le ra t ing  t a n g e n t i a l  
ft 

Fig. 27. Type I V  b i s .  Bi-impulsional impulse AVN appl ied  i n  t h e  l a s t  

Sol ut ions. t u r n  (Figure 27),  produce t h e  
v a r i a t i o n s  : 

A a  = 2 ( A V 0  - A V N )  

AT= 2(AV’ + A % ) =  2 A C  

where G i s  t h e  cen te r  of g r a v i t y  of pos i t i ve  masses AV 
0 

placed on M 
0 

and AV, 
placed on Mi, symmetrical with MN i n  r e l a t i o n s h i p  t o  0 .  

Since Aa and AT a r e  f ixed ,  equations (31) and (32) f u r n i s h  t h e  magnitudes 
AV and AVN of t h e  impulses.

0 
-f-f

Since Ae ( therefore  G)  a r e  f ixed ,  t h i s  i s  a mat te r  of  cons t ruc t ing  t h e  
cord(s )  M M’ passing through G s o  t h a t :O N  
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Two cords MolMiland Mo2Mi2, symmetrical in relationship to OG, answer 


the question. Mil and Mi2 are the intersection points of circle (0)and 


circle (C) which is derived from (0)by the similarity of center G and of 
relationship p (Figure 28).  These points are only real if 

+ 
< oo= 	laeI ( I t p ) < 5 1 + p .  (35) /185 

26 C 

Fig. 28. Type I V  bis. Determination o f  Application Points o f  the Two Impulses. 

The second inequality 

IZ c 2 A C  

is automatically satisfied in zone IV bis for: 
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The f i rs t  i n e q u a l i t y  i s  a l so  wr i t t en :  

Therefore t h e r e  are no bi-impulsional s o l u t i o n s  ( one impulse i n  t h e  f irst  
t u r n  and one impulse i n  t h e  f i n a l - t u r n )  except i n  t h e - b e l t  ] A i l  < lAallim 
(Figure 13) .  

11,6.4.  CONCLUSION. 

The s tudy of t h e  economical long-duration impulsional  rendezvous between 
non-co-planar, c lo se ,  nea r -c i r cu la r  o r b i t s  i s  der ived  simply from t h e  s tudy of  
t h e  corresponding s imple t r a n s f e r s .  The access ib l e  domain correspondin t o  
t h e  c h a r a c t e r i s t i c  v e l o c i t y  AC i s  obtained by r ep lac ing  ] Aal by max( ]nay, ]AT]) 
i n  t h e  s tudy of simple t r a n s f e r  with 

The optimal s o l u t i o n  i s  one o f  t h e  fou r  types I ,  I b i s ,  I1 o r  I11 a l ready  
found i n  Chapter II,S, o r  of two new types :  types I V  and I V  b i s .  

The minimal number of impulses i s  equal t o  3 or 2 sccording t o  t h e  rendez­
vous under cons idera t ion .  
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CONCLUSION 


The a n a l y t i c a l  s tudy  o f  t h e  optimal t r a n s f e r s  between close e l l i p t i c a l  
o r b i t s  i s  a g rea t  dea l  more d e l i c a t e  f o r  propuls ion systems (S 1) w i t h  a con­

s t a n t  e j e c t i o n  v e l o c i t y  and l imi t ed  t h r u s t  than  f o r  propuls ion systems (S,) 

with v a r i a b l e  e j e c t i o n  v e l o c i t y  and l imi t ed  power where t h e  genera l  a n a l y t i c a l  
so lu t ions  can be obkained. This is due t o  t h e  f a c t  t h a t  t h e  " a l l  o r  nothing" 
optimal t h r u s t  law obtained f o r  propuls ion systems (S 1) int roduces non-linear­

i t ies  even i n  t h e  l i n e a r i z e d  s tudy  (c lose  o r b i t s ) .  

I n  s p i t e  o f  t h e  s i m p l i f i c a t i o n s  introduced by t h e  choice o f  o r b i t a l  
elements as  s t a t e  components (which assures  a constant  a d j o i n t  i n  t h e  l i n e a r ­
ized  s tudy) ,  t h r e e  e s s e n t i a l  d i f f i c u l t i e s  cont inue t o  e x i s t  i n  t h e  case  o f  
propuls ion systems (S,) : 

1.Determination of t h e  optimal t h r u s t  law,  i . e .  o f  t h e  succession of  t h r u s t  
a r c s  and b a l l i s t i c  a r c s  a s  a func t ion  of  t h e  a p r i o r i  f i x e d  a d j o i n t .  This 
determinat ion i s  f a c i l i t a t e d  by t h e  u t i l i z a t i o n  of not ions of  "ef f ic iency  
vector"  ( ind ica t ing  t h e  d i r e c t i o n  of  optimal t h r u s t ) ,  o f  " d i r e c t r i x  o r b i t "  
( locus of  t h e  extremity o f  t h e  e f f i c i e n c y  vec tor ,  o r i g i n a l l y  t h e  mobile, 
i n  t h e  abso lu te  axes) and of  ?!eff ic iency curve" (locus of  t h i s  extremity 
in  t h e  tu rn ing  axes) .  

There are no more than  t h r e e  maximal t h r u s t  a r c s  (except f o r  a s i n g u l a r  
case) per  r evo lu t ion  f o r  a simple t r a n s f e r .  I n  t h e  s ingu la r  cases  (of t h e  
l i n e a r i z e d  problem), t h e  optimal t h r u s t  l a w  is p a r t i a l l y  a r b r i t r a r y  
[degeneracy of  t h e  s o l u t i o n ) .  Such cases  a r e  only  found i n  t r a n s f e r s  
between nea r -c i r c l e s  ( e c c e n t r i c i t y  of  t h e  order  of  t h e  t r a n s f e r  s i z e ) .  
The degeneracy disappears  when t h e  s tudy is pursued at  higher  orders .  

2. 	 In tegra t ion .  I n t e g r a t i n g  t h e  d i f f e r e n t i a l  equat ions producing t h e  v a r i a ­
t i o n s  i n  o r b i t a l  elements i n  consumption, i n t o  which t h e  law of  optimal 
t h r u s t  has been introduced,  is d e l i c a t e .  I n  genera l  t h e  i n t e g r a l s  t o  be  
ca l cu la t ed  a r e  of  t h e  e l l i p t i c a l  type  o r  more complicated. 

3.  	 Inversion. The a p o s t e r i o r i  determinat ion o f  t h e  a d j o i n t  as  a func t ion  
of  t h e  t r a n s f e r  d a t a  can genera l ly  only be made by success ive  approxima­
t i o n s .  

These d i f f i c u l t i e s  expla in  t h e  ra reness  o f  genera l  r e s u l t s  which it is 
poss ib l e  t o  obta in .  

The phenomena o f  lr inductionll  (non-imposed v a r i a t i o n  of  c e r t a i n  o r b i t a l  
f!1ements induced by t h e  imposed v a r i a t i o n s  o f  t h e  o t h e r  o r b i t a l  elements) can, 
hLOiwever, b e  s tud ied  i n  d e t a i l .  
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The complete a n a l y t i c a l  s o l u t i o n  can be  obtained i n  a c e r t a i n  number of  
p a r t i c u l a r  cases ,  t h e  s tudy  of which i s  complicated as  t h e  o r b i t a l  elements on 
which t h e  v a r i a t i o n  i s  imposed a r e  more numerous. A cer ta in  number of s impl i ­
fy ing  hypotheses, some of which can be  cumulative,  should be made by a counter­
p a r t  system (grea t  number of revolu t ions ,  nea r -c i r cu la r  o r b i t s ,  impulses, etc.  
...) . Very f o r t u n a t e l y  t h e  s impl i fy ing  hypotheses correspond t o  very fre­
quent p r a c t i c a l  cases. 

The s tudy of  t h e  p a r t i c u l a r  cases  shows t h a t  t h e  non-modulation o f  t h e  
e j e c t i o n  ve loc i ty ,  f o r  propuls ion systems (S1) and i n  r e l a t i o n s h i p  t o  propul­

s ion  systems (S2) of t h e  same power, e n t a i l s  a pena l ty  on t h e  mass consumption 

of  t h e  order  of  20 t o  30% i f  t h e  maximal t h r u s t  i s  appl ied i n  continuous fash­
ion (system S

I C  
) ,  and a lesser penal ty  i f  t h e  (constant)  e j e c t i o n  v e l o c i t y  i s  

optimized (system S ; ) .  
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APPENDIX 1 

DETERMINATION OF THE OPTIMAL E J E C T I O N  VELOCITY FOR A G I V E N  
MISSION (SYSTEM SI) 

(see § 1 , 2 . 3 . 3 . )  

As it i s  m f  (or ,  which comes t o  t h e  same t h i n g  -Cf/W) and not  -Cf / 191 

which must be maximized, it i s  necessary t o  use  t h e  equat ions of movement 
( I , 2  -11) - ( I , 2  -13) t o  which must be  added: 

i u = O  (1) 

expressing t h e  fact  t h a t  t h e  e j e c t i o n  v e l o c i t y  W i s  cons tan t .  

The use fu l  p a r t  of t h e  optimal Hamiltonian is  w r i t t e n :  

where 

i s  t h e  commutation func t ion .  

I t  i s  important t o  note  t h a t  t h e  l i m i t :  

depends on t h e  s t a t e  (by W ) .  

The a d j o i n t  component assoc ia ted  with W i s  given by: 
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and 
-

PW, - p% = o  
( 6 )  

s i n c e  W i s  i n d i f f e r e n t .  /192 

By i n t e g r a t i n g  
W 

from to t o  t f ,  it then becomes: 

which is nothing but  equation ( I , 2  -43 ) .  
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APPENDIX 2 

PERIGEE VECTOR (see s I ,2.4.1 . I  

A2.1  - LA P L A C E ' S  F I R S T  INTEGRAL 111 /193 

In t h e  c e n t r a l  Newtonian f i e l d ,  with c e n t e r  0 (Figure 1 , 2  - 9), l e t  us  
-f

c a l c u l a t e  t h e  vec to ra l  product 
1-1 

? A h f o r  a Keplerian movement: 

o r  

Whence, by i n t e g r a t i n g  : 

d
7 ­- V A ~- r - cons tan t  vec to r  = e 
r - I  

t h a t  	i s  Laplace's (vec to r i a l )  f irst  i n t e g r a l  ( t h r e e  f i rs t  s c a l a r  i n t e g r a l s ) .  

Put i n t o  t h e  form: 

it d i r e c t l y  furn ishes  t h e  hodograph ( H ' )  which i s  deduced from t h e  hodograph 
TT -tt

(H) by r o t a t i n g  -z around O Z .  This i s  a c i rc le  with cen te r  f def ined by: 

--? --+ 
eOi =/UT (4) 

and of rad ius  p/h (Figure 1 ) .  

The t r a j e c t o r y  (0) i s  deduced immediately from t h i s  f o r ,  i n  every c e n t r a l  
acce le ra t ion  movement, t h e  t r a j e c t o r y  (0) and t h e  reversed hodograph (H') are 

r ec ip roca l  po la r s  i n  respec t  t o  c i rc le  (a) of  c e n t e r  0 and of r ad ius  6. 

Actual ly  : 
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which shows t h a t  t h e  tangent 8 t o  t h e  t r a j e c t o r y  (0)  i s  nothing but  t h e  p o l a r  
of po in t  V’ i n  reference t o  t h e  c i r c l e  (a). 

The point  H, t h e  inve r se  of V ’  i n  r e fe rence  t o  (a) descr ibes  t h e  c i r c l e  
( C ) ,  inverse  of t h e  c i r c l e  ( H ’ )  i n  r e fe rence  t o  (a ) .  Therefore,  t h e  s t r a i g h t  
l i n e  HM encloses t h e  conical  (0) of focus 0 and of p r i n c i p a l  c i r c l e  ( C ) .  

On t h e  o the r  hand it i s  easy t o  demonstrate t h a t :  
-f

l e ]  = e (6) 

The constant vec to r  i s  t h e r e f o r e  d i r e c t e d  toward t h e  per igee and has e /194 
as i t s  Zength. We s h a l l  c a l l  it the  “perigee vector” .  

Fig. 1. 

A2.2 - PERTURBATION OF THE PERCGEE VECTOR 

Let us  c a l c u l a t e  the  d e r i v a t i v e  of t h e  pe r igee  vec to r  when the  mobile M 
+

is subjected t o  the  pe r tu rba t ing  acce le ra t ion  y 

-z. / - - 1 - i &  r -r ­
e =---TAh + - V A b - - t - r  r r 2P P 
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where : 

whence : 

t h e r e f  o re  /195 

I - .. . I 

+ -+ -+When t h e  pe r tu rba t ing  acce le ra t ion  i s  zero (y = 0 ) ,  e = 0. The vec to r  e 
i s  then  very cons tan t  for a Keplerian movement. 
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APPENDIX 3 

ELEMENTS OF THE MATRIX K 
(see § I , 3 . 1 . 4 )  

with: a = 1, n = 1, b = 7 p =  1 - e 2 ,1 - e? h =  z,r =  1 - e c o s  u / 197 

e = O  

r-
h 

sin L = s / n  u sfn L 

- _  	c o s L  =--COS u - e -cos L
h b 

0 


2--b 2 
r 

sin L 

2 c o s L  

- c o s  L 

2 sin L 

-2 

3bM 3L 
r 
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APPENDIX 4 

CANONICAL TRANSFORMATION 
(see § I , 3 . 2 . 1 )  

The canonical t ransformation envisaged i s :  / 199 

r e t a i n i n g  t h e  va r i ab le s  m (o r  C,  o r  J ) .  The s u f f i c i e n t  condi t ion  f o r  t h i s  
change o f  va r i ab le s  t o  be  canonical i s  w r i t t e n :  

. I  

pe - de +prdr -Xdu . 
-tt 

In  iden t i fy ing  t h e  terms i n  dV f o r  = 0, d t  = 0 ( f i xed  pos i t ion  and t ime) ,  w e  
ev ident ly  have : 
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w i t h  /200 

3MPa,=Pa + -2 pr 
(91 

These equations coincide with equations ( I ,  3.41-43). 
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APPENDIX 5 

ELEMENTS OF THE NOMINAL D I R E C T R I X  O R B I T  
(see § 1 , 3 . 2 . 2 )  

* t f
The d i f f e rences  Dh, De and DE have been ca l cu la t ed  i n  § 1,2.4.3 [Equations /201 

(I,2.63-65)] 

with [see § I , 3 .2 .1 . ,  equation (1,3.41)] : 

* - t f  

The value o f  pv = -p r ca l cu la t ed  on the  nominal o r b i t  (5) ( i . e .  with constant 

elements and ad jo in t )  is: 

-tf -tf 

Whence, by introducing pv and pV i n t o  (1) - (3) :  

-c
- A d 


D h = p , A Z t p , A e  - & h  

-c 

De = v7zF A ~ + ~ e ~ F L F 

Da = - 2 4  
equations which coincide with t h e  equations (1,3.47 - 49).  

234 



.~ 

-- 

APPENDIX  6 

ELEMENTS 	 OF THE MATRIX B = TKK' 
(see 5 1,3.2.5) 

b 
e c o s u )  = sinu 024r7Y- s in  u (cos, -#- (cosu) 

.­

4 b ' c o s u  = P,a, (co~ U )  

- 4 e s ; n u / l - e  c o s u )  + 6 M / l + e c o s u )  

b'(1-3ecosu + 3 c o s 2 u - e c o s 3 u )  = P 3 m w [ c o s ~ )  

6 sin u [- e +( 3-e ') cos u - e cos * u1= sin u (cos u~ 

-2/1- e ' j  sin u ( f - e COS^) + 6M(l- e') cos u 

4-3ef-e[2-e2)cosu + ( 2 e 2 - 3 ) c o s 2 u  +ecos3u= P3pp/cosu) 

~. 

2 -[COS u- e ] [ l - e COS u)+ 6M sin u 
- .  

4 (1- e COS u ) ~ -12Me sin u (7- e COS u) + 9M'(7+ e COS u) 

.. 

e - O  


cos2 L 

>In L cosL 

4 

6L 


f + 3 c o s ' L  

3 s i n L  cosL 

- 2 s i n L  + 6 L  r o dJ 

4 - 3 C o S 2 L  

2 c o s  L i 6L sinL 

4+9L' 

/ 203 
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APPENDIX 7 

(induction) (see § I ,4.2.2) 

Elements-- e # O  I' e = o  
/ 2 0 5  

With i m - l  
'1 mpI 

G 

lasSes 
Aa A B  makmg

fdb,. us 
2 0 

2 0 

1 0 

2 2 
2 0 

2 0 

2 0 

2 9 
2 0 

2 0 

2 2 
2 0 

2 5 
2 0 X 

2 3 
2 - 0  

2 z 
2 X 

2 f i  X 

2 X 

- .  I 	
2 X 

2 

2 

2 
... 

2 

2 

2 

2 

2 i X 

2 1 

2 1 
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A P P E N D I X  - 8  

ELEMENTS OF THE M A T R I X  G = IUfBdu (System S2) 
(see 5 1,3.]fP . _­

e + O  e = O  

/207 

- cosfL[ 1:: 
. . . . ­

-4 L]'. 

.- . I-- -. .. 

60esin u -Ge'sin u cosu ie3( .3 - 4 ) s i n u l  	. Au--
3 ,  

U. 
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APPENDIX 9 

DIAGONAL OF THE MATRIX G [system (S,)] 

(see § 1,4.1.2) 

I t  i s  enough t o  consider  t h e  plane case.  Then l e t  us p o s i t :  / 2 0 9  

Aa 
A N

AX = 
AP 
A t  

A 2  
aa

Ax,= 	Ap
*-c, 

(11 

( 2 )  

designates  t h e  new v a r i a t i o n  of the  kinematic s t a t e ,  t h i s  i s  t h e  same as  
carrying out t h e  l i n e a r  t ransformation:  

AX,= A AX ( 3 )  

where A i s  a matrix of t h e  form: 

1 0 0 0 

A =  	 0 1 0 0 (4)
0 0 1 0 
t m n k 

Since consumption A J  i s  an i n v a r i a n t ,  A must be such t h a t :  

A X :  G ; ' A X ,  = A X ~ C ' A X  (51 

no matter  what AX may be.  From t h i s  i d e n t i t y  we de r ive :  
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7-
G , = A G A  = 

This matr ix  can be diagonal ized by choosing A so t h a t :  

Then : 

Therefore a degree of freedom s t i l l  e x i s t s  i n  t h e  choice of A (parameter 
k ) .  The change of t h e  v a r i a b l e  i s  wr i t t en :  

where : 

i s  nothing but  t h e  v a r i a t i o n  of  T i n  the simpZe transfer  (achieved i n  t h e  o p t i ­
m a l  way) corresponding t o  t h e  rendezvous under cons idera t ion ,  induced by t h e  
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var i a tons  of a, c1 and 6. In  t h e  case of simple t r a n s f e r  l e t  us a c t u a l l y  p o s i t :  

The a d j o i n t  r e f e r r i n g  t o  t h e  simple t r a n s f e r  i s ,  on t h e  o the r  hand: 

Then equation ( I , 3  - 66) i s  wr i t t en :  

where Q i s  t h e  matr ix:  

Q=[ ;] 
In simple t r a n s f e r ,  AT^.^ and P t e s  must be considered as  unknowns t o  be / 2 1 1  

,calculated as a funct ion of t h e  t r a n s f e r  AO. 

These q u a n t i t i e s  a r e  given by t h e  mat r ix  equation: 

where S i s  the  matrix:  
~ .. 	­
0 
-

0 

s =  . 

0 

. 

- I  
L ... 

Whence : 
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with 

s-


ATt.si s  given very wel l  by 

If k i s  taken as  equal t o  u n i t y ,  A T  1 then r ep resen t s  t h e  necessary supple­
ment t o  assure  rendezvous. 

The supplementary term A J  1 being introduced i n t o  A J  i s  equal t o :  

A t - :AJ, = 
267,, 

In  t h e  case o f  l a rge  number o f  t u r n s  ( N  >> l ) ,  G T T  Q, 3Au3, GaT Q, -3Au2, 

and G = order  Au, t h e r e f o r e  G1 Q, -3 Au3 and: 
BT 4 

20 r:
A J ,  = 3 A  u3 



APPENDIX 10 

I N F I N I T E S I M A L  ROTATION OF THE PLANE OF THE O R B I T  

SYSTEM SIC (W = Cte, F 5 Fma, CONTINUOUS THRUST) 

(see § 11,2.3.2.2) 

/213 

- - ­
e = O , I  ao 6" XI = IVI e = 0,2 ao 6" XI = Iv e = 0 , 3  ao 6" XI = Iv- - ­

0 0 0.650 0 0 0.690 0 0 0.756 
10 9040' 0.649 10 8O43' 0.688 10 7024' 0.755 
20 19022' 0.648 20 17035' 0.682 20 14056' 0.746 
30 290 09' 0.646 30 26042' 0.676 30 23001' 0.735 
40 39001' 0.645 40 36O11' 0.669 40 31049' 0.716 
50 19001' 0.642 50 4907' 0.660 50 41°31' 0.695 
M) 59008' 0.640 60 56032' 0.651 60 5716' 0.674 
70 69021' 0.639 70 67024' 0.643 70 6805' 0.655 
80 79039' 0.637 80 78O36' 0.640 80 76047' 0.642 
90 90" 0.637 90 90° 0.637 90 900 0.637- - -

-A ­
~ 

e = 0,4 0 0 0.869 e = 0 , 5  0 0 1.005 e = 0,6 0 0 '  1.212 
10 3J45' 0.855 10 4010' 1.oo 10 20 45' 1.205 
20 11051' 0.845 20 8045' 0.985 20 so 55' 1.19 
30 18038' 0.825 30 14O05' 0.959 30 9053' 1.155 
40 26025' 0.794 40 20039' 0.915 40 15007' 1.10 
50 35036' 0.756 50 28055' 0.856 50 22010' 1.017 
60 46029' 0.715 60 39"32' 0.786 60 31055' 0.905 
70 59021' 0.676 70 53012' 0.715 70 45043' 0.784 
80 74O04' 0.648 80 70°18' 0.660 80 65012' 0.680 
90 90° 0.637 90 90° 0.637 90 900 0.637- ­

- - ­= 0.7 
0 0 e =0,8 0 0 2.02 e = 0,9 0 0 3.10 
10 1035' 1.515 10 0044' 2.02 10 0012' 3.10 
20 3 34' 1.498 20 1" 47' 2.005 20 00 37' 3.09 
30 6018' 30 3030' 1.96 30 10 28' 3.04 
40 10014' 40 6012' 1.86 40 3024' 2.91 
50 15053' 1.270 50 IOo23' 1.701 50 5041' 2.68 
60 24013' 1.105 60 1953' 1.461 60 9058' 2.26 
70 37008' 0.908 70 27O46' 1.142 70 17035' 1.701 
80 58O19' 0.721 80 48053' 0.810 80 35O  08' 1.05 
9o 900 0.637 90 900 0.637 90 900 0.637- - ­
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APPENDIX 1 1  

OPTIMAL ROTATION OF THE PLANE O F  AN O R B I T  W I T H  WEAK 
ECCENTRICITY (see § I I ,2.3.2.2) 

1 .  ZONE 2 - TWO THRUST ZONES. 

Taking e as an i n f i n i t e l y  small p r i n c i p a l  and no t i c ing  t h a t  s $ 1 (unless 
IT 

c1 = 7 ), it  becomes: 

and, by Taylor’s  formula: 
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and by changing s i n t o  -s: /216 

whence : 

On t h e  other  hand: 

Introducing a l l  t hese  values  i n t o  (11,2. 24-26) ,  i t  becomes: 

In  (13) and (14), c1 can be replaced by i t s  value f o r  e = 0, t h a t  i s  t o  
say by 6 .  We can then der ive s from (14) : 
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f order  e 3S= (I +  . z 4 ? 4 z 2 - e 2 C o ~ Z ~  
2 z Z ( 7 - z 2 )  

with /217 
z = 7 T  A

2 (16) 

and introducing t h i s  va lue  i n t o  (13) it becomes: 

whence t h e  s p e c i f i c  r o t a t i o n :  

This  formula d i r e c t l y  gives  t h e  s p e c i f i c  r o t a t i o n  as a funct ion of t h e  
r o t a t i o n  t o  be achieved, of t h e  number of' t u r n s  permit ted and of t h e  maximal 
t h r u s t  with r a t h e r  c lose  p rec i s ion  when t h e  e c c e n t r i c i t y  i s  weak. 

Condition (1) i s  a l s o  wr i t t en :  

We s h a l l  demonstrate t h a t  then:  

z >/ dFEG-6 + order  e 3/2. 

When we approach t h e  f r o n t i e r  ( r u 1 ) ¶z diminishes and becomes on t h e  order  

of Formula (18) then shows t h a t  t h e  second t e r m  of t h e  development i s  

of t h e  o rde r  e / z2 2  , i . e .  of t h e  o rde r  e and not  o f  t h e  order  e2 . 

The e r r o r  i s  then of t h e  order  of  e2 and not  of e 4 . 
The r e s u l t  i s  t h a t ,  beyond ( r ' ) ,  it w i l l  b e  enough t o  develop a s  f a r  as 

t h e  terms i n  e ( e r r o r  o f  t h e  order  of e 2) without p rec i s ion  being l e s s  than 
t h a t  obtained by (18) i n  t h e  v i c i n i t y  of ( r l ) .  

2. 	 A SINGLE THRUST ZONE. 

So t h a t  t h e r e  may be only one t h r u s t  zone, it i s  both necessary and 
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s u f f i c i e n t  f o r  : 

Then l e t  us  p o s i t :  

with : 

k r ep laces  the  parameter. 

Then it becomes: 

(27)  /218  
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I 

~ 

73 - k  COS o(
6 

'COS 6=COSd i 8 s/'n20(iorder  e'. 
( 3 3 )  

In  t h e  second term of [ 32 ) ' ,  it i s  enough t o  introduce t h e  values c1 and k 
derived from (30) and (33) where only t h e  f i r s t  term of development i s  main­
t a ined :  

a = 6  (34) 

k =  I - ??-= A '  ( 3 5 )
2 e COS 6 

whence : 

(36) /219 

This  i s  a formula t o  be  compared with (18). 

The po in t s  of t h e  f r o n t i e r  (I") correspond t o  k = -1 o r ,  by (35): 

7 = fi= / e  cos 6 + order 'I2. (37)
2 
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Introducing t h e s e  i n t o  (18) and ( 3 6 ) ,  w e  ob ta in  the  same development: 

v(r')= I +  '+ o r d e r e  
2 . (38)3 

In  t h e  p a r t i c u l a r  case o f  t h e  c i rc le ,  expression of t h e  s p e c i f i c  r o t a t i o n  
i s  very simple: 
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APPENDIX 12 

TRANSFER BETWEEN C I RCLES --SYSTEM (SI) 
( see  § I I ,3 .3 .2)  

/ 2 2 1  

a=- 40 

360. 540" 720 

~ 

?Arccos (-5) 
TRANSFER ANGLE AL (DEGREES) 

F i g .  1 .  Iso-q ( q u a l i t a t i v e )  L i n e s  ( S y s t e m  s l ) .  

SOLUTIONS CORRESPONDING TO A PART CULAR VALUE OF q(Figure 1 ) .  

F o r  a va lue  of - 6 / 2  - _< 0 t h e r e  i s  no so lu t ion  f o r  ( I I , 3  -41 )  cannot< q 
be s a t i s f i e d .  

For  q = - a / 2  (Figure 2a), t h e r e  i s  only one bi- impulsional  so lu t ion  

corresponding t o  t h e  poin t  x0 = x1 
= 1 / 6 ,  i . e .  t o  t h e  t r a n s f e r  angle 

AL = 2 A r c  cos -1 = 109" 28 ' .  
6 
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f for)  

a :q=-@/2 
b :  q h < q < - E 

2
Fig .  2. SoIutions C0rt-e- = :4 = qi,
sponding to an Identical d :- 1 <4 < qBm
Orientation of (same value e :.q=-l 
of q i .  f : q < - 1  

g : q + - =  
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For qlim < q < - a / 2  (Figure 2b), t h e r e  i s  an i n f i n i t y  of so lu t ions  

corresponding t o  d i f ferent  values of the trans$er-.angZe and of the ra t io  
I A1 I = IAaI/Fmax. These so lu t ions  can be fol-l-ofid-by con t inu i ty  when t h e  

t r a n s f e r  angle v a r i e s ,  from t h e  bi-impulsiona2-uidzkOn (QP) by going through 
an e n t i r e  gamut of so lu t ions  with two t h r u s t  a r c s .  T t .  -will be not iced  t h a t  /223 
among these  so lu t ions  t h e r e  i s  no so lu t ion  w h e r e t k u A  i s-applied cons tan t ly .  

For q = q 1i m  (Figure 2c) ,  t h e r e  appears one so lu t ionwkre -h rus t  i s  

appl ied cons tan t ly  which w e  s h a l l  c a l l  t h e  "continuous t h r u s t "  so lu t ion .  

For -1 < q < qlim (Figure 2d), t he re  a r e  two "continuous t h r u s t "  so lu t ions .  

For q = -1 (Figure 2e) ,  t h e  bi- impulsional  so lu t ion  i s  unique and cor re­
sponds t o  x = 1/3  o r  

1
AL = 2 A r c  cos -3 = 141°041. 

The "continuous t h r u s t "  so lu t ion  i s  unique and corresponds t o  x = -1/3
0. o r  

AL = 2 Arc cos (-1/3) = 218'56'. 

For q < -1 (Figure 2 f ) ,  t h e  bi- impulsional  so lu t ion  and t h e  "continuous 
t h r u s t "  so lu t ion  a r e  unique. 

When q + -m (Figure 2g) , we obtain,by continuity ,a  bi-impulsional Hohmann 
so lu t ion  (AL = 180°),  so lu t ions  of t h e  "Iiohmann type" including two symmetrical 
t h r u s t  a r c s  with re ference  t o  0,and f i n a l l y  a "continuous t h r u s t "  so lu t ion  
corresponding t o  one revolu t ion  (AL = 360") .  

We have seen t h a t  a c t u a l l y ,  f o r  p = 0 ,  pa = - 1 / 2  and the re fo re  q = - m ,  e 
t h e  so lu t ion  i s  s ingu la r  and cannot be obtained by t h e  preceding method. The 
so lu t ions  obtained above form p a r t  of a l a r g e r  family of so lu t ions .  

SOLUTIONS CORRESPONDING TO A PARTICULAR VALUE OF A L .  

The preceding r e s u l t s  can be presented i n  a d i f f e r e n t  manner, more con­
formable t o  t h e  p r a c t i c e  where t h e  t r a n s f e r  angle  i s  f ixed .  

Let t h e r e  be a t r a n s f e r  angle  t o  be achieved with t r a n s f e r  AL given 
(0 ( A L  5 2 ~ ) .  The absc i s sa  xo of Figure I I , 3  - 1 2  i s  f ixed .  

In  general  t h e r e  i s  an i n f i n i t y  of so lu t ions ,  corresponding t o  the d i f ­
ferent  values of q (therefore of x 1) and o f  the relationship I A1 1 = IAal/Fmax. 

By AL l e t  us des igna te  t h e  t r a n s f e r  angle corresponding t o  an i n t e r s e c t i o n  of 

t h e  locus (L) of t h e  maxima and minima of f (x) with (Figure I I , 3  - 11). 
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c ---9 
X 

C 

. E= 
X 

e 


/224 

9 
X 

b 

f 

- - e  

X 

Fig .  3 .  So lu t i ons  Corresponding 
t o  t h e  Same T r a n s f e r  Angle AL.  

a : 0 6hL < 2 Arc cos (I/@) 
b : 2 Arc  cos I/@< \L <= 
C :  TL< A L  < V  

d : n < b L  < 2  Arc cos (- 1/3) 
e : 2 Arc cos (- 1/3) < I L  < 2~ 
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/225 

Fig. 4. 21r -< A L  -< 41r. Solutions Corresponding to a Tangential Thrust (q + + m) 

a: Type of Solutions; b: RQ Solutions; c: R(QP) Solutions; d: RP Solutions. 
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IIC 
I 

If 0 5 AL 5 2 A r c  cos -1 = 109'28' (Figure 3a) ,  and when q decreases ,  w e  
6 

pass  success ive ly  from t h e  bi-impulsional solutkon-(QP) (q = q1 < -&/2 )  t o  

so lu t ions  with two t h r u s t  arcs (QP) (q = q2; q3 < q2 < q l ) ,  t hen  t o  t h e  

s o l u t i o n  "(QP) (q = q3; -1 < q3 < qlim). 

If 2 Arc cos 1 < AL < E (Figure 3b).
4% 

Beginning with t h e  bi- impulsional  so lu t ion  (RQ) (q= q,) w e  f i n d  so lu t ions  

with two t h r u s t  a r c s  of  t h e  type (RQ) (q = q2,  q1 < q2 < q,) then  of type  (RP) 

(q = q4; q1 < q4 < q3 1 and f i n a l l y  of t he  type  (QP) (q = 9,; 96 < q, < ql)  -
The "continuous thrus t ' !  so lu t ion  (QP) i s  obtained f o r  q = q6. 

<If E - _  AL < T (Figure 3c) .  

Beginning with t h e  bi- impulsional  so lu t ion  (RQ) (q = q,) we f ind  so lu t ions  

with two t h r u s t  arcs of t h e  type  (RQ) (q = q2,  q1 < q2 < q3),  then of t h e  type  

(RP)(q = q4; q3 < q4 < q,), and f i n a l l y  t h e  "continuous th rus t "  so lu t ion  (RP) 

(q = q,). This  case does not  e s s e n t i a l l y  d i f f e r  from t h e  preceding case ,  

except by the  f a c t  t h a t  w e  do not  f i n d  a so lu t ion  o f  t h e  type (QP). 

If T < AL < Arc cos (-1/3) (Figure 3 d ) .  

For q -+ - 0 0 ,  w e  f i n d  t h e  "Hohmann typef1 so lu t ion  (RQ). But t h i s  i s  only 
one so lu t ion  among a l l  t h e  poss ib l e  so lu t ions  (degeneracy). /227 

Then appear so lu t ions  with two t h r u s t  a r c s  of t h e  type  (RQ) f o r  q = q1 

(-m < q1 < q2) ,  then  of  t h e  type (RP) f o r  q = q3 (q4 < q3 < q,), and f i n a l l y  

t h e  %ontinuous th rus t "  s o l u t i o n  (RP)for (q = q4) .  

If 2 A r c  cos (-1/3)- < AL < 2~ (Figure 3e) .  

Only so lu t ions  of t h e  type  (RQ) a r e  presented f o r  -m < q1 < q2 < -1. 

S O L U T I O N S  CORRESPONDING T O  A P A R T I C U L A R  V A L U E  OF and t o  d i f f e r e n t  values  of 
t h e  t r a n s f e r  angle  AL and of  t h e  r e l a t i o n s h i p  I h l q  = )AaI/Fmax. 

Let us begin with t h e  case q -+ + m. We s h a l l  ob ta in  so lu t ions  tak ing  p a r t  
i n  t h e  t o t a l i t y  of s ingu la r  so lu t ions  r e f e r r i n g  t o  t h e  degenerated problem 
(Figure 4a) .  The curve 2f+-(x) i s  an  e l l i p t i c a l  arc transformed by a f f i n i t y  

with t h e  arc of  c i rc le  f+m(x) .  
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The angles Lo and L1 are connected by: 

sin Lo = 2 sin L1. (1) 

The solutions of the type (RQ) (Figure 4b), [R(QP)]  (Figure 4c) and (RP) 
(Figure 4d) are arranged in a series from the "continuous thrust" solution on 
one revolution RQ = 0 (AL = 2 ~ )up to the "continuous thrust" solution on two 
revolutions (RP) (AL = 4~). 

For q > q 1 (Figure S), the solutions are also of  the type (RQ) and (RP) 

with two "continuous thrust" solutions. 


For q = q1 (Figure 6 ) ,  there is a single solution [R(QP) ]  corresponding 

to "continuous thrust". 


3 .  FOR L 


is z 0 depending on whether N is {Odd and there are N + 2 thrust arc's. even 

For q = fa, the generalizing condition (1) is: 

sin L
0 

= (N + 1) sin L1. 
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APPENDIX 13 

0P T  I MPULS I ONAL TRANSFERS BETWEEN’a*SE, NEAR-C I RCULAR 
ORB CO-PLANAR OR NOT ( see ChapLCr..II ,  5) 

1 .  TYPE I ( B i - sional). 1229 
-tt

Let us  t ake  t h e  a x i s  o f  r e fe rence  according t o  p e . The impulses I ’ A C  

and I l lAC(I1  + 1” = 1) appl ied t o  po in t s  Mf(L1) and Mf’(L1’  = -L’)cause t h e  
v a r i a t i o n s  : 

A 7 = Z ’5;n L ‘ A C  

4	A a = 2 Y ’ A C  

I
d o c = ( K ’ s i n L J + 2 Y ’ c o s L ’ )  AC 

A /3 = 1-X ’cos L ’+ 2 Y ’s~h I”)ACL ’)(1’-

We s h a l l  suppose t h a t  s3n L 1  > 0 f o r  t h e  impulse I ’ A C .  

From these  equations it i s  easy t o  deduce t h e  equations (11,5. 5-9).  

Therefore t h e  optimal t h r u s t  l a w  i s  expressed as  a funct ion of t h e  t r a n s -
Yfer  parameters ( A J ,  Ae// Ae,, Aa) and of 6 and AC, which a r e  unknown �or t h e  

moment. In  order  t o  determine t h e s e  two unknowns, w e  have two equations 
a v a i l a b l e  : 

The first expresses  t h e  fact  t h a t  X ’ ,  Y’, Z ’  are guiding cos ines :  

/ y ’ Z + Y J 2 f Z %  1. 

The second connects X ’ ,  Y’, Z ’  and t h e  pos i t i on  L ’ .  

tgL’= 7- Y J 2  = X J 2 i Z ’ z .  (3)2 X ’ Y ’  2 X ’ Y ’  

This l a s t  equat ion i s  obtained geometr ical ly  i n  t h e  following way (Figure 
1) * 
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F i g .  1 .  

Let P ( X , Y , Z )  be one of t h e  contact  po in t s  of  the  e l l i p s e  (P)of t h e  sphere 

( E ) .  The tangent 5 i n  P t o  (P) i s  t h e  i n t e r s e c t i o n  of the  plane (T) of 
-tf 

(P),  defined by the  point  P and t h e  a x i s  M y ,  and of t h e  plane tangent i n  P t o  
( E ) ,  defined by P and its course QT i n  t h e  plane Z = 0. Therefore t h e  s t r a i g h t  

l i n e  TP i s  tangent t o  t h e  p ro jec t ion  (P) of (P) on the  plane Z = 0.  The 

e l l i p s e  (P) i s  unique and wel l  determined, by t h e  datum of  i t s  major a x i s  @, 
i t s  e c c e n t r i c i t y  e = a/2and i t s  tangent TT i n  P. By an orthogonal a f f i n i t y  

tf
of a x i s  MY and of equation 2, (P) i s  a c t u a l l y  transformed i n t o  a c i r c l e  ( C ) ,  

centered on %? and tangent i n  C t o  ?'?. This c i r c l e  i s  unique and centered i n  / 2 3 0  
w .  

PP i s  t h e  po la r  of Q i n  reference t o  t h e  major c i r c l e  (E2) of (E), t he re ­

f o r e  QT is t h e  p o l a r  of P i n  reference t o  t h e  major c i r c l e  (C 1> of (C) , and 

f i n a l l y  PH i s  the  p o l a r  of T i n  reference t o  (E,), and the re fo re :  MH . MT = 1 

Whence : 
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Introducing t h e  values of X ' ,  Y '  and L '  into.--(.3), w e  de r ive  

(4) 

as a funct ion of t he  consumption AC, t h e  l a t t e r  being i t se l f  furnished by t h e  
b iquadra t i c  equation: 

obtained by introducing t h e  values  ,of X ' ,  Y '  and Z '  i n t o  equation (2 ) .  /231 

t g  6 can a l s o  be derived d i r e c t l y  from t h e  second degree equation (11,5-4). 

The i n e q u a l i t i e s  (11,s-6) a r e  s a t i s f i e d  i f :  

The so lu t ions  of type I correspond t o  po in t s  of t h e  plane Ae/ / A e L  i n  t h e  

i n t e r i o r  of t h e  b e l t  1 Ae/ /  I < 1 Aal (Figure 2 ) .  

The i n e q u a l i t i e s  (11,5-5) a r e  s a t i s f i e d  i f :  

where t g 6 '  and t g 6 "  are the  roo t s  of (11,s-4) .  

Therefore it i s  necessary t h a t  t h e  square of  t he  roo t  (11,5-4) adopted be 
supe r io r  o r  equal t o  t h e  products of t h e  roo t s .  This  i s  poss ib l e  f o r  only a 
s i n g l e  root  of t h i s  equat ion,  t h e  one of  which t h e  modulus i s  maximal. 

As t h e  numerator of t he  expression (4) of t g 6  i s  negat ive ( f o r  

t h i s  condi t ion shows t h a t  t he  consumption AC i s  given by the greatest of t h e  
roo t s  of t h e  b iquadra t i c  equation (5 ) .  

F ina l ly ,  t h e  use fu l  angle  condi t ion 
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i s  w r i t t e n  i n  t h e  l i m i t i n g  case 

o r ,  by in t roduct ion  i n t o  (4) 

o r  even: 

The f r o n t i e r  i n  t h e  plane Ae/ /Ae, i s  formed by t h e  c i rc le  a rc s  (a+) and 
-

(a-). I t  i s  e a s i l y  v e r i f i e d  t h a t  t h e  o r i g i n  O(Ae/ /  = Ae, = 0) s a t i s f i e s  t h e  

inequa l i ty  (8) and the re fo re  corresponds t o  so lu t ions  of type I .  

2. TYPE I I  (nodal Si- impulsional) .  

-tf
Let us take t h e  reference a x i s  Ox according t o  t h e  nodal l i n e .  The 

impulses I l A C  and I1 lAC(I1  + I" = 1) appl ied t o  po in t s  M'(L' = 0) and 
.M"(L" = n)  causes t h e  va r i a t ions :  

/233 

The i n e q u a l i t i e s  ( I1 ,5  - 11) a r e  s a t i s f i e d  i f  

2
de,, >/ d a :  
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a f"" . 

0 

M 

F ig .  2. Determination of the Type of  Transfer.  
a:  	General case; b: Aa = 0 ;  c: A j  -f 0 .  
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The so lu t ions  of  type I1 correspond t o  p o i n t s  of  t h e  p lane  Ae 

loca ted  necessa r i ly  outside of t h e  b e l t  1 Ae// I < 1 Aal (Figure 2) .  
//Ael 

The use fu l  angle  condi t ion (8) i s  w r i t t e n  here:  

Therefore t h e  po in t  A e/ /Ae is  i n s i d e  t h e  b e l t  def ined by (12). 

F ina l ly  wr i t i ng  t h a t  X' .Y'Z '  are guiding cos ines ,  ( X I 2  + Y r 2  + Z 1 2  = l ) ,  
we obta in  t h e  consumption 

3. TYPE I l l  (Singular ,  three-dimensional) .  

In  order  t h a t  G may be i n s i d e  t h e  volume (V) l imi t ed  by t h e  cy l inders  (C I ) 
and CII),  it is  necessary f o r  W (pro jec t ion  of G on t h e  p lane  z 1 = 0) (Figure 

11,s - 12) t o  be i n s i d e  c i rc le  (C), o r :  

and t h a t  U (pro jec t ion  of G on plane x1 = 0) be  s i t u a t e d ' i n  t h e  concave p a r t  
of t h e  parabola  (P ) :  

i n  t h e  region:  

Let us mul t ip ly  t h e  v e c t o r i a l  equation (11,s - 19) by 1: 

YIntroducing t h i s  value of  E .  A i 1  i n t o  inequa l i ty  (14) it becomes: 
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t he re fo re ,  a t  f i rs t  , 

+
which permits  a choice t o  be made between the  o r i en ta t ions  .(n ) and ( T - ) ,  then:  

In  t h e  p lane  Ae,/Ae,, t h e  so lu t ions  of  type I11 correspond t o  po in t s  /234 

necessa r i ly  ou t s ide  of t h e  b e l t  

The consumption AC i s  obtained by r a i s i n g  t h e  v e c t o r i a l  equation (11,s-19) 
t o  t h e  square 

1 . . - I 

YFina l ly  introducing t h e  ca l cu la t ed  values  of A i l y  and o f  AC 2 i n t o  ( I S ) ,  
t h i s  i nequa l i ty  becomes: 

Aga n we f i n d  f r o n t i e r  (9 ) .  

MPULSIONAL SOLUTIONS.4. MONO-

So t h a t  t h e  preceding s tudy,  dedicated t o  multi- impulsional cases ,  
a l s o  covers t h e  t o t a l i t y  of impulsional so lu t ions ,  it i s  enough t o  demonstrate 
t h a t  any mono-impulsional s o l u t i o n  a t  a l l  can always be considered as a l i m i t ­
ing  case of  a bi- impulsional  so lu t ion  when one of t h e  two impulses becomes 0. 

Let @ be any mono-impulsional s o l u t i o n  (Figure 3 ) .  

The corresponding e l l i p s e  ( P )  i s  i n s i d e  t h e  sphere (C) and tangent  t o  t h i s  /235 
sphere i n  P. The e l l i p s e  ( P I ,  a p ro jec t ion  of  ( P )  on p lane  Z = 0, i s  i n s i d e  
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t h e  e l l i p s e  (PIII) ,  a p ro jec t ion  on z = 0 of t h e  c i r c l e s  (C') and (C-) (a 

condi t ion imposed by t h e  "useful dihedral") . 

F i g .  3 .  

I n  general  t h e r e  e x i s t  two "efficiency" e l l i p s e s  ( P I )  and (PI1), i n t e r ­

i o r l y  bi- tangent  t o  IC'), one of t h e  contact po in t s  being P, r e f e r r i n g  t o  
s o l u t i o n s  r e spec t ive ly  of type I and type 11. 

1The p ro jec t ion  o f  (PI) on t h e  plane Z = 0 i s  t h e  e l l i p s e  (P ) (-b = 2) ofI a
U

major ax is  M Y ,  tangent i n  P t o  t h e  s t r a i g h t  l i n e  PTI. The cyl inder  (a,) i s  

t h e r e f o r e  well  determined. Moreover, (PI) i s  contained i n  the plane (ITI ) 

passing through $? and P. I t  i s  tangent t o  the  s t r a i g h t  l i n e  PTI i n  P. 

b 1The p ro jec t ion  of (PII)on plane z = 0 i s  t h e  e l l i p s e  (P I1) (-a = 2) of 
-w -tf

major ax is  MY and o f  minor ax is  MX, passing through point  P .  Therefore t h e  
cy l inde r  (aII)  i s  well  determined. (PII)i s  contained i n  t h e  plane (vI1) 
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i 

passing through P and MT 
11' 

I t  i s  tangent t o  t h e  s t r a i g h t  l i n e  PT
I1 

i n  P. 

Thus, every mono-impulsional so lu t ion  can be considered as a l i m i t i n g  case 
e i t h e r  of a bi- impulsional  so lu t ion  of type I,.-or of a b i - i m p u l s i o x l  so lu t ion  
of type 11, when one of t h e  two impulses becomes 0. (Ci rc le  a r c  PN of 
Figure I I , 5  - l l b ) .  

When poin t  P of Figure 3 is  on P I I I ' +
t h e  two eff ic i -ency curves (P

I 
) and 

(PII) coincide with one o f  t h e  c i r c l e s  (C ) o r  (C-). The i m p l s i o n a l  so lu t ion  

[one impulse i n  one of t h e  planes (.+) o r  (.-)I can then  be considered as t h e  
l imi t ing  case of so lu t ions  of type I ,  I1 o r  I11 ( " t r ip l e"  poin t  N o f  Figure
11,s - l l b ) .  

In  p a r t i c u l a r  p o i K R  (o r  S) corresponds t o  t h e  mono-impulsional tangent 
so lu t ions  ( c i r c l e  a r c  F2M2 of Figure I I , 5  - l l c ) .  

Translated f o r  t h e  Nat ional  Aeronautics and Space Administration under Contract 
No. NASw-1695 by Techtran Corporation, P.O.  Box 729, Glen Burnie, Md. 21061 
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